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Foreword

The author is a noted applied mathematician and control theorist who has in recent
years turned his attention to the subject of aeroelasticity. The present volume is
the result of his research and provides an illuminating new view of the field.
As he emphasizes in his introduction, his approach is one of continuum models
of the aerodynamic flow interacting with a flexible structure whose behavior
is governed by partial differential equations. Both linear and nonlinear models
are considered although much of the book is concerned with the former while
keeping the latter clearly in view and indeed a complete chapter is devoted to
nonlinear theory. The author has provided new insights into the classical inviscid
aerodynamics described by the celebrated Possio’s equation and raises novel and
interesting questions on fundamental issues that have too often been neglected or
forgotten in the development of the early history of the subject. The author contrasts
his approach with discrete models that have gained enormous popularity in the
practice of aeroelasticity such as the doublet lattice model of Rodden et al. for
unsteady aerodynamic flow and the finite element model for the structure. Much
of aeroelasticity has been developed with applications firmly in mind because of
its enormous consequences for the safety of aircraft. Aeroelastic instabilities such
as divergence and flutter and aeroelastic responses to gusts can pose a significant
hazard to the aircraft and affect its performance. Yet it is now recognized that
there are many other physical phenomena that have similar characteristics ranging
from flows around flexible tall buildings and long span bridges to flows internal
to the human body such as blood flows through arteries and air flow over the
tongue, and the author touches on these topics as well. For the theorist and applied
mathematician who wishes an introduction to this fascinating subject as well as for
the experienced aeroelastician who is open to new challenges and a fresh viewpoint,
this book and its author have much to offer the reader.

Durham, USA Earl Dowell






Preface

Aeroelasticity deals with the dynamics of an elastic structure in airflow with primary
focus on the endemic instability of the structure called “flutter” that occurs at
high enough speed. This book presents the “continuum theory” in contrast to
extant literature that is largely computational; where typically one starts with the
basic continuum model, a partial differential equation usually highly nonlinear
but omitting the all important boundary conditions and disregarding the question
of existence of solution; going immediately to the discretized approximation;
presenting charts and figures for a confluence of numerical values for the parameters
and conclusions drawn from them.

Here we stay with the basic continuum model theory until the very end, where
constructive methods are developed for calculating physical quantities of interest,
such as the flutter speed. Indeed this is considered “mission impossible” because it
is nonlinear and complex.

As in any scientific discipline, continuum theory provides answers to “what if”
questions which numerical codes cannot. It makes possible precise definitions—
such as what is “flutter speed.” Physical phenomena—such as transonic dip, for
example—can be captured by simple closed-form formulae. And above all it can
help develop intuition based on a better understanding of the phenomena of interest.
As with any mathematical theory it enables a degree of generality and qualitative
conclusions, increasing insight.

But the use of continuum models comes with a price: it requires a high
level of abstract mathematics. For a precise statement of the problem, however,
the language of modern analysis—developed in the latter half of the twentieth
century—abstract functional analysis, in particular, the theory of boundary value
problems of partial differential equations, is unavoidable. Indeed the aeroelastic
problem, the structure dynamics in normal air flow-formulates as a nonlinear
convolution/evolution equation in a Hilbert space.

On the other hand the numerical range of the physical parameters plays an
important role in being able to generate constructive solutions otherwise impossible
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viii Preface

from the mathematics alone. What we do is indeed applied mathematics in the
sense that we use mathematics to solve today’s engineering problems addressed
to engineers as well as mathematicians.

And now for some points of view, points of departure, of this book closer to the
subject matter. Aeroelasticity is concerned with the stability of the structure in air
flow. The air flow per se is of less interest. Thus we are not concerned, for example,
whether there are shocks in the flow or not, in itself a controversial matter. The faith
of the aeroelasticians in shocks, it turns out, is not substantiated by the mathematical
theory (2D or 3D flow). It may be heresy to the clan but shocks may exist that do
not affect the stability (or rather the instability) of the structure. Another and more
significant view concerns the interaction between Lagrangian structure dynamics
and Eulerian fluid dynamics, often the most mysterious part of computational work.

Here we take the simple engineering input—output point of view where the
velocity of the structure is the input and the pressure jump across the structure is the
output. The input—output relation is the integral equation of Possio that does not get
any mention in as recent a work as [17] which features partial differential equations.
The Possio Integral Equation can be looked as an illustration of the Duhamel
principle and we make systematic use of it—linear and nonlinear—throughout the
book. We show that flutter speed is simply the smallest speed at which the structure
becomes unstable; it is a Hopf bifurcation point determined completely by the
linearized model about the steady state. In turn this means incidentally that the
control for extending the flutter speed need not be nonlinear, contrary to current
wisdom.

The mathematical style of the book is largely imitated/borrowed from that of
R.E. Mayer [14], and Chorin—Marsden [4] where they claim to “Present basic ideas
in a mathematically attractive manner (which does not mean ‘fully rigorous’).”
In this sense although we use abstract functional analysis, we try to reduce the
abstraction and sacrifice mathematical generality, preferring to emphasize construc-
tive solutions and basic ideas rather than get lost in Sobolev spaces and weak
solutions. Quoting another pioneer in this style: “I shall not be guilty of artificially
complicating simple matters. A phenomenon that sometimes occurs in mathematical
writing.” Tricomi in his book Integral Equation, 1957 [11].

We should caution that there are many problems that mathematical theory cannot
currently answer especially in viscous flow and as a result also in aeroelasticity. We
invoke the Prandtl boundary layer theory, for example, with this caveat.

We should also note a price to be paid for mixing the abstract with the concrete,
saying too much or too little at either end.
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Chapter 1
Introduction

The subject matter of aeroelasticity is the dynamics of a structure in air flow,
traditionally the wing of an aircraft in flight. There are important nonaircraft
applications of more recent interest as well which we treat in Chap. 10. Thus it
involves both structural dynamics and fluid dynamics without being either. In this
sense it has an inherent identity complex but still has developed as a separate
discipline over the many years since flight began. The central problem is “flutter,”
a potentially destructive instability that occurs at any altitude as the speed is
increased to the “flutter speed,” the “flutter boundary.” Indeed the Federal Aviation
Administration mandates that a margin of 15% be maintained in all flight. And thus
“flutter analysis” is an ongoing activity in flight centers as well as in aircraft design.

Although in the aircraft context ultimately a flight test would be needed to verify
the flutter phenomena, flight tests are costly and need to be kept at a minimum. Wind
tunnel tests are much less expensive but paperwork is the least expensive. Hence the
importance of analysis! The ultimate objective is of course to minimize the number
of flight tests needed.

Here one has to distinguish between analytical (continuum) theory and (digital)
computation (FEM/CFD) which is predominant in all the current work. Both
structure and aerodynamic models originate as “continuum” models and digital
computation needs perforce to approximate the continuum: convert the “distributed”
parameter system to a “lumped” parameter system and replace the continuum
partial differential equations by ordinary differential equations, however high the
order. And of course digitization discretizes time and amplitude. Furthermore the
system parameters must be specified numerically, numeric computation as opposed
to symbolic computation. This restricts generality and can inhibit qualitative
understanding of phenomena. Perhaps another way of putting it is to say that
in this work we do not truncate the model at the beginning; we work with
the continuum models or symbolic software and approximation as needed only
eventually at the end-level calculation of specific functionals (such as flutter speed
as a function of system parameters). We approximate the solution, rather than
approximate the equations. Phenomena occur at the continuum level that do not
occur in any solution of the discretized equations, however fine the discretization.

A 'V Balakrishnan, Aeroelasticity: The Continuum Theory, 1
DOI 10.1007/978-1-4614-3609-6_1, © Springer Science+Business Media, LLC 2012



2 1 Introduction

In the computational approach the discretization is made without any concern about
whether the continuum equations have a solution and whether are unique. Moreover
there is no attempt to prove that there is a solution to the problem in the language
of the starting continuum formulation. The digital computer solution is accepted as
a good enough approximation to the solution. This can be particularly misleading
when the continuum equations are shown to have more than one solution or no
solution at all. Indeed it is typical in extant literature (see the List of Papers) in
aeroelasticity where complex continuum structure models are introduced without
any consideration of whether they have any solution and are immediately converted
to discretized computational models (FEM). This is also true of the fluid dynamic
models where the partial differential equations are introduced without any precise
statement of the (fluid/structure) boundary conditions.

Thus we emphasize that a distinguishing feature of this treatment is that a precise
statement of the aeroelastic problem is made especially at the Lagrangian—Euler
fluid structure boundary; the dynamic equations are shown to have a unique solution
and qualitative results are deduced and then only numerical computation is made for
the functionals of interest, without discretizing the equations at any level.

The material has been distributed into 10 chapters in reasonable logical
progression and are listed in the Table of Contents. Here we provide an overall
preview of the various chapters and how they interlink.

We begin in Chap.2 with the dynamics of structures, where the important
notion of modes and mode shapes is described in the language of function spaces,
specifically L,-spaces. (It is interesting to note that the need for infinite-dimensional
spaces is underscored by a recent publication “Dynamics of Very High Dimensional
Systems” [24].) The primary reason for this level of abstraction is that a precise
mathematical statement of the structure dynamics in air flow is not possible
without it.

The first flexible wing model—the “Goland” model—was proposed by Goland
[78] in 1945, a uniform rectangular beam of zero thickness with two degrees of
freedom, plunge and pitch. Similar equations with higher degrees of freedom are
employed in applications to spacecraft structures [54, 61]. It is a “fixed wing”
model cantilevered to the fuselage with the wing tip (clamped/free end conditions).
This is our “canonical” model; (all later versions still anchored essentially on this)
including nonlinear models. A drawback is of course that the thickness or the “wing
camber” is neglected. However, extending it to a plate model turns out to be too
complex to handle and it is questionable whether the results justify the analytical
complexity. There are no existence theorems, neither where the models include
wing camber nor the wing section as a “tear drop” [18]. Another peculiarity is that
the cantilever beam model is used only for the structure dynamics corresponding
to the aerodynamic loads, and to calculate the latter one takes advantage of the
“high aspect ratio” of the wing which must needs take into account the flexibility
of the structure, “long slender wing.” Some authors even further qualify it by “very
flexible” wing [82]. The flexibility is only along the span; we have thus a “beam”
instead of a “thin plate.” Furthermore, this allows the enormous simplification that
we may neglect the dependence on the span axis in describing the aerodynamic field
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equation. This is referred to as the “strip” theory or the “typical section” theory. We
can also see this as a “first approximation” of the “finite plane” theory (cf. Chap. 3).
In other words the structure “beam” model is consistent with the aerodynamic
“strip” [6] theory.

The Hilbert space for structure state variables presented is standard and essential
use is made of the notion of “elastic energy,” including a characterization of the
structure deflections for which the energy can be defined. This defines the modes
and mode shapes as eigenvalues and eigenvectors respectively. In continuum theory
the number of modes is infinite. In practice we know we will only deal with the
“first few” modes, so that much of the mathematical theory of asymptotic modes
is irrelevant. In the approximated computer model, the number of modes is indeed
finite, but then we can always add one more! Indeed we construct a continuum
model in which we match the “first few” modes of interest. This is because of the
inherent damping of the structure that eventually increases as the mode number
increases. But truncating the model at the beginning one loses physical phenomena
that only the continuum model can capture.

Control theory is needed for our objective of stabilizing or enhancing the stability
of the structure and here the truncated numerical model is useless. We need the
continuum model to generate feedback control laws. One difficulty is in not knowing
the inherent damping. The few models we have are not faithful enough. Hence in
“robust” control we assume a model in which there is no damping (as in our models)
but devise a feedback control which is guaranteed not to decrease the inherent
damping.

Current control design for distributed structures uses colocated point controllers
where the sensor and actuator are colocated. An inherent limitation here is that the
damping will decrease (not necessarily monotonically) to zero as the mode number
increases. An alternative is to use the “self-straining” actuators [70] which can
ideally achieve “super stability.” So they are attractive to try in the aeroelastic case.

Finally we consider nonlinear structure models (they may be considered exten-
sions of the Goland model) still beam models with zero thickness. The models
suggested [75, 76] unfortunately have not been analyzed in the continuum version
unlike the linear case. There is no longer the notion of modes (eigenvalues) which
makes the determination of stability difficult.

To make a mathematical statement of the structure dynamics we first need to
invoke aerodynamics to calculate the aerodynamic loads. Chapter 3 thus begins
with the aerodynamics part of aeroelasticity, the theory leading to the calculation
of the aerodynamic lift and moment. We limit consideration to “nonviscous” flow
where the viscosity of the air is neglected. Thermodynamics is involved and the
assumption thruout is that the perfect gas law holds. In the absence of viscosity we
need to assume that the entropy is a constant so that the heat exchange processes
are adiabatic. The assumption of constant entropy enables us to relate the pressure
to density:

p=Ap”
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and show that the flow is vortex-free and we have “potential” flow which can be
then characterized by the Euler full potential equation. However, what distinguishes
the aeroelastic problem from being simply fluid dynamics is the fluid—structure
interaction, the boundary conditions.

The assumption here is “flow tangency,” the wing velocity normal to the plane is
equal to the fluid velocity normal to the wing plane. In addition we have to impose
the conditions discovered by Joukowsky and the condition named after Kutta which
is necessary for uniqueness of solution.

We are then able to come up with a complete statement of the aeroelastic
equations. Here we also specialize to 2D flow, and zero angle of attack in which
we ignore the dependence on the wing span (abandon the “Finite Plane” model) and
consider the “typical section” approximation justified by the high—aspect ratio of
the wing—a raison d’étre—also for the flexible PDE model. Finally here we also
extend the formulation to include nonlinear structure models.

The study of stability of the wing structure (which for us now depends on the
assumed far-field speed that we consider a “parameter”) requires that we specify
stability about the state of the system. One usually thinks of the “equilibrium state”
to which the system is “attracted” or returns in the absence of any disturbance.
We need to determine the solution to the aeroelastic equation where we set all time
derivatives to zero. We call this the “static solution”. This is the objective in Chap. 4.
The technique for solution is to exploit the analyticity in terms of the structure state
variables so that we can make a Taylor series expansion about the zero or “rest”
structure state. We show that the solution is nonunique for a sequence of values of
the far-field speed parameter for which we have two different solutions, even if we
may call one of them “trivial.”

The main tool is the “static” version of the Possio integral equation which turns
out to be the finite Hilbert transform solved by Tricomi, who showed the need for
the Kutta condition for uniqueness of solution; see [11, and therein to the work
of Sohngen, a German pioneer in the theory]. See also [31]. Here we are able to
show the convergence of the power series pointwise. There are no discontinuities
except on the boundary, for z = 0. Here we also derive a simple formula for the
“Transonic Dip” for nonzero angle of attack which in numerical computation has to
be extrapolated from a point on the graph. See [65] as well as the references therein.
The nonzero static solution can be considered as an eigen value problem-—albeit
non-linear. The nonlinearity is primarily in the pitch or torsion variable.

The flow has no discontinuities in the field and the convergence is pointwise—in
sharp contrast to the time varying case in Chap. 6.

We conclude the chapter with an example which turns out to be relevant to
viscous flow treated in Chap. 7.

One of the major results of the continuum theory is the characterization
of the smallest speed at which the wing is unstable—the “Flutter” speed
can be characterized as a Hopf bifurcation point—an illustration of the
Hopf bifurcation theory— the successor to the classical stability theory of
Liapunov [42]. Here the stability is determined completely by the linear system
obtained by linearizing the nonlinear system about the steady state. Naturally the
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bulk of the aeroelastic theory deals with the Linear case, and there is no exception
here. By the linear case we mean the solution to the equations linearized about
a steady state. The term “linear model” is often used in the aeroelastic literature
without specifying the steady state about which it is linearized. Of course the
natural steady state would be that of constant flow and zero structure state. The
corresponding linear theory is treated in Chap.5 the longest chapter in the book,
with eight sections. This provides the bread-and-butter of aeroelasticity and the
reason for its life in the sun. Here we study linear flutter analysis with continuum
models without approximation of any kind. (No Pade approximation or the Rodden
computer algorithm [17,36]). The main concept is that of “aeroelastic modes” and
the linear structure dynamics is formulated as a “convolution/evolution (semigroup)
equation in a Hilbert space. What is also new here is the development of a state space
theory which in particular shows that the aeroelastic modes are the eigenvalues of
the state—space stability operator. We also show that the case M =0 is a special
one for which we have second degree noncirculatory terms not present for M > 0.
Also we are able to characterize the mode shapes explicitly and their properties
as eigenfunctions of the stability operator. The central theme is the linear Possio
integral equation [56, 89] which connects the Lagrangian dynamics to the Eulerian.
More specifically it provides the input—output relation between the structure velocity
as the input and the pressure jump across the wing as the output, so that we can
express the aerodynamic force and moment in terms of the structure state variables.
The key concept is the “Mikhlin Multiplier” and the Balakrishnan formula based
on it. The original version of the integral by Possio [89] was in the frequency
domain and is transported here to the Laplace domain. This suffices for calculating
the flutter mode and frequency. The aeroelastic modes are shown to be the zeros
of the determinant of a 3 by 3 matrix function of a complex variable which is
analytic except for the logarithmic singularity along the negative real axis for all
values of M. The aeroelastic modes are shown to be in a bounded vertical strip.
Zero is an aeroelastic mode for all M < 1. The associated flutter speed is known
as the “divergence speed” and is shown to be finite. The latter result is essential in
showing the existence of the flutter speed. It is discontinuous in M as a function
of the angle of attack and an explicit formula exhibits a “transonic dip” for a high
enough value of M, hitherto deduced from graphical computation. The modes are
characterized as the eigenvalues of the stability operator in the state space theory.
The uniqueness of solution of the Possio equation requires the Kutta condition
and in fact uniqueness implies existence. Various expressions are deduced for the
solution.

Key to the state space representation is the characterization of the aeroelastic
structure equation as a linear convolution evolution equation in a Hilbert space. The
convolution part plays the essential role in the flutter phenomena. We also derive an
explicit time domain solution for

M =0 and M =1.
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We note that all the results obtained in the classical treatise [6] based on the
Theodorsen approximation can be deduced from the solution to the Possio equation
as in fact we do here. The sonic case (M = 1) is interesting in that the role of the
Theodorsen function is taken over by the error function.

Essential for the stability theory is the fact that the slope of the stability curve is
negative for small speeds for all modes. The system becomes more stable initially
with airflow and then becomes unstable at some point as we increase speed, which is
the flutter speed. A relatively simple algorithm for it based on the continuum model
is given in the appendix to the chapter. One of the interesting by-products of the
continuum theory is the existence of “evanescent states” which decay too fast to be
captured in the CFD computer calculations.

All of this is only a prelude to the stability theory for the nonlinear system
developed in Chap.6. The main result here is that the system is stable for all
values of speed less than the flutter speed and at the flutter speed the asymptotic
instability can be characterized as an LCO, limit cycle oscillation. It is consistent
with the Hopf bifurcation theory but the details of the proof have had to be developed
independently. The analysis turns out to be tedious and complicated involving many
asymptotic estimates. We show that the limiting response is periodic with the period
equal to the inverse of the linear flutter frequency with the preponderant harmonic
being the third harmonic.

We also derive an expression for the amplitude of the LCO rather involved
in terms of the various parameters. It is valid strictly speaking only for small
initial amplitude and is shown to be proportional to it. Although probably of less
importance in practice, the question of what happens for large initial amplitudes
is left open here as in computation. Heavy use is made throughout of Volterra
expansion. In fact in showing that the composite aeroelastic equation is a nonlinear
convolution/evolution equation, the nonlinearity is expressed in terms of a Volterra
series. And we note that in it the torsion variable is more dominant. We go with
the linear structure model, the extension to the nonlinear case being straightforward
based on the prequel. It is possible to examine the role of the structure in contrast to
the aerodynamics although we don’t go into it.

As noted, our primary interest is in the structure but we also obtain en route a
revealing decomposition of the airflow—the velocity potential—into two parts. One
part produces all the lift and can be linearized about the steady state whereas the
second part is continuous across the wing and cannot be so linearized. Interpreted
in the weak sense (which we do not attempt here), it may contain shocks, which is
controversial.

In Chap. 7 we venture even more into controversial territory where we allow the
flow to be viscous.

We assume small viscosity consistent with the fluid now being air. And we now
have to refresh the conservation laws. The basic field equation now becomes the
Navier—Stokes equation for incompressible flow. This is a much trodden area in fluid
dynamics and yet still with many unresolved questions, which are then reflected
in the structure dynamics as well. For example, there is no proof yet whether we
return to the Euler equation as the viscosity becomes vanishingly small. The big
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question here concerns the presence of shocks. There is no mathematical proof
yet of shocks in 2D flow. The boundary conditions now require that the structure
velocity be completely equal to the fluid velocity. To make any progress at all we
have to invoke the still unproven Prandtl boundary layer hypothesis, and even then
our treatment is not as complete as we would like.

The question of whether we can altogether suppress flutter by means of control
actuators (flutter suppression as it is called) is the theme of the eighth chapter. We
do have a model, a state space model, that makes it possible for us to consider
control design. Stabilizability is a central question in optimal control theory but
the application to state spaces of nonfinite dimension essential to exhibit the flutter
phenomena as here poses greater complexity. The main result here is that no actuator
on the structure can stabilize the system; we simply cannot suppress flutter. It will
always occur at some speed. However, we can design controls that enhance the
stability in the sense that we can increase the speed at which flutter occurs. But this
is no longer a crisp optimization problem and comparison of control performance
is probably not possible. One fallout of our theory is that the control need not be
nonlinear. Indeed as we have shown, the flutter speed is completely determined by
the linearized system.

One of the important safety issues for aircraft in flight is the effect of wind gust
which still continues to be of interest and is a familiar topic in flight dynamics [9,33].
Here we consider the problem with the 3D random field Kolmogorov model of air
turbulence [35] as opposed to the deterministic gust models studied in [6, 84]. We
calculate the spectral density of the structure response showing the role of the flutter
speed. Illustrative examples are given for both bending flutter and torsion flutter.

Finally in Chap. 10 we provide an addendum on the latest area of research in
flutter systems, nonaircraft and nonflight applications, for example to Piezoelectric
power generation [106,109] and the biomedical problem of palatal flutter [102,105].
Here the main difference is in the nature of the air flow. It is no longer normal to the
structure but is axial, axial flow. Our treatment is again based on continuum models
as opposed to the regulation computational as in extant literature [50, 102]. This
brings profound differences; the theory is more complicated and so this chapter is in
the nature of an Addendum confined largely to problem formulation, emphasizing
the difference from normal flow. It turns out that there is one simplification. In the
application we need only consider incompressible flow which is then characterized
simply by the linear Laplace equation. The nonlinearity is thus only on the boundary
dynamics. We consider here again the Goland beam model, and in particular the
symmetric case where the cg is on the elastic axis, and as a result the plunge and
pitch dynamics decouple. However, the mathematics is more complex in that the
Hilbert space has to be generalized to a Banach space: from an L, space to L,
1 < p < 2. We are limited by space alone to problem formulation with details
deferred to a forthcoming second volume.
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Notes and Comments

It is interesting to note that in the beginning in aeroelasticity theory only
continuum models were used by the German pioneers: Kushner, Schwarz,
Sohngen, and Wagner among others. The convolution aspect was already shown by
Wagner. But the Allies after WWII decreed a moratorium on any further research
by Germany from 1945 until 1954. This was a death blow to German work in
aeroelasticity from which it never really recovered. The advent of FEM/CFD can be
traced to the late 1970s. A landmark is the appearance in 1982 of Transonic Shock
and Multidimensional Flows: Advances in Scientific Computing edited by Meyer.
It is ironic that this volume contains an article by G Moretti pleading for “Closer
Cooperation between Theoretical and Numerical Analysis in Gas Dynamics.” The
Aeroelasticians combined the discrete approximation in structures FEM with CFD
for the aerodynamics. But the integration of the two via the boundary conditions was
always an art, often the more mysterious part. The battle between continuum theory
and computation is still enjoined. And as late as 2010 we see one unresolved point:
see [98] where the author writes: “verification of numerical solutions is a step in
their scientific acceptability and a formal requirement of many engineering related
enquiries. .. However, these equations are known to have nonunique solutions. If the
true answer is not unique, what does correctness of approximation mean?” As we
show in Chap.7 that in viscous flow even existence of a solution is not proved
compounding this difficulty, because now we can ask: approximation to what? So
the conclusions from the computation have to be taken on faith.

It should also be noted that time is also discretized in the approximation but
there are phenomena, for example, in stochastic process theory, Gaussianness of the
innovation process in nonLinear filtering, which holds only in the continuous time
model (Girsanov’s theorem: see, for example, [26]).



Chapter 2
Dynamics of Wing Structures

2.1 Introduction

This chapter deals with the dynamics of elastic structures: unswept fixed-wing and
free-free wings, modeled as beams of zero thickness, linear as well as nonlinear.
The main concern is with spectral analysis, modes and mode shapes as a means to
study stability. The language is that of abstract functional analysis: Hilbert spaces
and semigroup theory of operators for time domain description.

2.2 The Goland Beam Model

This is the earliest continuum model introduced in aeroelasticity by Goland [78] in
1945. See Fig. 2.1. It is a uniform rectangular beam. The co-ordinate axes are chosen
so that X -axis is the (rigid body) airplane axis also called the Chord-axis with the
width or chord length 2b:

—b < x <b.

The one-sided wing span is £ along the Y -axis:
0<y</t
and it is assumed that the “aspect ratio”
£/b
is “high,” justifying the flexible beam model. It is endowed with two degrees of

freedom: bending displacement /(-) in a plane normal to the beam (“plunge” in
aeroelastic parlance) and the torsion angle 6(-) in radians (“pitch” in aeroelastic

A 'V Balakrishnan, Aeroelasticity: The Continuum Theory, 9
DOI 10.1007/978-1-4614-3609-6_2, © Springer Science+Business Media, LLC 2012
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Fig. 2.1 Wing model X
b TRAILING EDGE
U
| _____CG¥px,_prTcHAXIS| |
0 ba
— SPAN ]
-b | LEADING EDGE P

SPAN = ¢; HALFCHORD = »
ANGLE OF ATTACK =«
THICKNESS = 8
BEAM MODEL: =0

parlance) about an axis parallel to the wing axis at distance bx, from the cg as
shown in Fig. 2.1. The bending dynamics is described by an Euler equation:

mh(t,y) + SO, y) + EIR"(t,y) = L(t,y), t>0; 0<y<1<o0
2.1)

and the torsion by the (Saint Venant, string, or Timoshenko) equation:

Ip 6(t,y) + Sh(t,y) — GJO"(t, y) = M(1, y). 1>0,0<y<4{, (22

where the forcing terms:

L(t, y) is the aerodynamic force per unit length (lift);
M(t, y) is the applied aerodynamic.

The moment about the elastic axis per unit length, are both determined later from
the airflow model.

m = Mass per unit length

Iy = Crosssectional moment of inertia

E I = Bending stiffness

GJ = Torsional stiffness

S = Coupling constant = mbx,, |x,| < 1,

see Fig. 2.1 for x,; all constant, justifying the term “uniform.”

See [5] for more details on the physical units.

Here x,, can be positive or negative, and it is required that S? < m/Ig.

The convention throughout is that the superdots denote the partial derivatives
with respect to time ¢ and the superprimes the partial derivatives with respect to the
spatial co-ordinate y. Note that the structure variables do not depend on the chord
variable. To complete the dynamics we need to specify the end conditions.
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End Conditions

1. For “fixed-wing” aircraft where the wing is attached to the fuselage (as in
Fig.2.1) we add the “Clamped-Free” or CF end conditions:

h(z,0) = 0; h(t,0) = 0; h'(t,0) =0; h' ) = 0;
0(t,0) = 0; 0'(t,&) =0 t>0. (2.3)

2. FF Free-free condition
This is typical of the recent UAV aircraft that have no fuselage and resemble a
“flying wing.” Here both ends are “free.”

R'(t,0)=0; h"(,00=0, K@ 0 =0, 1" L) =0,
0'(t,0) = 0; 0'(t,0) =0 t>0. (2.4)

3. CC Clamped-clamped condition
This is relevant to non-aircraft application—see Chap. 10

h(t,0) = 0; h'(t,0) = 0; 6(t,0) = 0,
h(t,0) = 0; W' (t.0) = 0; 6(.0) = 0.

2.3 Time Domain Analysis

Our main concern is the stability of the structure. Stability of motion is a time
domain concept even if all the techniques involve Laplace transformation, Laplace
domain.

For an elementary treatment of vibration of beams reference may be made to
the classic treatise of Timoshenko [32] and the textbook [34], and the more recent
treatment relevant to aeroelasticity by Hodges and Pierce [5].

Here of course we use abstract functional analysis, albeit rudimentary, following
[61] where a model with three degrees of freedom with damping is analyzed and
[56] where specifically the Goland model is treated. Both of these follow the general
Hilbert Space formulation in [16, 55]. Not only does it make the presentation
compact and elegant, this level of abstraction is actually necessary for a precise
mathematical formulation of the structure dynamics in airflow, the subject matter of
this book.

Let H denote the Hilbert space:

LQ[O, E] X Lz[o, 6]

_(he)
te (9(')) '

with elements
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This choice of space is motivated by the fact that the elastic “potential energy” is
given by

1 l {
E(EI /0 () Pdy + GJ [0 |9’(y>|2dy). 2.5)

We begin with the abstract “differential” operator denoted A.
The Domain of A (denoted D(A)): where we need to distinguish between CF
“clamped—free”, FF “free—free” and CC “clamped—clamped” end conditions:
For CF
[x 1" () € Ly [0, £]; 0"() € Ly [0,€],h (0) = 0; h'(0) = 0;
6 (0) =0 K" (L) = 0; h'(£) = 0; 6 (£) = 0].

For FF

[x | h" () € Ly [0, £ 07() € L2 [0,€]. 1" (0) = 0; 7" (0) = 0;
0 () =0 K" (0) = 0; 1" (€)= 0; 0'(6) = 0].
For CC
[x 1" ()€ Ly [0, €;0"() € L1 [0, €],k (0) = 0; & (0) = 0;
0(0)=0h () =0, () =0; 0 () = 0].
Although strictly speaking we need to distinguish between these operators in

principle, it is less messy to go ahead with one operator in the abstract theory, but
making the necessary changes in the concrete calculations.

EI h////
sz(_GJ 9,,). (2.6)

Thus defined it is standard [16] to verify that the domain is dense in H and that A
is closed on its domain. Note further that for x in D(A):

[Ax, y] = [Ay,x] foryinD(A).

Or, A is self-adjoint. Furthermore we can calculate that
[Ax, x] = 2 potential energy > 0.
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Or, A is nonnegative definite.
Suppose for some x in the domain of 4, we have

Ax = 0.
Then
[Ax,x] = 0.

Or the potential energy is zero, and hence
x=0.

Or, zero is not in the spectrum of A. Any A such that
Ax = Ax, Xx nonzero

is called an eigenvalue of A and x is the eigenvector corresponding to A.

The set of eigenvalues is countable; the eigenvalues {A;} of A are positive and
the corresponding eigenfunction spaces are each of dimension 1. The eigenfunctions
{¢r} are orthogonal, “complete,” span the space, and are orthonormalized for our
purposes here. The resolvent, denoted R(A, A), is compact, because the beam is
finite. Any complex number A not equal to A; for any k is in the resolvent set. Also
the resolvent is Hilbert—Schmidt [16]

o0

o0 1
2 _
Y IRM, A) gi])? = kz::l T <

k=1

and we have the eigenfunction expansion:

U7¢H
b @7

R(A, Ax =)
k=1

Moreover the eigenfunctions are “complete” in H ; see [16]. Any element in H has
the modal representation

x= 3 lx geloe. Y Ilx. gill < oo

k=1 k=1

The square root operator

The potential energy can be defined for a larger class of elements in H than
D(A). For this we need the square root of A denoted +/A. It can be defined in terms
of the eigenfunctions as

x € D(ﬂ) if ixkux, P> < 00

k=1
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and we define
VAx =3 Vlx, (2.8)
k=1

from which it follows that zero is not an eigenvalue of \/Z
The domain of +/A is thus larger than that of A. For x in D(A)

[«/Zx, «/Zx] = [Ax, x] = 2 Potential energy .
We then define potential energy for all elements in D (@ as:

1
§||ﬂx||2.

This is the largest domain for which the potential energy can be defined. We rarely
need to know the precise domain of VA (see [55] for details on the domain) or the
precise form; we should note, however, that it may not be a differential operator. See
[63] and below.

The time domain solution: S = 0.

We begin by rewriting the dynamic equation (2.1) and (2.2) in abstract form as

i (L)
ME + Ax = (M(t)) : (2.9)

where M is the nonsingular nonnegative definite 2 x 2 matrix

(")

and is the mass/inertia operator; the operator A can be called the stiffness operator,
extending the finite-dimensional definitions.

The Energy Space

Let us introduce next the “energy space” H consisting of elements of the form:

Y=(") xeD(VA). x,eH
(%) meo(v)

X2

endowed with the energy inner product:

¥, 21 = [VAn, vz ]+ M, 2] (2.10)
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where

7 = (?) ZleD(x/Z),zzeH.
2

Denote this inner-product space by .
Theorem 2.1. H is a Hilbert space.

Proof. We need to show that every Cauchy sequence converges to an element in the

Space.
yn

Let
VAx,

be a Cauchy sequence in H. Then

is a Cauchy sequence in H . Because 0 is not an eigenvalue of v/ A,

R(o, JZ)«/an = x,,

where R(A, \/Z) denotes the resolvent of «/Z, converges to an element x in H,
actually in D(\/Z), because /4 is closed.

My, y] = [Wy, Wy],

thus it is seen that y, is a Cauchy sequence in H, by a similar argument. Hence it
follows that Y, converges to an element in H. Hence H is a Hilbert space. O

Note that what we have proved is that the domain of /A is closed in H because
/A has a bounded inverse. This is the largest domain for which the potential energy
can be defined.

We rarely need to know the precise domain of /A (see [63] for details on
the domain) or the precise form; we should note, however, that it may not be a
differential operator. In our case we can see that

A(1)- (7).

But the square root for the torsion operator is no longer a differential operator.



16 2 Dynamics of Wing Structures

For the clamped—clamped case, for example, it is given by

VA0 =580 = 1 [ ooy 00)d
= s — /(o
£:8 l Cos7%* — ¢
0<s</? 9(0)=9(€)=0.
See [63] for more on this.
Note that the norm in # has a physical significance. || Y ||> = 2 total energy = 2
(potential energy + kinetic energy).

Hence we refer to it as energy space.
As in finite dimensions, we go on to the state space formulation of the problem.

Let
x(1t)
Y(t) = .
0=(50)
Then the second-order equation (2.5) goes over into the first-order in time equation:
Y (1) = AY (1) + V(1), (2.11)

where

_ [ vi(®)
Ve = (vz(z))’

() = (g)

= (560).

where L(t) denotes the element L(z, y) and M (¢) the element M (¢, y) in H, and
the operator A is defined by:

AC) = (o) ()= (i)

1 € D(4),
V) € D(\/Z)

where

with domain:
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Thus defined it is closed with domain dense in .

17

Moreover we can readily verify that the adjoint (in 1) A* is given by —A:

A+A*=0

and hence [16] A generates a Cop—semigroup S(z),¢ > 0. This is not true
incidentally if the space is H x H. See [39]. The solution of the homogeneous

equation

Y (1) = AY (1)

is given by
Y(#)=S(@) Y(0) forY(0)in D(A).

Lemma 2.2. The semigroup S(-) is isometric:
YOI = ISOY || = [IY]].

The energy remains a constant, in other words.

Proof. For Y in H,

m(t) = [SOY.SO)Y e = |[Y(0)]]*.
Then for Y in D(A)

m(t) = [(A+ A)S@)Y, B()Y] =0

and hence for Y in D(A)
ISOY | = [IY]].

But the domain of A is dense in #, and hence (2.8) follows.

An equivalent statement is that
S =8@)*.
It should be noted that the differential equation:

Y (1) = AY (1)

is satisfied only for Y (0) in the domain of A.
The nonhomogeneous equation we started with:

Y (1) = AY(t) + V(1)

has the solution

Y(t) = S()Y(0) + /0 t St —opw(o)ds >0

2.12)

(2.13)
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for Y(0) in the domain of 4, and may need to be interpreted in the weak sense
depending on the function v(-) (as a function of time) [3] but we do not need to go
into this until later.

2.4 Structure Modes and Mode Shapes

Our main concern is the stability of the solution or of the semigroup S(-). This
means we need to study the spectrum of A. Because R(A, A) the resolvent of A is
compact, we need only consider the eigenvalues of .A.

Unraveling
A —AY =0, Y= (yl),
Y2
we have:
Ay —y2 =0,
Ay, + M_lAyl =0.
Hence
y2 = Ay1,
MMy + Ay = 0; Ay, = —A* My,
[Ay1. 1] = =AMy, ]
Hence it follows that 12 < 0: and hence A2 = —w?, o real. But A cannot be zero,

because if it is, so is y1, ¥».
The eigenvalues then are defined by

Y2 = iwy1,

Ay1 = &* My,

y1 is an eigenvector of A but with respect to M rather than the identity. Again the
eigenvectors are countable and complete in the Hilbert space H with an equivalent
inner product:
[)C, y]M = [)C, My]
See [2].
Hence the eigenvalues are purely imaginary:

A = Liwg, wi > 0.



2.4 Structure Modes and Mode Shapes 19

The wy are thus defined as the modes of the structure (in radians) and because
(1/wy) goes to zero, can be arranged in increasing order of magnitude so that we can
talk about the kth mode without ambiguity. We may note here that the asymptotic
behavior of the modes is of little interest to us in practice, where only the “first
few” modes play a role. Let ®; denote an eigenvector of .4 corresponding to the
eigenvalue Aj.

Note that ®; has the form

_ P
P = (iiwk ¢k).

In our particular case we can calculate the modes wy and the “mode shapes” ¢y by
solving the differential equations

Amh+ EIN" =0, (2.14)

A0 — GJO" = 0. (2.15)

Note that this is “no more” than taking Laplace transforms of the time domain
equations, familiar in engineering.

Thus ¢ is of the form:
hy 0
( 0 ) o (9k )

and we can distinguish between the “bending” modes and the “torsion”” modes.
We have corresponding to the bending motion

wimhi(y) = EIR]" (y) (2.16)
plus the CF end conditions:
h(0) = 0 = h'(0),
') =0=hn"().

The wy, then are pure bending modes.
As may be expected, this is a classical result already found in Timoshenko, 1928
[32] and in textbooks [34]. The modes wy are determined by the equations:

1 + Cosh yxCos yx =0 (2.17)

and

wr =

EI 1/4
(—) Vk O<y 1.

1
L m
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Mode shape:
C\(sinh wyy —sin w y) + Cy(sinh wry + sin ayy), 0<y<H{.

For more see [32,34].
Torsion modes: These are the zeros of

coshuwil = cospwrl = 0,

T |GJ
=Ck—-1)=—,/—, k=1,2. 2.18
o = ( )Zﬁ 7 (2.18)
Mode shape
2k —1
const x singy 0<y<d. (2.19)

2¢

An obvious comment here is that the modes decrease linearly in magnitude as the
span length increases. As a rule the structure also increases in flexibility so that the
density of modes also increases. There are more modes to be considered as length
increases.

We note here that for the clamped—clamped case the modes are determined as the
roots of:

V2 m'* 1] V2 tmV4 A
EI\/ GJ (-1 =+ cos [W cosh T

IA T
X sinh|: \/_9}:0

VGI

yielding an interesting variation of (2.4).
The modes are undamped. The energy remains constant and does not increase or
decrease. The structure model is neutrally stable.

Modal Expansion: Green’s Function

Theorem 2.3. Any element Y in H has the “modal” representation expansion:

Yy =73 L ([Y, O] + [V, @]@), (2.20)
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where

b = ( P ); Ady = widy; A = iy Dy

I Wk P

.A*qu = —ia)k@k, wj > 0, (2.21)
o) 1 o
Y <o [@. Bkl =of: [ D, D] =0 (2.22)
=1 %k

Mgy 9] = 5 (.¢k )quk

{{®;}, {®r}} are orthogonal eigenvectors of both A and A*.

Then
o0
1 iwt S —iwt
St)Y = ZF [Y, ®p] e O + [V, il e 'Y |, (2.23)
=1 “%%k
201 o _ D
RAAY =Y — [V, @ - Y, ® . . 2.24
@, A4) ];20),3 <[ k]/\—lwk+[ k]k—l—lwk) ( )

Proof. Follows [16, 54]. The modal expansion uses completeness of the {¢x}.
Otherwise, because, the eigenfunctions are orthogonal, the proof of the expansions
is straightforward. O

Green’s Function Representation

A useful alternate representation of the semigroup and the resolvent is through the
Green’s function; see [44, vol. 1]. Here we develop it using the modal representation.
Thus S(¢)Y is the function

Z 707 ([Y el By (s) + [V, @k]e_l‘”k’llfk(s)) —[Y,G (1 5], (225
k=1

where

G(t.s.0)=Y_ (21

(OB e BOWW) 220
k



22 2 Dynamics of Wing Structures

is then the Green’s function for S(#). Similarly the resolvent is simply the Laplace
transform which is analytic in A excepting the imaginary axis.

RA,AY =[Y,G(A,s,.)] (2.27)

<I>k(§)q>k(S) 7

G(A.s.0) =Zz 2(
k=1 k

! @ (§)6k(s)) A Eiwg
Wk
(2.28)

and now the function is square integrable:

14 V4
//|G(A, 5, ¢)|Pdsd < oo. (2.29)
0 0

General Case: Nonzero Coupling

Next we consider the general case allowing for nonzero S. The main question is
how much the coupling changes the modes. We do expect the mode shapes to be
coupled. We limit consideration to the CF case here.

The equations corresponding to (2.1, 2.2) are:

Amh(y) + A2SO(y) + EI b (y) =0, (2.30)
M2Sh(y) + A2 10(y) — GJ 0" (y) =0 (2.31)

with the same CF end conditions as before.
To solve this set of equations we proceed to consider the state-space version.
Here we follow [56].
Thus let
Y(s) = Col.h(s),h (s),h"(s),h" (s),0(s), 0 (s).

Then we have

Y'(s) = AQ)Y(s) 0<s<l,
Y(0) = Col 0,0, 2" (0), A" (0), 0, 0'(0)

and A (1) is the 6 x 6 matrix

010000
001000
000100
AA) = 2.32
() W1000W20 ( )
000001

W3000W4O
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wp = —/\2%,
Wy = —AZ%,
w3 = Az%,
wy = Az%,

where w, and w3 are the coupling terms.
The eigenvalues in the CF case are the zeros of d.(A) = Det D.(1).
We define the 3 x 3 matrix:

De(A) = Pe"™MQ,.

000

001000 (1)88
P=1000100 Q¢ = 010
000001 000

001

The eigenvalues in the FF case are the zeros of

df L) = Deth(A),
Ds(A) = Pe "™,

where

100
010
000
000
001
000

Qr =

The eigenvalues in the CC case are the zeros of
d.(A) = Det P.e"™Q,

where

100000
P.=1010000
000010
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Thus defined d(A) (generic for both d. and dr) is an entire function of finite order
(see [10]).
For § =0,

D.(A)=Pe*™M (.,
sin[w1'/4£] 4 sinh[w1'/4¢]

%(cos[wll/%] + cosh[w1'/44))

2wl!/4
1
§w11/4(—sin[w11/4€] + sinh[w1'/*¢]) 1(cos[w1'/4¢] + cosh[w1'/*¢])
0 0
this yields:
1
d.(A) = 5(1 + cos[y{£])cosh[y£]cosh[uf], (2.33)
where
y=w't p=w?

which agrees with our previous calculation (2.4), (2.5).
To make explicit our interest in the dependence on S, let us modify the
notation to:
A(A, S) in place of A(A)
d(A, S)ford(A)
so that d(A, 0) is given by d(A).
The function is clearly analytic in S.
Let

A,(A.S) = (A(A,S) — A(X,0))/S.

Note that 4, (A, S) is given by

000 O O
000 O O
000 O O
AZ
000——0
El
000 O O
AZ
— 000 0 O

GJ
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Now

ditetA(/\,S) — A(A’S)etA(l,S)

= Ak, 0)e"*S) 4 54,4, 0)e ).

The familiar method of variation of parameters formula [16] yields:

t
e ALS) _ or4(L0) 4 S/ e(t—a)A(A,O)AP(A’O)eaA()L,S)dG’ t>0.
0

We can treat this as a matrix Volterra equation for e’4*$) and the solution has the
expansion:

o0
elA(RS) — o14(G0) Z S"F, (1),

n=1

where
1
F(1) = /0 A=) 4 (2 0)e A0 do.

For terms of higher order, see [70]. As shown there, d(A, S) is a function of S 2 and
using the first term in the series yields

d(A,S) =d(A,0)+ S*dr(1,0), (2.34)

where
1
d(A,0) = 5(1 + cos [y£] cosh [y£]) cosh [u{]

d01,0) = 3 (A0 — ) coshlli ) sinlly V)

x ((y* 4+ Ap?) sinh[ly~/A] — y~/Ap sinh[l A u])

+ coshlly VAI(= (> + A?) + (v7 = )’ cos[2 1y V2]

+ 4922122 cos[ly~/A] cosh[l A 1] — cosh[2 [Au])

— 4y au(y? — ap?) sin[ly~/A] sinh[l A u]) + 4yvAu

x cosh[l A u](2yﬁu + (? +Au) sinh[ly\/X] sinh[/ A p])
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+ cos[ly VAI((y? = Au?)? — (% 4+ Au®)? cosh[2 Iy v/A]
— 4922 cosh[2 IAp] + 4y v Au(y® + Apu?) sinhly+/A]
x sinh[/ & u])))/(8m(y* — A2 ")’ Iy). (2.35)

Let A; denote a zero corresponding to S = 0. By applying one step of the Newton
root finding algorithm, we can see that for small S it can be approximated by

Ak + Ay, (2.36)

where
Ay = —=S?dr (A, 0)/d’ (A 0)

and the main thing to note is that
Re(Ar + Ax) <0;—0 ask — oo. (2.37)

The modes are damped, and the mode shapes are now coupled. The bending mode-
shape vector now has a nonzero torsion component proportional to S2, and similarly
for the torsion-mode shape there is a bending component. But the extra components
being small, we continue to identify them as bending or torsion modes. Calculating
these would take us too far from our main interest.

2.5 Robust Feedback Control Theory: Stability
Enhancement

We have seen in Sect. 2.4 that the structure model with zero coupling is neutrally
stable. The system energy neither decreases or increases whatever the initial
condition. Experience shows that all modes decay to zero and the higher the
damping the higher the mode. However, the lower modes may not decay as fast
as we would like. Hence we need to instrument controls to increase the damping
without, however, destabilizing the structure and without increasing the damping in
any mode. Unfortunately, the inherent damping is difficult to model and we need
to design a controller without knowing the damping and yet without degrading the
inherent damping. Fortunately we can indeed design such a control, a triumph of
control theory of structures. In any real system we can only provide for a finite
number of control inputs. Hence we may assume that the controls denoted u(-),

u(-) € Lo[R™, [0, T]] forevery0 < T < oco.
Let B denote the control operator so that (2.5) now includes controls and we have

M) + Bu(t) + Ax(1) = v(0).
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To this we add a damping operator D even though we cannot specify it except to
note that D is linear bounded self-adjoint and nonnegative definite. Thus we have
finally:

Mi + Dx(t) + Ax(t) + Bu(t) = 0. (2.38)

An example of a damping operator D is

UNMNTVM, T = VMVAV M, 1] < 1,

see [61], corresponding to proportional damping, damping proportional to the
velocity, going back to Timoshenko [32].

Here we simply assume it is compact and nonnegative definite, zero not in the
spectrum.

With H as before we go to the state-space form:

Y (1) = AqY (1) + Bu(r),

where
0 I
Ad = (—M—lA —M“D)’
0
b= (—M"B) ’
[(Ag + A))Y.Y]e = —[Dx2, x2],
where

Y = (x’ ) :
X2
Hence A, now generates a contraction semigroup Sy (¢)¢ > 0:
[SaY. Y] <[Y.Y]
with compact resolvent. Our main result is to show that we can design a feedback

controller that is robust in that it is not required to know either D or A and is such
that the structure is strongly stable.

Controllability

For this purpose we introduce the important notion of “controllability”—see [16]—
the original notion in finite dimensions extended to infinite dimensions. Let R
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denote the infinitesimal generator of a Cy semigroup S(¢),¢ > 0, over the Hilbert
space H. We say that the semigroup is “strongly” stable if for each ¥ in H,

[IS@)Y]|| >0 ast — oo.

Let B denote a finite-dimensional operator on R™ into H.
We say that the pair R ~ B is controllable if ( J,. , S(t)Bu, ue R" is dense in .
Here we can state a basic result of control theory.

Theorem 2.4. Suppose the semigroup S(-) is a contraction, the generator has a
compact resolvent, and (A ~ B) is controllable. Then the semigroup generated by

A—BB*

is strongly stable.
Proof. See [16]. O

Remark. 1t is known (see [16]) that a finite-dimensional control cannot guarantee
a uniform decay rate for all modes (exponential stability). The rate of decay will
eventually go to zero as the mode number increases indefinitely. “Strong” stability
means that the energy in any initial state will eventually decay to zero.

Let us apply this to our case, to the semigroup S(-) with generator A and control
operator 5.

Theorem 2.5. The pair A, B is controllable if and only if for any nonzero eigen-
vector @ of A,

B*® # 0.
Proof. Suppose contrarywise B*® = 0 for some nonzero eigenvector ® with
eigenvalue iw.
Then
[B*®, u] = [®, Bu] =0 forevery uin R”.
Now

[, S()Bu] = [S(t)x D, Bu] = ¢ [®, Bu] =0.

Hence the set
U S(t)Bu,ue R™ 1isnotdensein H,

>0

which is a contradiction. O

And the argument can be retraced for the “only if” part readily.
We assume now that A, 5 is controllable. The resolvent of A is compact and B
is finite-dimensional and hence the semigroup generated by

A—BB*

is strongly stable.
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Let us see what this implies. By modal stability we mean that each mode decays
to zero, actually exponentially, with the rate determined by the real part of the
eigenvalue. In the case where the dimension of the space is not finite this does not
mean strong stability. It only implies that the system is damped but the rate of decay
depends on the element. Exponential or uniform stability is defined in terms of the
semigroup S(-) by requiring that the stability index:

1
Inf (7) Log||S(®)|| = w, <0,

which implies that for Cy semigroups that

logllSOIl _

p w, ast — oo.

And given any € > 0, we can find M such that
IS@)]] < Me™(@o+or

and hence the name exponential stability.

In our present structure dynamics context we may interpret this as guaranteeing
a uniform exponential decay rate for all initial states. Here we have a negative result
[16] that this cannot be achieved by finite-dimensional controllers, hence not by
means of active controllers.

Let us now return to show that the feedback control

u(t) = =B*Y(1r)
does not destabilize the structure model whatever the damping operator D is, where
M3i(t) + Di(t) + Ax(t) + BB*x(t) =0
so that we have a new damping operator
D+ BB,

which is
> D.

If ® is any mode of this system we see that the damping

[(D + BB*)®, @] > [D®, D).
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On the other hand, B being finite-dimensional
o0
TrBB* =) ||B*®||* < o
k=1

where ®; denote the modes, so that the active damping introduced goes to zero as
the mode number increases. It is usually much smaller than any natural damping.
Another point is that one cannot guarantee a specific value of damping for any mode.
Also, few reliable models of damping are known, so designing controls based on any
damping model can be hazardous. For a successful use of this control law see [103].

Self-Straining Actuators

We have seen that finite-dimensional controls cannot yield exponential stability, so
we would need an infinite-dimensional control—distributed control as opposed to
point controllers on the boundary—to achieve this, which is of course not physically
realizable.

A class of actuators using piezzo strips that are self-sensing and self-straining
is described in (see [79] and the references therein) with the potential to yield
exponential stability.

We can extend our theory to investigate this class. We begin with a beam model.
The displacement of the piezzo-electric strip charges a condenser which is then bled
as a current for actuation. The differentiator circuit is an integral component, and
we have really “rate” feedback. We begin with the torsion dynamics:

10(t, s)—GJO"(t, s) =0 0<s<d,
0. 1) =0,
—GJO'(1, 0) + g6(t,0) = 0,
where g is the actuator gain, and we need to study how the system stability depends

on the gain. We may consider this as a singular mass matrix version of the boundary-
control problem:

mb(t,0) — GJO'(t,0) + gb(t,0) = 0,
where now m is zero.
The novelty here is the inclusion of the values at the ends as separate from the

functions.
Thus let H; denote the Hilbert Space:

L>(0,€) x R,
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= (19).

Let A denote the operator with domain in H;:

with elements

J OLf7() € L2(0.0).
D(A) = f)y=o0
f(0)

and

_(=GI 10
Af= (—GJ f’(O))‘

Then A is self-adjoint and nonnegative definite with

V4
[Af. f]1=GJ [0 £/ (s)Pds.

which is twice the elastic energy. Denoting by /A the positive square root of A, it
can be seen following an argument similar to the one given in [11] that the domain:

D(VA) = [( ;((O))) , where f(£) =0 f'(-) € L»(0, z)},

but /4 is not a differential operator. We note that zero is not in the spectrum of 4
and hence that of /4 . Next, as before we define the energy space:

Hr = D(VA) x L(0,0),

which is a Hilbert space with inner product:

() )], ~Ere vt

and

|:(x ) , (x ):| = 2 (total energy: kinetic + potential).
f f)1e

We define next the operator A with domain in Az with domain that is a little
complicated:
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T (v (5O
DA = [Y - (fz(-)) with y € D(d), = (ﬁ(O))’

S()
’ (%f/@) 6 D(ﬁ)] |

The condition on f>(+) is equivalent to:

f2(f) =0,
15() €L2(0, ).

This domain is dense in H . We now define A by:

12 ()
AY = %fl/ (0)
CI;_;;/ l// ()

Then A is closed linear with dense domain and compact resolvent. Also

[AY, Y]e = =GJ[ /(). /{'O]— %If{(())l2 + GIA'0). L0

Hence

Re-[AY, Y] = —(GJ)*H— Lt (O)|2

This is enough to prove that A generates a Cy semigroup S(¢), ¢ > 0, a contraction
semigroup, but actually exponentially stable, as we show presently. Of greater
interest to us are the eigenvalues and how they depend on the gain g.

Spectrum of A

Let AD = Ad which with

Si()
Q= £1(0)
S()
yields
fi(s) = csinh Av(l —5)), O0<s<{,
where

oo o
GJ
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where A is the root of
GJ - Igcosh Avf + g sinh Avl = 0.

Now the function on the left is an entire function of order one and of completely
regular growth [6] with a sequence of zeros given by

JGIT;
g

tanh (Avf) + 0.

2wt _ 8+ V6Tl
g—~GJTy’

A = —|oy| Liowg,

where the real part is a negative constant given by

x| = 1 |/GJ lo g+ vGJIy
DETN T %= VGuT, |

2k +1 GJ
Ok = %\/T’ g < VG
%

[GJ
:k% == g> G,
(%

k = nonnegative integers.

Thus all modes are damped at the same rate. And

gc = \/GJ]@

may be called the critical gain.
A plot of the relative damping constant ¢ £ v versus the relative gain g/g. is

given in Fig. 2.2.
1 1
—log | abs s .
2 1—x

As can be seen from Fig. 2.2, the limiting damping becomes infinite at the critical
gain.

Let us explore further what happens at the critical gain.

We have

d(A) = coshAvl + sinhAvl = e"*
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Fig. 2.2 Damping versus 25¢
(relative) gain
2.0F
1.5}
1.0
0.5

0.5 10 s 2.0

and has no zeros at all; no modes at all! The stability index
= —OO,

the system is superstable. It is interesting that the implication of superstability
in this case is that the response vanishes in finite time 7" determined by g.. All
states are evanescent. This has been given the rather naive if picturesque name: a
“disappearing solution”, in another context, scattering theory. See [80].

But this is of course impossible in practice for structure response, for many
reasons; see [62] for details. Primarily it is the degradation in the operational
amplifier differentiator as the gain increases. The gain g, is not physically attainable.
See [79].

Although our primary interest is in the modal response, we complete the analysis
for any noncritical gain by showing that we have exponential stability, that any initial
state will decay at an exponential rate. The modes are given by

Ok (+)
D=1 6(0) |,
Ak ()

where
Ok (s) = agsinh[Axv(1 —s)] 0<s </

are not orthogonal. But we can create a biorthogonal system; see [1] for more.
Define

%0
vw={ 50 |
—Ak Ok ()

the superbar denoting complex conjugate.
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Thus defined it is readily verified that
[P, ¥;] =0 fork # j.

Hence if

[Ys lllk]

Y = Zbk@k, then bk = m

and
SMY =) e e b @y
— 0! Z eiwktbk @y,

which is enough to prove the “exponential” stability.

The corresponding theory for bending—FEuler beams with self-straining
actuators—is treated in [70], but there is no analagous superstability at the gain
corresponding to maximum damping. This would indicate that we can attain more
damping by torsion actuators, a fact corroborated by experiment.

Our interest is of course in the stabilization of the structure subject to aerody-
namic loading. We would expect that if we have a controller that does well in still
air, it should be a candidate for use in airflow as well. This is studied in Chap. 8.

2.6 Nonfixed Wing Models: Flying Wings

Free-Free Articulated Beam Model

We again consider the basic uniform Goland model, but it is no longer attached at
one end point to the fuselage; it is simply a flying wing. Both ends are free, FF.

Hence we use the matrix Q  in what follows. But it is articulated with discrete
masses placed along points (nodes) on the beam. This is typical of the recent
Helios UAV Flying Wing. See [81]. Such a model for a fixed-wing aircraft was
also considered earlier by Goland and Luke [77]. There is only a single wing
span, 0 < s < {. The masses m;, are at s = s;, i = 0,1,...,m + 1, with
so = 0,8n+1 = 1. There are thus (m + 2) masses maximum. We have only to
set the mass to be zero if there is none at s; for any i ! See Fig. 2.3.

40 ft
D ——
~ 60 1b —
Fig. 2.3 Example of S1 S2 S3 S4 S5

articulated beam
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Between nodes: s; < s < s;4+], we have the Goland equations (cf. (2.1) and

(2.2)):
mh(t,s) + SO0(t,s)+ EI R (t,s) = L(t,s), >0:8 <5 <sit1, (2.39)
100(t,s) + Sh(t,s) — GJO"(t,s) = M(t,s), t>0,5 <s5<si41. (2.40)

To allow for the discontinuities at the nodes we follow the technique in [2]. We
essentially incorporate the nodes into the function space: let

Ho = L(0,£) x R™*2.
Thus the elements in this space can be denoted:

£0)
£(0)
1)
=] f6

Flsm)
£(0)

Define the linear operator Ay with domain in Hy:

D(Ag) = 1f/f"() e L2(0.0). Ay f =g

S7C) s <85 <Sip
g=-GJ f(si+) = f'(si—) , (2.41)
i=0,1,....m,m+1

where

Si+ = limits; +8, 0<d§ — 0,
s;— = limits; —6, 0<d§—0

0—=0; {+=01.

Then it is readily verified by integration by parts that Ay is self-adjoint with dense
domain, nonnegative definite, and

1
o f. f1=GJ /0 £/ (5)2ds = 0, (2.42)
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which is recognized as the elastic energy. Indeed, the definition of g is designed to
achieve this. The moment-balance end conditions we need at each node are:

rim; +milih(t,s;)) — GJ(0'(t.si+) — ' (t.5i—)) = 0, (2.43)

where r; is the radius of gyration of the mass m; about the elastic axis at normal
distance £;. We note that if there are no masses at the ends 0 or £, then

0'(t,04+) =0=0(t,L—). (2.44)
We proceed similarly for the bending. We define:
Hp = L,(0,0) x R"T*

and the closed linear operator A, with domain in Hy,:

S
()
f(0)
D(Ap) = f(:Si) with f""(-) € L(0,£)
S (sm)
S
10
and
S"(8)i <8 < Sig
£"(0)
Ay f=g g=EIL| f"(i+)— f"(si-), (2.45)
i1=0,....mm-+1
£

and it is readily verified by integration by parts that A, is self-adjoint and
nonnegative definite and

1
Ay f. 1= EI /0 L (s)Pds (2.46)

the elastic energy in the bending mode. In addition we have to impose the nodal end
conditions

m; (h(t, si) + € 6(t, s;)) + EI (B (t, si+) —h(t, si—)) =0, (2.47)
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at the nodes s = s;, and if there are no masses at the ends, the free—free conditions:

R"(t,0) =0 = h"(t,0),
h'(t,8) =0=1n"(,0).

Next let H denote the cross-product Hilbert space:
H = Hy x Hey

and define the operator:

(A0
A“'_(o Ag)

D(As) = D(Ap x Ag)

on H with domain:

and

_( Ayh (R,
Agx = (Ag@) for x = (e)mD(AS).

Then A is self-adjoint and nonnegative definite with

J4 14
[, x, x] = EI/ |h”(s)|2ds+GJ/ 16/ (s)|2ds,
0 0

which is twice the potential energy stored in the structure. As before we note that
Aj has a positive square root denoted +/.A;, and the elastic energy is defined on

D(\/.,TY) as
E(x) = [\/Zx \/xx]

where we use the same inner-product notation for all three spaces we have
introduced.
Finally the structure dynamic equations can now be expressed:

M5(t) + Ayx(t) + Bu(t) =0 (2.48)

allowing for an actuator on the structure and control input u«(-) as in the fixed-wing
model, and M as before.
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Structure Modes

We now calculate the structure modes for the uncoupled case S = 0. We use the
same notation as before in Sect. 2.4, including A(A) but we need to introduce more
to account for the fact that now we have several interconnected sections. Thus let
E; denote the 6 x 6 matrix

1 000 0 0
0 100 0 0
0 010 0 0
—Ami o —AIml (2.49)
EI El
0 000 1 0
—A mil; 000 —)Lzm,rl2 1
GJ GJ

Then the modes are the zeros of
d(k) = De['(PEm_i_leA(A)(z_sm)EmeA(A)(Sm_Sm—l)EleA(/l)Sl EOQf) (250)

If m;, r;, and £; are zero, then we revert to d(A) in Sect. 2.4. An important case is
the symmetric case where all the masses are on the elastic axis so that r;, £; are all
Zero.

The Symmetric Case

1. One point mass with s; = £/2. Here
dA) =P e(A(k)f)/2El e(A(A)Z)/fo, (2.51)

which can be expressed:

Fi(y, psin pt,
where
2

1 A m
Fi(y. ) =<— 57 =1+ coshyleos yb) — =

14i (.(1+i)y" . (Hi)y"))
X YL sm——sth .

! (1 4 coshy‘cos y£)

4 2
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As we expect, the mass at the center does not affect the torsion modes. Hence we
call the roots of Fi(y, 1) = 0 the bending modes which now depend on u as
well. Obviously we get back the beam modes for large mass m.

2. Several Point Masses.

This result readily generalizes to the case of several point masses, but none at the
end points. Following the Helios model [81], we consider (N — 1) masses m; at s;,
placed symmetrically:

14
P =1 —, i =1,...,N -1,
si =1 i

where N is even so that we have a mass at the center at £ /2. Here

dA) = Det(PeA(A)(i/N)EN_l....eA(*)([/N)E% ...eA(A)WN)Q) which again
factors as

Fy(y, ) sin pd,

where the beam modes are the roots of

Fn(y, p) =0.

2.7 Nonlinear Structure Models

So far we have only considered linear models, where the dynamics are characterized
by a linear equation. One may argue that “real life” structures are nonlinear. One
can of course come up with nonlinear models but the question of whether they are
“well formulated” in terms of existence and uniqueness of solutions is often ignored.
See for example [75, 81, 82] where in fact the elastic part is eventually truncated—
lumped—to yield ordinary equations in place of partial differential equations. One
immediate difficulty with the nonlinear model is that there is no notion of modes; we
have no concept of spectrum of the nonlinear operator. And even if one could define
the notion, it is not clear what role it plays in the stability of the system, which is
our primary concern; see below.

Also we can no longer define an inner product based on the energy. We consider
two models that are essentially extensions of the generic Goland beam model.

The first one is due to Beran et al. [75]. We call it the Beran—Straganac model.
This has only two degrees of freedom but is highly nonlinear.
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The Beran—-Straganac Model

We state this in our notation where we replace their w(-) by (-) and «(-) by 6(-).
We have, including the discrete masses, in their delta-function notation:

mh + SO0 + EIR" + M, (h — x 0, y))5(y — ) = =D (W HR"YY + L)
(2.52)

plus cross-product terms involving time derivatives which we omit.

Ip0 + Sh—GJ0" + ()8(y — y) = +D.O(H")?
+ cross-product terms involving time derivatives which we omit

+ M(@). (2.53)

For the derivation and details we have omitted see [75]. Our main point here is that
the equation is nonlinear so that there is no notion of eigenvalues, of the spectrum
of the differential operator.

Of course the authors do not consider the question of whether these continuum
equations have a unique solution, and all calculations are based on discretized
models. Indeed, it would be a major task to establish this. We return to this model
in the succeeding chapters.

The second example we consider is the Dowell-Hodges model [76].

The Dowell-Hodges Model

This is a nonlinear model with three degrees of freedom as in [61]: the torsion angle
6(-) about the elastic axis and two bending variables, the plunge /(-) in the xz plane
and an additional in-plane bending in the structure xy plane. We show existence and
uniqueness by a constructive method of solution; our emphasis is on the differences
from the linear Goland model.

The continuum equations (consistent with our notation) are:

mh(t, y)+ ELR"(t, y) + (EL,— E1)0(@, yw(t, y)")"
= mgsing + L(t,y), (2.54)

mv(t, y) + EIV"'(t, y) + (EI,— EI)(0(, y)h(t,y)")" = mg cosp, (2.55)
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I5,0(t.)—=GJ0"(t. ) H(ELLEI)h(t. y)v(t. y) = M(t.y).0 <1: 0 <y <,
(2.56)

where we have omitted the tip masses in [76] but retained the gravity terms as part
of the forcing terms on the right. The angle ¢ is the angle between the x-axis and
the gravity vector. For the derivation and other details reference should be made to
the original paper [76].

The in-plane (in the xy-plane) displacement is denoted v(-) and does not impact
the aerodynamics directly. This is a nonlinear system of equations (including the
airflow, based on the nonlinear aerodynamics described in Chap. 3).

We shall first consider the case where the airspeed is zero so that there is
no aerodynamic loading, as in the linear case. There is no notion of modes that
determines stability any more. We include the gravity terms in the aerodynamic
loading and hence omit them for the pure structure case. Then we have:

mh(t.y) + EILh"(t.y) + (EI, — EL)(0(t, y)v(t. y)")" =0,
mi(t,y) + EIV"(t.y) + (EIa — EI)(0(t. y)h(t. y)")" = 0,
160(t,y) —GJO"(t.y) + (EI, — EIN)(t, y)"h(t,y)" =0,
0<t,0<y<¥, (2.57)
plus CF end conditions, with the notation:

h(t.y)
xt,y)=1v t,y) t>00<y<d.

0 y)

One surprising feature of the model although still nonlinear, and not typical, is that
we do have modes; in fact those of the linear system.

h(t,y) =0,
v(t,y) =0,
16(t,y) — GJO"(t,y) =0

plus CF or FF end conditions, yields all the pitching modes (cf. (2.5)). In similar
fashion, we also get all the bending modes. Thus we have:

0(t,y) =0,

v(t,y) =0,
mh(t,y) + ELR"(t,y) =0
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yields all the plunge modes and

0(t,y) =0,
ht,y) =0,
mi(t,y) + EIV"(t,y) =0

yields all the in-plane bending modes.

But of course we do not have the modal superposition property, except for the
class of functions for which only one co-ordinate is nonzero for all functions. Hence
it does not tell us much about the stability of the system. We return to this model in
succeeding chapters.

Wing Camber Model

So far we have not taken in-thickness into account. Ideally of course one would
want a plate model, however thin. For aircraft wings we have to model the tear-drop
shape—the camber; see [18].

This brings considerable complication in the continuum model, explaining why
all current works immediately discretize to finite dimensions. An approach to
include camber is presented in [107] for flutter analysis.

2.8 Beams of Infinite Length

It is certainly of mathematical interest to examine the case of a uniform Goland
beam, where the beam length is no longer finite. The main thing here is that we
need to continue with the same notion of energy:

1 < " 2 1 * / 2
E=-Fly |h"(s)|°ds + =GJ |6"(s)|“ds.
2 0 2 0

An interesting consequence of this is that if the beam is clamped at one end s = 0,
then it would need to satisfy the same conditions at the end s = oo. Thus let H =
L;[0, oo] and let i(-) and 4/ (+), A" (-), k""" be in H with
h(0) =0,
h'(0) = 0.
Then d
3 HOF =1 ©h(s) + h(s) (h(s))’
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and hence

L d L _ _
[ S hs)Pds = (L) = / (W (5YR(s) + h(s)(R(s))')ds.
0 0

s

which converges as L — oo to
2 Relh, K.

Hence h(L) converges as
L — oo

but the limit must be zero because 4(0) is in L,[0, oo]. In as much as 4" is also in
L,[0, oo], we have that & and A’ are continuous with

h(co) =0 = h'(c0) = 0.
In a similar way for the torsion,
0(0) =0 = 0(c0).

Thus C at one end implies C at the other end also. Thus we have the case CC.

The modes are inversely proportional to the length, therefore we see that the
modes are not defined. Or, the point spectrum of A is empty.

Our interest is in the stability of the structure. Thus we can proceed as we did in
Sect. 2.3 with CC end conditions, and £ replaced by co. The first problem then is the
definition of the square root of A. Here we need to invoke Fourier transforms. Thus
we denote /1(-) as the Fourier transform of 7, 6(-) as the Fourier transform of 6(-).

x0=(3): w0=(%).
h(v) = /OO eV h(s)ds: O(v) = /00 e V0P (s)ds, —oo < v < oo.
0 0

Thus defined, we have that & (-) and 6 (+) are in L,(—o0, oo) with the properties

/Ooo |h(s)|ds = /_: |h(v)|?dv.

Let F denote the operator on L,[0, oo] into Ly[—00, o]

h = Fh.
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Then by the Plancheral theorem (see, e.g., [10,51])
[h. gl = [h. &]. (2.58)

F maps L,[0, oo] into a proper subspace of L,(—o0,00) characterized by the
Paley—Wiener theorem [51]:

/°° [log|l(@)Ill ,

o 1+ w?
The operator A becomes a “multiplier” [22,28]:
(Ax)™ = mXx,

where m is the matrix:

(El(2m'v)4 0 )
=m, (2.59)
0 —GJ(2miv)?

which makes the definition of the square root as a multiplier

[ VEIQmv)* 0
VA e i = ( 0 JGIam?)

With A defined as before, it can be identified with the 4 x 4 matrix multiplier

(2.60)

0 I
2.61
(—M_lm 0 ) (26D
and the semigroup S(¢) ¢ > 0 by the multiplier
. 0 b
MatrixE L, 2.62
atrix Xp|:(—M_lm O) i| ( )

which then yields an isometric group for —oo < t < oo. This should help answer
the question of what happens as the beam length is infinite.

Notes and Comments

The wing model we use is perhaps the simplest. It represents an unswept wing so
that it is rectangular; we neglect wing camber (see [18] for a detailed wing-shape
description) and assume zero thickness.
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The use of functional analysis is now common in applied mathematics but has
yet to reach engineering and there is a disconnect here at present. Indeed, because of
software packages the level of analytical skill is actually decreasing! It is interesting
that the need for infinite-dimensional spaces is underscored by a recent publication,
“Dynamics of Very High Dimensional Systems” [76].

For the articulated FF case the derivation of the nodal conditions is novel in that it
is derived simply on the basis that the differential (stiffness) operator be nonnegative
definite, and not from physical principles. It also requires the inclusion of the nodal
values in the definition of the structure state. This technique was employed for the
first time in [54]. This may be considered as a generalization of the Goland—Luke
model [77].

It should be noted that feedback controllers are all rate controllers well known in
classical control for stabilization.

For a detailed description of self-straining controllers, reference should be made
to [79] where the performance limitation due to operational amplifiers is included.

There are, of course, a great many nonlinear structures too numerous for
inclusion here even restricted to aircraft wings, neglecting thickness. Here we have
chosen two that relate closely to the Goland model. There is no general theory
for nonlinear models such as that for the linear case. The notion of elastic energy
does not seem adequate. We are unable to provide a time-domain solution at the
level of the Goland model. As we have noted, a generic feature here is that the
need to show that they have unique solutions seems not to bother the originators
who go on immediately to discretization of the model after the elaborate effort
for constructing the model; see, for example, [76]. Of course the problem here is
much less complicated than the viscous flow case (Chap.7) and we only need the
linearized model (linearized about the steady state) for flutter analysis, as we show
in Chap. 6. Hence we resort to a perturbation technique leading to a Volterra integral
equation bootstrapping on the linear equation; see Chaps. 4—6.

All the beam models we consider have zero thickness. However, we can include
wing camber and we do so briefly.

Finally we consider the case where the beam length is allowed to be infinite and
this case is of mathematical interest in that there are no discrete modes any more, and
the Fourier transform theory and the notion of multipliers provide the appropriate
techniques to this case.



Chapter 3
The Air Flow Model/Boundary Fluid Structure
Interaction/The Aeroelastic Problem

3.1 Introduction

In this chapter we make a precise mathematical statement of the aeroelastic problem
that we wish to solve. Having described the structure model, we turn to the air flow
model simplifying it to the most used case where we neglect viscosity and consider
“nonviscous flow” but more importantly assume that the entropy is constant. This
makes the flow vortex free so that the flow can be described in terms of the potential.
Our concern is again more the structure response in air low—*aeroelasticity”—and
hence the fluid—structure boundary conditions play the dominant role in determining
the aerodynamic loading on the wing structure.

Starting with the three basic conservation laws, we derive the fundamental field
equation describing the air flow, The Eulerfull potential equation with the Kutta—
Joukowsky boundary conditions. We present a complete statement of the aeroelastic
problem at the end of the chapter for nonviscous flow and nonlinear structure
models, including the simplification to Strip theory, the typical section theory.

3.2 Notation/Physical Constants

We begin with the notation we use for the basic parameters necessary to describe the
flow generally throughout the book from now on. We also list the relevant physical
constants we need in the process:

p  Density

q  Fluid velocity vector

doo Far field velocity

Uso = |goo| This is a free parameter, the far field air speed
dso = Speed of sound

p  Pressure

i Viscosity

A 'V Balakrishnan, Aeroelasticity: The Continuum Theory, 47
DOI 10.1007/978-1-4614-3609-6_3, © Springer Science+Business Media, LLC 2012
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S Entropy

T  Temperature

e  Energy per unit volume
Subscript co denotes far field values

Perfect Gas Law

p = pRT
R =c,—c
y = c¢,/c, Ratio of specific heats

Thermodynamic Relation:

pp’e™/% = Const.

h  enthalpy per unit mass = c,T

E  internal energy per unit mass = ¢, T’

All are functions of time ¢ and the spatial coordinates x, y, z:
S =/ x.y, 2)

The scalar functions are all positive.

Physical Constants:
All at standard air 59 F

o 0.00238 slug/ft?
1.23 kg/m?
w0372 x 10~ %slug/ftsec
17.8 x 107% kg/msec
p 2,116, Ib/ft?
1.0312 x 10°N/m?
dso 336 m/sec
R, Reynolds Number Ulp/u ~~ 10°
R Gas Constant 287 kg/msecunits

¢, 717
c, 1,004
y 1.4
k  Diffusivity = uc,
17.8 x 1073
Prandtl no. ~~ 0.7 (here taken as 1)
k Cp Y M

—_— M —_—
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3.3 Nonviscous Flow: The Euler Full Potential Equation

Throughout this chapter we set ;© = 0.

The field equation of fluid flow in 3D space (R3, orthogonal coordinates x, y, z)
is derived from three basic laws of conservation which we state here in differential
form (as opposed to the integral form) with ¢ representing the time co-ordinate.

We begin with the premordial.

Conservation Laws

1. Conservation of mass: Continuity equation

dp

5 TV (pa) =0. (3.1

2. Conservation of momentum. The Euler momentum equation (nonviscous flow,
no heat conduction)
dq
po p(g-V)g+Vp=0 (3.2)
in the usual notation [4, 12], where (¢ - V)q is the vector:

iq-V(q-i)+jq-V(q-j)+kq-Vig-k) q=iq, + jq +kqs,

where i, 1, k are the orthogonal unit vectors.
Note that second spatial derivatives of ¢ are not involved, unlike the viscous
case (see Chap. 7).
3. Conservation of energy: First law of thermodynamics in Eulerian form for perfect
gas [14]

1
Fo_L P
y—1p
DE
—_— V.g=0. 3.3
th+p q (3.3)
Or
oE
0 ¥+q~VE +p-Vg=0. (3.4)

Note that we need three equations: conservation of mass, conservation of
momentum, and conservation of energy. All are expressed in differential form
rather than in integral form. This makes it possible to state the dynamic boundary
conditions crucial for aeroelasticity.
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This equation (3.4) implies [12, 14] that the total derivative of the entropy S is
Zero:

DS
Dr = 0, 3.5)
or the flow is homentropic [14].
Note that:
ppTS

are thermodynamic state variables any one of which is determined by the other
three. Thus, under our assumption that the specific heats are constants, we have
[14]:

pp~7 = constant x e/, (3.6)

Isentropic Flow

A flow is said to be isentropic if

S = constantint, x, y, .

Homentropy does not imply isentropy. But we now assume that the flow is
isentropic. In particular then the energy equation is satisfied. And from (3.6) we have
the important conclusion that the pressure is a function of density. More specifically:

p = Ap’, (3.7)

where A is a constant determined from

Next

PooPoc = A.
\% A
YP _ Zvpr
p o

= Ap”"'Vlog p”
= Ayp’~'Vlog p

= Ailpy_IVIOg o'

- A#Vp”_l. (3.8)
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Hence the Euler equation can be purged of the pressure variable p to yield:

B
a4 (g-V)g + AL Ve~ =0. (3.9)
ot y—1

This is what enables us to deduce that the flow is curl or vortex free. Thus let
Q =Vxgqg.
Then taking the curl on both sides of (3.9), we obtain:
0
an—?—l—Vx(q-V)q:O

because V x Vp'~! = the curl of a gradient is zero.

Hence ™
— +Vx(q-V)g =0.
ot
But |
(q-V)g=35Vig.q) —gxQ. (3.10)
Hence finally:
02
W+Vx(qx Q) =0. (3.11)

Consistent with our assumption that the far field is g is that

q(OaxayaZ) = qOO = V¢oo

and hence
Q(0, x, y, 2) =0.

Now for any (smooth enough) solution ¢(¢, x, y,z), we may consider Q(-) as a
solution of (3.9) which is a linear equation with zero initial condition and has the
identically zero solution

Q(t,x,y,2) =0=Vxq(t, x,v,2).
Or the velocity q (¢) is curl-free. Hence it is expressible as
q = V.

And ¢ (¢, x, y, z) is the velocity potential such that the far field potential

¢(t.x.y.7) where r = /22 + y2 + x2 — o0,

= X(goo " i) + ¥(Goo * J) + 2(goo - k)
= ¢OO(vav y,z).
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The Euler Full Potential Equation

Assuming entropic flow, we are now ready to derive the field equation for the
velocity potential ¢ (-) using the continuity equation. First though we rewrite the
Euler equation using (3.7) and (3.8) as:

Ve 1 A
W L 9we v+ A v 2o (3.12)
ot 2 y—1

Hence

ad 1
a—f + E[Vqﬁ, Vol + Ail,oy_1 = constant = far field values
)/ f—

1 Y _
= E[qom Goo] + mApZo "

Now because p is a function of p,

d
Ly = a2,
dp

where a is the local speed of sound with the far field value a, so that
az, = yApl',

or

yA = = (3.13)
Hence we have

e
§+§(U Us) =

N P
y—1 pha' )’

where we use U for the flow speed. Hence we have for the density:

prt = prot (1 - (”agol) (% (v*-uvd)+ af¢)) L (1)

Now using the continuity equation:

dpr~!
ot

_,0p
=(y=1)pr22t
(y—Dp 5

=—(y = Dp’ >V - (pV)
=—(y — Dp"(pAd + V¢ - Vp)
=—(y—Dp"'Ap -V Vp'!
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using
Vo Vpr~!
y=—D—=—7.
P pY

From (3.14) we have:

—1 _ 2
L (V 1) P vy ave)

ot *© \ak, ) o2

Vv = —pr! (” _ 1) (%v‘wr + atv¢) V.

agg
Hence
() (2 e )
P (ago)(az2+v¢ a1
— (v _ R O e Y A N N
o (- () (a4 )
e (220 (Copvare = V).
i (5 ) (59wa + 52) - vo.
Hence finally:
¢ Vo y—=1(1,, ) ¢
at—2+v¢-7_awmﬁ(1— L (E(U —Uoo)+¥))
1 A
- §V¢'V(||V¢|| ) — T'Vfﬁ,

which we can rewrite in the form:

’p 0 s o y=1(Us |IVoI* 3¢
R AT v/ — L [Zee PN ¥
a2 +az” dl a°°(1+ az, (2 2 8t))A¢

2
-V¢-V (@) . (3.15)

This is the 3D Euler full potential equation valid except on the boundary specified
later.

Acceleration Potential and Pressure

We can now derive an explicit expression for the pressure in terms of the fluid
velocity. The acceleration is defined by the total derivative of the velocity:
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D d
a(t) = 51 = 3+ +(@-V)g

and for potential flow by (3.10)

(g-V)q = %V(q q).

Hence
)= (816 + 3199P) = Vw0,

where the acceleration potential

\V/ 2
Y1) =0t + | f' (3.16)
and the far field value
U
Voo = 7
The flow being isentropic
p = Ap’
and by (3.14)
_ 1/(y=D)
P = pos (1 ~(y=1 (%)) (3.17)
aOO
and hence -
—Ye)
P = Apl (1 —y-nY ) : (3.18)
aOO
And a very reasonable (and universal) approximation here is to take:
p=Apk (1 - yw) (3.19)
aOO

consistent with
O0< M= Uﬁ <1,
oo

where M is the Mach number, and that the “perturbation” of the flow by the airplane
is small compared to the far field speed. In any event we use (3.19) for p throughout
for isentropic flow.

The main relations we have are thus (3.19) and (3.15).

What distinguishes aeroelasticity from aerodynamics is of course the interaction
with the structure dynamics on the boundary, a singular boundary that complicates
the problem further.
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Boundary Conditions

The far field condition
¢(t,00) = Uso(x cosa + y sina),

where « is the specified “angle of attack.”

As with any field equation, the conditions on the boundary determine the
solution. Here it is further complicated by the fact we have taken into account the
structure dynamics as well.

Flow-Structure Interaction:
Hence we first need to specify the structure model.

The Simplest Wing Structure Model
The simplest wing model is a slender “thin” plate whose thickness is then taken to
be zero, rectangular in shape (unswept wing) uniform, with £ denoting the half wing
span and 2b the width or chord length, so that b is the halfchord.

We only consider wings of high-aspect ratio:

£> b,

which would justify the flexible model. However, we do consider a finite rectangular
plane (Finite plane) as the boundary for the aerodynamic equations. Thus we have
3D aerodynamics and a 2D wing boundary.

We choose the spatial co-ordinate system consistent with the aircraft rigid body
dynamics. Thus the x-axis is along the airplane axis, the y-axis is the span axis and
the negative z-axis is the “plunge” axis. Thus the boundary for the field equation is
the rectangle in the xy-plane described by:

F={-b<x<b; 0<y<=<{.
For the structure dynamics, however, we specialize to a beam model, ignoring the
dependence on the chord variable. Such a model was described by Goland, as we
have seen in Chap. 2 where the structure is endowed with two degrees of freedom:
plunge and pitch.

The plunge displacement denoted h (¢, y) is then the displacement of the wing
along the negative z-axis. It is uniform along the chord. The pitch ¢ (¢, y) is the twist
angle in radians about an axis parallel to the y-axis at distance ab from the x-axis
and again does not depend on the chord variable x. Hence A (z, y) and 9 (t, y) are
defined on:

0<t; 0<y<{.

The wing is fixed to the fusilage. Thus we have a clamped—free (CF) model with:

h(,0)=0=H(,0); (0 =0.
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The wing is free at the other end, and hence
') =0=h"(t0 =0, (L) =0.

These are then the ‘“end” conditions to be satisfied in addition to the
force/momentum balance equations.

The resulting structure dynamic equations are described in Chap. 2. Here we shall
describe the air-wing interaction dynamics.

Thus we have two sets of conditions.

1. The Attached Flow Condition

The normal velocity of the air along the wing is equal to the normal velocity of
the wing. We may need to distinguish between the top and bottom of the wing if
we allow for discontinuity in the fluid velocity across the wing, even though the
thickness is zero.

The total displacement of the wing is given by:

—_—
kz(t,x,y) where z(t.x,y) =—(h(t. y)+ (x —ab) ¥ (1,y))
and hence the normal velocity of the wing is given by:

—Dz(t) = (0z(1)
Kom = F (7 +q(t,x,y,0)-VZ(f))

==K (ht.») + =@ (. ) + (q(t, %, 3,00 D (L, )

ad
+ (00530 7) (000 + =9, ).

Hence allowing for discontinuity in the flow, the flow tangency conditions become:

ap(t, x,y,0+) _ 0o

5 o+ (=D [h(t,y) +(x =)t y)
< <

+ (gt %, y,04) - D) y) + (@t X, 9,04) - )

x (%(h(t, y) + (x —a)#(, y)))} ,x, yel, (3.20)
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A (z,x,y,0-) 3¢
0z

(1) [t 3) + (@B ). x.7.0) - T)
X Bt )+ (gt X, y.0-) - n( (h(t. y)+(x—a)D (. y)))}
xx,yel. (3.21)

11. Kutta—Joukowski Conditions

These conditions are peculiar to aeroelasticity and are given in terms of the pressure
which is discontinuous across the wing. We define the pressure Jump by dp:

$p(t,x,y) = p(t,x,y,04) — p(t,x,y,0-). (3.22)

Defining
SW(vav y) = w(ls-xs y50+) - w(ls-xs y,O_),

we have from (3.20) that

5p = —Ap® —w = —poodi. (3.23)

1. The pressure jump is zero off the wing

Sp(t,x,y) =0 forx,ynotin . (3.24)
Or
Sy (t,x,y) =0 forx,ynotinI. (3.25)
11. Kutta condition
Sp(t,x,y) =0asx > b—, x,yinT. (3.26)
Or
Sy(t,x,y) =0asx - b—, x,yin[. (3.27)

Structure Dynamics

We are now ready to complete the structure dynamics models begun in
Chap.2 by including the aerodynamic lift and moment which are expressed in
terms of the structure state variables.
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Goland Model

b
mh(t,y) + SO, y)+ EIR"(t,y) = L(t.y) = / Sp(t, x, y)dx,
—b

0<y<dt, (3.28

b
139t y) + Sh(t,y) — GJO'(t,y) = M(t, y) = /b(x —ab)8p(t, x, y)dx

0<y<Hd. (3.29)

Dowell-Hodges Model

mh(t,y) + ELRW"(t,y) + (EI, — EI) O (t, y)v(t, y)")" = mgsing + L(t, y),
mi(t,y) + EIV"(t,y) + (EI, — EI)(@®(t, y)h(t,y)")" = mgcos g,
139t y) — GJO"(t.y) + (EI» — EI)h(t, y)'v(t,y)" = M(t, y).
0<t; 0<y<d.

3.4 Problem Statement

The Aeroelastic Problem: 3D/Nonzero Angle of Attack/2D
Boundary

We can now present a complete statement of the combined 3D aeroelastic problem
by the following equations.

Field equation
0? y—1(U%L ||IVe|?
— 4+ 0t ||Ve|*=d% (1 - _ — A
o+ o V9l = 1+ = (5 -9~ 0)) a0

2
—VéeV (@) . (3.30)



3.4 Problem Statement 59
Far field

@ (t,00) = xU ocose + yU sina.
Boundary conditions

I' ={{x,y},-b<x<b0<y</{}

y dp(1,x,y,04+) oo
0z I

+ (=D [ y) + & = @) . )
+ (@t X, 9, 04) - DD y) + (@t X, 9,04) - 7)
X (%(h(t, y) + (x —a)v(t, y))):| . x,yel. (3.31)

And

a¢(lvxv y,O—) _ a()1500
0z 0z

x (q(t.x. y.0-) - D)0 ¥) (q(t. x.y, 0=)- ])

+ (=) [ ) + (=)D (2. )

x (%(h(t, y)+ (x —a)d(, y)))} x,yel. (332

Kutta—Joukowski conditions

I 1IVelP
= =4+ —, 3.33
Y =50+ (3.33)
Sy (t,x,y) =0 forx,ynotin I, (3.34)
Sy (t,x,y) =0 asx —>b—,x, yin[I. (3.35)

Structure Dynamics: Linear (Goland)

b
h(t,y) + SO, y) + EIN"(t.y) = —poo/ Sy(r,x,y)dx, 0<y<Ut,
—b
(3.36)
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b
(x —ab)sy(t,x,y)dx O0<y<{t,
b

(3.37)

L3, y) + Sh(t, y) = GI8" (1, y) = _pw/

plus CF end conditions:

h(t,0) = 0= h'(¢,0);9(t,0) = 0,
R (t, ) =0=h"(t,£0) =0;%(t,0) =0,

or FF end conditions:

B"(t,0) = 0 = h"(t,0) = 0; 9 (¢,0) = 0,
R(t,0) =0 = h"(t,1) = 0;0'(t,£) = 0.

Structure Dynamics Nonlinear

Beran Straganac

The state variables are the same as in the Goland. For the nonlinearities see Chap. 2,
Sect.2.7. The end conditions are also the same as in the Goland model.

Dowell-Hodges

Here there is an extra state variable v(¢, -):

mh(t,y) + ELW" (6, y) + (E1, — EL)(@ (1, y)v(t, y)")

b
= mg sing — ,ooo/ Sy(t,x,y)dx, 0<y<{¥, (3.38)
—b
mi(t, y) + EIV"(t,y) + (El2— EL)@(t, y)h(t,y)")" = mgcosp, (3.39)

L3 (t,y) — GJO"(t,y) + (EI» — EI)h(t, y)'v(t, y)"

b
= —poo/ (x —ab)sy(t,x,y)dx0<t; 0<y</{. (3.40)
b

The end conditions for v(¢, .) are the same as for A(z, .).
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Typical Section (Strip) Theory

A universally invoked simplification is to neglect the dependence on the y-co-
ordinate in consequence of the assumed high-aspect ratio £ /b of the wing.

Problem Statement

Typical Section Theory

2D Aerodynamics 1D Structure

The field equations: with the y-co-ordinate omitted:
Po 0 [0\ | (0
I I ((9) L (2
a2 ot \ \ ox 0z

Ip\>  [0¢\>
y—1 U_é_(a) +(8_z) 2NN

2

- 1

Yoo | 1T [ 2 ar | |27
() + (%)

VeV |2 5 0z — 00 <X,z < 00. (3.41)

Far field potential
¢ (t,00) = xU ocosa + zU oosina.

Boundary conditions

I' is now just the Chord: —b < x < b and the flow tangency condition becomes:

%
Total Displacement = k z(¢, x) where

2t x) = —(h(t.y) + (x —ab)d(z.y))
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and hence the normal velocity of the wing is given by

—Dz(t) - (9z(1)
k S k (7+q(t,x,y,0)'VZ(t))s

=k (. +@c—ab)d .3+ (4 0.x,5,0-7) 20 »).
Hence allowing for discontinuity in the flow, the flow tangency conditions become:

0o (t, x,0+) _ oo

+(=1) [ )+ = a)d (. y)

0z 0z
+ (q(t,x,0+) .7’) l9(t,y)] . (3.42)
And
W20 _ B |y [+ = a)de.y)
0z 0z
+ (q(z,x,O—) 7) ﬂ(t,y)] xel (3.43)

Kutta—Joukowski Conditions

op(t,x) = p(t,x,0+) — p(t,x,0-),
Sy(t,x) =y, x,0+) —y(t, x,0-),
8p = —pocl.

The pressure jump is zero off the wing.

Sp(t,x) =0 for|x| > b,

S8y (t,x) =0 for|x| > b.
Kutta condition
Sp(t,x) —> 0asx — b—,inl".
Or,

Sy (t, x)| = Oasx — b—, |x| < b.

The structure equations with the indicated aerodynamic loading remain the same.
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This is then the precise statement of the aeroelastic problem continuum equa-
tions. The objective is to determine the stability of the structure state as a function
of U, the air speed.

To anticipate the theory that follows, the main conclusion is that for a given value
of M (equivalently, speed of sound, equivalently altitude) there is a speed, called
flutter speed, denoted Uf, for Uy < U, the structure is stable (see later for precise
definition of stability), and for U > Uf the structure is unstable.

Notes and Comments

It is interesting to note that none of the books on aeroelasticity, including Dowell
et al. [17], Hodges and Pierce [5] or Bisplinghof, Ashley, and Halfman [6] care
to make a precise statement of the aeroelastic problem as we do in this chapter.
Indeed without such a statement it is not clear what it is that the computer codes
used universally (see the many recent papers on aeroelasticity, for example [75,81-
83,93]) are providing the (approximate) solution to, even omitting the cases where
the solvability of the problem cannot be established.

Indeed without such a formulation it is not possible to define the Flutter Speed
calculating which is a main objective of the theory.

We should note that most progress has been made for the typical section case (2D
aerodynamics) and it is fortunate that flexibility is consistent with high-aspect ratio
so that the typical section approximation is reasonable (without necessarily being
very high).

Regarding the foundational conservation laws, following [4,12] we have invoked
three of them rather than the first two as in [4, 17], for example. The triad is essential
for aeroelasticity. As Meyer [14] notes the third is the Euler version of the first law
of thermodynamics.



Chapter 4
The Steady-State (Static) Solution
of the Aeroelastic Equation

4.1 Introduction

In this chapter we specialize to the time-invariant version of the aeroelastic
equations of Chap.3 where we set all the time derivatives to zero and there is no
input. It is called the static solution in that there is no change with time. It is of
interest on its own—it is in fact central to the study of stability—but it also serves
to illustrate the solution techniques used for the general case in Chap. 6.

Often this solution is also referred to as the steady-state solution, and so we need
to clarify the terminology. The term steady-state response is used to indicate the
response of a linear system to a steady input, such as a sinusoid input which is then
not dependent on the initial condition. Here we have the case of zero input. So we
take an arbitrary initial condition (and far field speed) and let time “march” (literally
in computational programs) until there is no longer any change with time; in other
words we consider the asymptotic response in time. Physically we are considering
a pointwise limit of the potential as well as the structure state. Of course depending
on the assumed speed parameter and the initial conditions there may not be such a
solution. We largely follow [67]. To begin with, we can state the following.

Theorem 4.1. Every steady-state solution is a static solution.

Proof. If a steady-state limit exists, and there is no change in time, then it must
satisfy the static equation. O

In our case in addition to the initial condition we have a parameter to specify the
far field speed. And we show that for a sequence of speeds there is indeed more than
one solution to the static aeroelastic equation. However, as we show below, there
is one static solution for all speeds which is also a steady-state solution as well.
This provides us a simple example where the continuum equations need not have a
unique solution depending on the far field speed.

The steady-state solution depends obviously on the structure model used.
We begin with the workhorse model, the linear Goland model.

A 'V Balakrishnan, Aeroelasticity: The Continuum Theory, 65
DOI 10.1007/978-1-4614-3609-6_4, © Springer Science+Business Media, LLC 2012
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4.2 Goland Structure Model

We first consider the Goland linear structure model. We set all time derivatives in
the field and boundary equations to zero. And all functions are independent of time
so we drop the time variable. Thus we begin with the velocity potential ¢ (x, y, z)
which satisfies the 3D time-invariant Euler full potential equation, purging the time
derivatives in (3.15), yielding now:

(aio + L2 uol? - |V¢|2)) Mg~ 3V V(Y4 =0,

which we may expand as

5 =D {(,. (30\ (3¢ o¢
0‘“@[” 22, <U°° (5) (ay) (az))}( ?

“3laealvel + gyl + Sglvel ] @D
Angle of Attack

We assume that the far field velocity vector is in the XZ plane making an angle «
with the X -axis. This angle in flight control rigid body model [9] is called the angle
of attack. Hence

Poo = Uso(x cosa + z sina),

oo = Uso(i cosa + k sina).

We next specialize to the time-invariant structure dynamics.

Time Invariant Structure Dynamics

3'h
I (4y) = L(y), 4.2)

2
67 _ oy (4.3)

dy?
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with the CF boundary conditions:

h0)=0; H(0)=0; 6(0)=0,
(1) =0, h"(1)=0; 6(1)=0.

Next the fluid-structure boundary conditions.

1. Flow Tangency Condition

0
a—dz)(x» ¥,04) = Uso sin @ — (q(x, y,0+) - 1)0(y) — (q(x, y,0+) - j)(H ()
+(x —ab) 0'(y)), (4.4)

d
a—‘f(x, ¥.0-) = Use sin @ — (q(x. .0-) -)8() — (q(x. y.0) - (K (7)

+(x —ab) (). 4.5)

II. The Kutta—Joukowsky conditions

dp(x,y) =0 x,y<&D ébpb—,y)=0. (4.6)

Theorem 4.2. The time-invariant equations are satisfied by the ‘“rest” or
equilibrium solution:

¢)(x7yvz) = ¢oo(x7y7Z)-
Structure at rest:
h(y)=0 and 6(y)=0 0=<y<l

for all far field speeds.
In this case the fluid velocity and pressure are continuous across the wing.

Proof. Verified by direct substitution into the equations. The solution holds for
every value of the far field speed. O

We now show the existence of a nonzero static solution.

The Nonzero Static Solution

To find the nonzero static solution we need to solve the nonlinear static Euler
equation. We show that because of the nature of the boundary conditions, we can
obtain a series expansion, a solution technique that works also in the dynamic case,
but is of course less complex here.



68 4 The Steady-State (Static) Solution of the Aeroelastic Equation

In the structure equations we need to calculate L(y) and M(y) for each
y,0<y<{. If we fix y, however, the structure variables A(y) and 6(y) may
be looked upon as parameters which enter linearly in fact in (4.4) and (4.5) and
we may postulate that the solution is analytic in these parameters, at least locally.
The solution in other words can be expanded in a power series (for some nonzero
radius of convergence) about

h(y)=0; 6(y)=0.

This is conveniently done by introducing the complex number parameter A and
considering the response to

Ah(y), A0(y)

for given h(y), 6(y). More specifically, let the solution be denoted ¢ (X, x, y, z)
corresponding to Ah(y), A0(y), so that

$(0,x,y.2) = poo(x,y,2).

And we have the expansion

$(A,X,7.2) = ool 7,2) +Z ¢k<x v.2), 4.7)
where
ak
¢k(-xs Y, Z) = Wd)(osxs Y, Z)' (4’8)

Before discussing the sense in which the series converges, let us first see how we
can calculate the derivatives for each point (x, y, z). We go back to the field equation
(4.1) and differentiating it once with respect to A and setting A = 0, we obtain for
the first term therein:

azoAdy
and for the second term:
9’ 9’

—Uozocosza% - U2 20{% - ZUOZOCOSO[ sino quf.

Hence ¢, satisfies the field equation:
E(¢l) =0,
where
82
E(¢) = (1 — M*cos® a)—¢ + —¢ + (1 - Mzsinza)—(’l5
dy? 072
0%¢
— 2M?*sin« cosff—— (4.9)

axdz’
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where the Mach number

U,
M= =<1,

oo

Thus ¢; satisfies a linear homogeneous equation, with boundary conditions de-
scribed presently. Note that the thermodynamic constant y does not appear.

For the higher-order potentials ¢, we need to work a little harder. Let us fix the
spatial coordinates and let:

fO) = (aio + VT_I(U; - |V¢>(A)|2)) : (4.10)
gA) = Ag(d). (4.11)
Then we need to expand the first term in (4.1) — the product
FA)g)

in a Taylor series. Now g(A) has the expansion
g) = kZ A
=1

Hence

)
X(Wf”mﬂ @i— )
: —(Z ) (k )]

2\ Ak AJ QK
=a% ) A +(1-Y) ZZ 71 7Aoo - d

k=1 """ ]lkl

1—y 00 0 © i ik
2 ZZZﬁjk,qz q; Dx, (4.12)

i=1j=1k=1
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where we have used the notation

g = V.

Next the second term in (4.1) is best handled using xi, x», X3, respectively, in place

of x, y, z. Thus it can be expressed:
3 P o 0p PP

B.X,' = an 3)6,'8)(?]’

3 3 o0 o0 o 1 e 8¢n3¢m 32¢
:_Zzzzzn!m!p!k( ! +p)a_xin8xi3)pcj’

i=1 j=1n=0m=0 p=1

where
¢0 = ¢oo
so that
9 o

X

Hence we have the expansion for (4.1):
o0 o0 o0 i
Ak A QK
2
aookE k_!A¢k+(1_)’) §lk§ ﬁk—!Ad)jqoo-qk
=1 j=lk=1

ilj /\k
gk,

3 3 00 o0 o 1 .. a¢na¢m 82(]5
_ZZZZZn!m!IJ!A( " +p)8_x,-ﬁj8x,-8;j =0

>

qi +q; Dy

+
N‘|
.Mg
™M

WK
x|

3 3 o0 o0 o 1 e a¢n3¢m 82¢
_Zzzzzn!m!mk( ’ +p)8_x,-W,»8xi8§j

p%% 32¢1’
axi an 3)6,'8)(?]’

I
AMW
-
Nk
==

i=1j=1p=1
3 3 o0
1 dpo Ap  0°¢p
-2 _ ymtp PO TTm p
;;;m!p! dx; 0x; 0x;0x;

oo 00 00 1 .. 3¢na¢m 82¢
220 0 it +p)8_xin8xf8;;'

(4.13)
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Next let us examine the boundary conditions:
0.0(A,x,y,04) = Usosina — A (0,9 (A, x,y,0+)0(y)
oh
+ 0,9 (A, x,y,04) 7y —+(x —ab)—

Hence

ad)l(-)C y50+) a¢l (X, y,O—)

. —Usocosa 0(y) = % (4.14)

and for k > 2:

I (x,y,04+) Lk r—1(x, y,04)
dz B dx

/ay( n (x—ab)—):| (4.15)

G(y) + (a¢k—l(xv ) 0+))

Kutta—Joukowsky Condition

1 [o olaNe o}
ZE(UOZO+§2=:

Vo, +2Z o v¢oo v¢k) (4.16)

From which we can derive the power series expansion:

[e.]

U2 AK
YQox,y.2) = =2+ v(x. 3.2,
k=1 """

Vi(x,9,2) = Vooo - V1. 4.17)
And hence
51”1 = wl(xv y70+) - wl(xv y,O—)

= UsoCos a((3¢1(x. y,0+))/x — (3¢1(x. y.0-))/dx) (4.18)

using (4.15) and (4.16), and as we have noted = 0 off the wing.
We pause here at this point to examine in detail the linear case:

k=1
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4.3 Linear Aeroelasticity Theory: The Finite Plane Case

Linear theory has an importance all its own and in addition we actually bootstrap
about it for the nonlinear case. And we can carry the solution some distance for
the general 3D aerodynamics. We do not discretize it now (as in most work in
aeroelasticity, as we have noted already). The field equation is, as we have seen:

E(¢1) =0.
We rewrite this as an equation in z because z = 0 contains the boundary.
P ¢ P ¢
1 — M?sin’ o) —— — 2Msi —
( sin” «) 022 sina coso oz
C (- Moyt T (4.19)
ax2  9y?’ '

The first step is to choose the function space for the solution.
For each z we seek a solution in

Lp[Rz], 1<p<?2.

We define the L, — L, Fourier transform:

o0 o0
&@m&@zf / b6, 7.9 @D dxdy  wiope R (420)
—00 —00

and note that the Fourier transform of the right side of (4.21) yields
(a)lz(l — M?Cos? o) + w%)qgl(z, w1, ).

Hence in terms of the Fourier transforms, (4.20) becomes an equation in L, [R?]:

A~ A

9? 02
(1—M? sinzot)?qil + 2M*sina cosa axﬁlz
= (w*(1 — M?cos’a) + w2)1(z. w1, ). 4.21)

Let

0 -
V(iwy,iw) = 3—Z¢>1(O:t,ia)1,ia)2).

Then we can show that the only solution which goes to zero (in the L, norm) as
|z| = oo is given by

A L., .
o1z, w1, w) = —e“"V(iwy,iwy) forz>0 (4.22)
r
| R .
= —e"P(iw,iwp) forz <O, (4.23)

r2
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where
r = (—M?*@iw)sina cosa — \/(wg(l — M%sin’a)

+ w}(1 - M?))/(1 — M*Sin* ), (4.24)

rp = (—Mz(ia)l)sinoc cosa + J(w%(l - Mzsinzo{)
+ (1 —M?))/(1 — M?sin’* ) = —77. (4.25)

We only need to calculate the pressure jump across the wing:

3p = —Pocdi.
Let
-4
Ai(x,y) = U% (4.26)
o0

called the Kushner doublet function; see [6] which by (4.15)
= —cos 8¢;.

Hence the L; Fourier transform
~ b [ . .
Al(iwy,iwy) = / / e T2 A(x, y)dxdy
—b Jo

. 1 1 A
= —iwcosa | — — — | (M (iw,iw)),
r )
or,

—1 AGiw.iw) 5

v ((wr,iw) = [(wlz(l — M?cos a)

2 iwjcosa
+ )/ (@] (1 = M?) + »3))]
and by (4.15)

= —Usocosa O(iw), 4.27)
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where
~ { .
O(iw) = / “(y)eTP¢dy.
0

Hence we have that:

IS(ia)l, ia)z)/f(ia)l, i) = Uoocosaé(ia)z),

where
Is(ia)l, i) = %ia)liosa X [(a)lz(l - Mzcoszoc)
+03) [ (V@i = M?) +e3))] (4.28)

A w w . .
P(iwy, iw) :/ / P(x, y)e =2 qxdy.
—00 J —00

This is the “static” version of the 2D integral equation of Possio which we describe
later and which plays a crucial role in our theory.

b ?
/_ b /0 P(r— £y — DAEEL = Unb(y). 0<y <1]x| <b. (4.29)

where the Kutta condition becomes
Ab—, y) =0 O0<y<l. (4.30)

Let us assume that this equation has a solution in L ,[—b, b]. Then
8p = PooUsc A(x, y). (4.31)

We expect the solution to be of the form:

¢
A(x,y) = /0 L(x,y,)0(¢)de, X,y on the wing (4.32)

and hence, getting back to the structure equations (4.2) and (4.3), we have:
b ¢
610"0) = [ (=) [ Ly 06
—b 0

14
- /0 M(y. )0@)dL. 4.33)
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And with the CF end conditions we have thus a linear eigenvalue problem that would

have a solution at most for a sequence of values of the far field speeds which we may

call divergence speeds. But not being able to calculate the kernel M (., .), we cannot

do much more. So we proceed to simplify the problem where we can say more.
The first and most important simplification is to consider the following.

Typical Section: “Airfoil Theory”

We assume that the aspect ratio £/b is high enough so we may consider the air flow
on the wing to be uniform so that there is no dependence on the span variable y,
also called the strip theory. In this case the linear field equation (4.20) simplifies to:

02 02 0?
% —2M%sina COS“W?Z = —(1 — M*cos? “)Wd)zl

and we define, modifying (4.21)

(1 — M?sin® o) (4.34)
~ oo .
heio) = [ g
—00
Viw) = ¢1(0,iw).
¢1(z, x) is the solution of (4.35) subject to the boundary condition:

1
a—3¢1 (0,x) = —Usocosa 0(y), |x| < b,
Z

where y is fixed.

We want
8p(x) = —pocdYr(x)
and
81//1()(?) = —U008¢1 =0 |X| > b.
We define:
8
A1(x) = —Uio:, —bh<x<b
so that
8p = pooUsoA1.

We now turn to Fourier transforms which are obtained by simply setting in the
previous expressions:

w = w; wy = 0.
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Then

Alio) = —iw (i - 1) D(iw).

r r2

Hence

b(i0) =~ AU (201 - wroa)) /(((1- m2)?)) |

Let

ﬁ(ia)) = —% ia)closoc [a)2<1 — M?cos? oz)/\/(<1 - Mz)wz)];

o0
P(iw) = / P(x)e ™@dx, —00 <X <00

o0

and we have:

b
/ P = 9AENE = U, x| <b

A(b—) = 0. (4.35)

The Airfoil Equation

We should note that (4.36) is a special case of the Possio integral equation which
we go into in far more detail in Chap. 5, where it is now the airfoil equation or the
finite Hilbert transform equation. P (i w) can be expressed as

~ 1
P (iw) = const - — (M) , (4.36)
2 \iw
where
. 1 — M?3cos?a
const = —————— secw
V1 —M?2

and
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Fig. 4.1 Pressure
distribution along chord
4
3
2
-1.0 -05 05 1.0

is the “multiplier” corresponding to the Hilbert transform. Thus (4.36) becomes

1
const - —/ A(s)ds = U,0(y), A(b—) =0, |x]|<b. (4.37)
2w J_p x —§

And we have the explicit solution, due to Tricomi (see [11], and the more general
treatment in [31]).

e bte |
A(x)_ﬁ 0(y)— \/b—}—x \/b - d%’ lx| <b.

In as much as
1" |b+g 1
— —_— dé = b,
Jr/_b b—SS—XE

we thus have the explicit solution:

2V 1—-M?
A(x) = bUOOO(y)\/ 7 oo a cos «, |x|] < b. (4.38)

Note that A(b—) = 0. The function A(.) is in L ,[-b, b] for 1 < p < 2 but Not for
p = 2. In other words this is Not an L, theory, as opposed to structure dynamics,
where it is and we have a notion of energy.

See Fig.4.1 for the canonical static pressure distribution along the chord for
b=1.

Note the discontinuity with respect to the angle of attack. For @ = 0, the pressure
distribution at midchord increases without bound as M increases to 1. But for small
nonzero «, the pressure peaks at some point and then decreases to zero. We have a
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Fig. 4.2 Pressure

distribution at midchord

o = 0and o = 1 degree 70
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“transonic peak.” Here the word transonic simply means that M is close to 1. See
Fig.4.2.

Structure Response: Divergence Speed

Because the pressure jump depends only on the pitch angle the structure response
equations reduce to

GJO"(y) =UZ0(y) [(2«/1 - MZ) /(1 = M2cos® a)]

b —
poocosa/ (x —ab),| b=X 00y = 001y =0,  (439)
—b b+ x

where the integral:

b [b—x 5 (! [T—x )
2/_b(x—ab) b+xdx—2b /_l(x—a) 1_i_xdx——b(l—i—2a)7t,

where we are assuming that

1
la| < =.
2

The structure equation for the torsion angle 6(y),

b
-GJO"(y) = /_b(x —ab)8p(x)dx,

becomes 0”(y) = —A%6(y),0 < y < 1, with 8(0) = 6’(0) = 0 and has the
solution 8(y) = B sin[wy], where B is an arbitrary constant including zero and we
must have
Bcos[tu] = 0.
Thus B = 0 is always a solution, whatever U.
If we want a nonzero solution—B is not zero—we have an eigenvalue problem
and thus we have a nonzero solution only for
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T
=Q2n—-1)—, n>1
n=(2n )26 n=>

and

— B _n*
0(y)-Bsm[(2n 1)2€] 0<y<d,
where:
W= Uozopoocosa(l — Mz)l/z/(l — M?cos® a)b*(1 + 2a),
which means that Uy, cannot be arbitrary and must equal
1/2
Uso = 21 — 1) ((1 — MZcos? a)/ («/1 — MZ))
1
X Z_bl(VNGJ)/<‘/(pOO(1 + 2a))) seca,

n positive integer.
The smallest value is called the divergence Speed:

U = ((1 — Mzcosza)/(vl — MZ))I/2
X ﬁ(M)/(\/(poo(l + Za))) seca. (4.40)

It is interesting to see the dependence on M, and the difference between
a=0 and o #0.

For o = 0, we have

1
U = (1 _M2)1/4w(¢nGJ)/(¢(pm(1 + 2a))) (4.41)
and U, decreases monotonically to zero.

On the other hand for nonzero o we have a nonzero minimum and U, increases
to infinity at M = 1. We have thus what is referred to as the transonic dip which
occurs at

M = \/(1 — tan® a),
our main interest being small o« ~~ 7/180. See Fig. 4.3.
Ua/Uaq(0).

It is interesting to contrast this with the way in which it is done in CFD
computation; see [99] where it has to be extrapolated from literally a few points
on the graph.
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Fig. 4.3 Transonic dip 0.31
a=1°
0.30
0.29
0.28

0.9985 0. 0.999 1.0000

The bending or plunge shape at the divergence speed is determined by

EIh"(y) = L(y)

—pooUdZQ(y)( - M )/(1 Mzcosoz)/ ‘/

_27tb(\/7)/(1 M?cos? a)pooUdsm[%], 0<y<d,

a nonhomogeneous equation with the end conditions:
h(0) =h'(0)=0=n"(1) = 1" (1),

which is determined by the solution to the pitch equation.

4.4 The General Nonlinear Case

Getting back now to the general case, let D denote the derivative with respect to A.
Then with f(4) given by (4.11) and g(A) by (4.12), we have:

k—1
D*(f(Mg() = fF(M)D*g() + gM)DF f() + D CID*g(M)D’ f(R),

=1

where C,! are the binomial coefficients, which at A = 0 yields

A¢k+_zc A¢k ]Z 3¢]—ma¢m7

I
j=1 '
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where the second term involves ¢; only for j < k.
Next in (4.14), the coefficient of A¥ is given by

ii _ Pg (990 (90 _"Z‘z - Za%pk_l iel 01— Dcp
- N 8x,-8xj 8x,~ 8xj ‘ - axian =0 n 8x,~ 8xj ’
(4.42)

where the second term again involves ¢;, j < k — 1.
Hence we obtain the nonhomogeneous linear equation for ¢ :

E (k) = gk—1, (4.43)

where

3 1
8k—1 =

- j
zyZZC Agy—; ch]wad)}_m il

i=1j=1 dxi

k=2 3 3
¢k 1 a¢l —m a¢m
+ ZZ 0x;0x; ,;) " Ox; 8xj

=1i=1j=1

~

L ok 090 09 92
k m m
+ZZZZ maxia_xif)x,-f)xj

i=1j=1m=1

k—1

+ (=)D Apjdoo - i

Jj=1

and we note that
go = 0.

And in particular

o 1 ¢

axi B.X,' 3)6,'3)6]' ’

g1 =2(1 —y)A¢idos - q1 +4ZZ

i=1j=

illustrating the nature of the functions gx. Note that the derivatives are well defined
for any k.
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Next we need to go deeper into the boundary conditions. We begin with the typical
section case where the flow is 2D and brings considerable simplification well
justified for high-aspect ratio wings and is the best developed part of the theory.

We specialize to typical section theory, but keep a nonzero angle of attack.

Typical Section Theory: Nonzero «

Flow Tangency Condition: Specializing (4.15), (4.16) we have:

Ipe(x,04) 4 421 9¢(0,x,0+)
aZ - Cl D ax e(y)
0r—1(x,0+)
=—k—— —00)
Oy (x,0—-) —p x—199(0,x,0-)
aZ - Cl D ax e(y)
= k—ax 0(»).

A crucial next step is as follows.

Flow Decomposition

(4.44)

(4.45)

To solve (4.43), we decompose the flow field as the sum of two interdependent

terms: for each k

¢k(-x, Z) = ¢kL(-x7 Z) +¢k0(x7 Z)7

where ¢y satisfies the homogeneous equation:

E(¢r,) =0

(4.46)

subject to the boundary conditions (4.44) and (4.45) and ¢y satisfies the

nonhomogeneous equation
E(¢ro) = gk—1

with no boundary conditions imposed. In particular

8(Vgr) = 8(Vrr) o1 = P1L.

(4.47)
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We define
o0 Ak
o = go+ D Ty, (4.48)
k=2
o0 A,k
®p =) (4.49)
k=1
so that
¢ =D+ Dy, (4.50)

where @y has no discontinuities on z = 0 and hence produces no lift, and ®
produces all the lift.

Our main concern is of course the pressure jump across the wing, or equivalently
the acceleration potential jump. From (4.7)

2
51//—5((a¢) +(3_¢)):0 z=0, |x|>b.
ox 0z

By analyticity therefore
0y =0fork > 1 off the wing.
Again our main concern is to evaluate this on the structure. We begin with
Theorem 4.3. Let ¢ denote the disturbance potential
¢ =d—do 4.51)
Suppose §|Vo|> =0, |x| <b.
Then

oy

0z

ka:UoocosaS( ¢k)+Uoosma8( ), —-b<x<b (4.52)

the same as for k = 1.
Proof. We calculate that:
|V¢|? = U2 + 2V - Vo + [Vl (4.53)

Hence

§|V@|? =2V - 5V + 8|Ve|* = 2V - §Ve

sy = —5|V¢|2 Vo -8Ve.
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Hence

Yk = Vo -8V = U cosa5%+sinoz % . O
dx 0z

Note that ¢ is the “disturbance” potential and we expect that |Ve|? is small
compared to U2 so that we may neglect it in (4.53) anyway. The angle of attack
is usually less than a degree and can be neglected in the first look, simplifying the
analysis. And sensitivity to the angle of attack is analyzed subsequently.

Zero Angle of Attack

Let us now specialize to the case where the angle of attack is zero.
Then we have the following remarkable result.

Theorem 4.4. Suppose o« = 0. Then
§|Vo|* =0, lx| < b. (4.54)

The speed is continuous across the wing, in other words.

Proof. First we note that

Vo = Zk—!w&k.
k=1

From
$1(x, 2) = —¢1(x, —2)
we have:
¢1(x, 0+) + ¢1(x, 0—) =0.
Hence
d¢1(x, 0+) N 91 (x,0-) _ N
ox dx
Hence
g1\’
Also from
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a1\~
(Bz) =0

81V > = 0.

we have

Hence:

To show that this holds for every k, we use an induction argument 5.

Lemma 4.5. Suppose
§|Ve;|> =0, j <k-—1.

Then
§IVeul> = 0

Proof. First from the flow tangency condition:

[ — KOy )3¢k | x| < b
0z

8(%) = k*0(y )25(a¢k 1) x| < b.
0z ox

and hence

Hence

2
8 (%) =0 |x] <b.
0z

Let us use the notation

09;

7= 0x
along with

09;

v; for —

and the Fourier transforms by 7;, 1 ;, respectively. We are only concerned with ¢ ..
|

Following the proof for j = 1, we take Fourier transforms and obtain

Viiw,0+4) = —v](la) 0+), (4.55)

Pi(i0.0-) = =29, (0, 0-), (4.56)
r
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where
ro= —|w|m.
Hence, subtracting, we get:
Di(iw.0+) + D;(iw,0-) = ;—;59,- (4.57)
and adding, we get
;—;7].(1'60) = (0 (iw.0+) — D; (i®.0-)). (4.58)

where we use the notation y; = y;(x. 0+) + y;(x. 0—); the super bar does Not
denote complex conjugate.
Next we use the boundary condition (4.44) and (4.45)

vj(x,04) +v;(x,0-) = =" (1Y (x)  |x[ <b.

By Theorem 4.2,
Sy (x) = USy, (x), |x| < b
and hence
A == - 5 <o
Now

vi(x, 04) +v;(x,0-) = —j0()Y; 1 (x), [x] <b.

But
D (iw.0+) + D, (iw,0-) = ;—;8)7j(iw).
Hence
L 4j(@) = 007 (). (4.59)
Next

vi(x,04) —v;(x,0-) = —jO(y)dy;-1(x), [x[ <D
= jO(y)Aj-1(x), |x| < b.
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Hence taking Fourier transforms, because

Syj—1(x) =01x|>b

and
_ . iw . . n .
y,(iw) = r_l(‘)j(lw’ 0+) —V;(iw, 0-)),
hence
iw ~ . . —_ .
r—lAj—l(lw)Jé’(y) =7,(w),
or
el G (w00 =7, o).
i1 — M2

87

(4.60)

In (4.60) and (4.59) we have a pair of Possio equations for the time-invariant case,

similar to (4.38). This time it is convenient to define the Tricomi transform:

1 _ b
Tf=hhe) =L /b x/ bAs O 4o x| <b,
a\\b+xJ_, Vb—ss—x

which we discuss in more detail in Chap. 5. Then we have similar to (4.40):

VI=M24; = —j6(y) TPY,_,

|o]

—— === Ajai0)(j — DOO) = ¥, i),

Hence
Aj2( —DO(y) =vV1- M? TP?j—l,
where we are taking advantage of the fact that

1 .
L S N L NV vy v7S
1—-M2iw r

Hence

JOWAj2(j = DO) = jOVI = M2TPY;_; = —(1 — M?)4;
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Thus we have our recursive relation
(1=MHA; =—j(j —=DOK)*A;-. (4.61)
An immediate conclusion is that
A; =0 forjeven

and hence
y; =0 forj odd.

And for k odd:

Ay B B
T = 00 T = M4,
and
Ay = 0.
Hence
o0 Ak o0 1
A= Z == Zg(y)Zk—z(l — MA@ 4 —9()21‘11‘ (4.62)
k=1 """ k=1 1+ #

It is important to note that the series converges for small enough 6(y), but the
closed-form solution holds without any smallness assumption on 6(y). Also the
convergence is uniform in x and z.

We can now consider the convergence of the power series expansion:

Z "’ﬂég, DY Gorrntx, ) @k + 11 (4.63)
k=0

For k even, combining (4.56) and (4.57), we have

Lo G iy K= 1)
k!

flio. ) =eF 000 (1= MR Ay ).

Hence for k even:

¢kL(xv Z)

R (1100 At Y R B C Y0

and we see that the convergence of the first series in (4.57) is uniform in x and z.
For k odd similarly we obtain using (4.61):

brr(x, 2) = P1(x, 2)0() (1 — M?)~(*=D/2)
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Again we see that the convergence of the second series in (4.57) is uniform in x and
z. And we have an explicit solution that we can now describe. First of all we see that
for each y it is of the form:

¢r(x, 2) = N(M, Uso, 0(y))1(x.2), (4.65)

where

e )0 k—1
VM U B0 Y 2500

k=0

(1 _ MZ)—(k—l)

- L 21—k
+I§)m()’) (I—-M")"",

where 0(y) is determined by the structure response.
Thus in particular the differentiability properties of ¢, are those of ¢;(x, z) and
there are no discontinuities in the velocity off the wing.

Steady-State Structure Response

Let us next calculate the steady-state structure response. We have for the aerody-
namic moment:

1 b
M) = i [ pUnte = ab) i (o,
1+ =57 /-

where the integral

1
= —0(»)mph*UL (1 + 2a)——n.
e Ul 220 =
Hence
_ —0(y) 2772 1
Let

142 1
2=71,ob2( + 24)

o GJ Ji-m2
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Then the pitch equation (4.3) becomes:

0(y)

6(»)?
1 1-M?

0"(y) = — UL 0<y<l, (4.66)

with the end conditions:
6(0)=0; 0'(1)=0.
We have the trivial solution
6(y) =0: and h(y) =0,
which holds for all values of Uxo.

To find the nonzero solution we see that we have to solve a nonlinear eigenvalue
problem. Making a change of variable

0(y)
a(y) = ———,
) T
this becomes
") = —u2vz, —20)_ g I 4.67

with the end conditions
a(0) =0 a’(1) = 0.

We now establish that (4.67) has a solution only for a countable values of Ux.
Multiplying (4.67) by &’(y) on both sides we obtain:

d , 55 d log(l + a(y)?)
L) = —pryz, 2ol T AY)
i )= Uy 2

Or

log(1 + a(y)?)

3 = const = a’(0). (4.68)

o (y) + w’UZ,
Putting y = 1 we get:

log(1 + a(1)?) _

WU 5

o' (0), (4.69)

which is an homogeneous boundary condition. Now the solution of the first-order
differential equation (4.68) is analytic in the coefficient

12Uz,
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and in (4.69) «(1) and o’(0) are entire functions of u>UZ . Hence the zeros of

log(1 + a(1)?) 3

1Us, 5

a'(0) =0
are at most countable and cannot have a finite accumulation point. Thus we have
at most a sequence of values of Uy, or which (4.67) holds. An approximation is
provided by the divergence speeds.

We could also solve the nonlinear Volterra equation:

Y log(1 + a(s)?)

5 ds =ad'(0)y, 0<y<l,

a(y) + 12U, /0

which follows from (4.68). But the sequence of speeds does not play a role in
stability analysis, so we don’t pursue this any more.

Next the lift
’ 0(»)
L(y) = pU, / A(x)dx = —27pbU? ———
= *V1-—Mm?
and is determined solely by the beam torsion.
Next the plunge equation is Eulerian:
3*h
MY bt 0y 0<y <1 (4.70)
dy*

and is thus determined completely by the pitch, and we do not continue the
calculation because the solution is of little interest.

The Velocity Potential

To complete the determination of the velocity potential we go on to calculate the
part @ in (4.50), even though it plays no role in the stability of the structure.
We first need to solve the nonhomogeneous equation (4.43) for o« = 0:

P P

(I_MZ)W—FB_zz = gk—1-

Let us begin with k = 2. We have specializing (4.44)

d
g1(x.2) = 2(y —nm%,
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where

W /_ Z |(VI=3) [ - 62+ 200 - e

2 b—x
Ji—m2\b+x’

which is bounded continuous in RZ, and

A(x) = Uso™ ()

$ao(x.2) = /_ /_ L(x—£. z—n)gi (& mdedn,

where

ENETE
L= s a2

It follows that
v =+ Y [ [ Le-giomgedgan @
k=2Y 700 YT

We stop here because as before our interest is again only in the structure dynamics
which does not depend on this part of the flow.

Note, however, we have deduced a constructive solution to the Euler potential
equation in the form of a convergent power series.

It is expressible as the sum of two terms neither of which satisfies the equation.
But only one is required for the structure response. Hence there is no point in
calculating the second part as in CFD codes.

A Variation on the Problem

An interesting (and actually useful, as we show in Chap. 7) variation on this problem
is to consider a virtual structure with no dynamics, but we prescribe a normal
velocity on the boundary and seek the solution to the steady state 2D solution for
zero angle of attack aerodynamic field equations. Thus we specify, with the same
notation as before:

¢ (x,0)

w(x), |x|<b 4.72)
0z

and the Kutta—Joukowsky conditions in addition. Proceeding as before we denote
the solution corresponding to Aw(-) by ¢ (A, x,z), assumed analytic in A with a
nonzero radius of convergence uniformly in x, z.
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¢)(O, -xs Z) =X Uoo»

(A, x,0)

= Aw(x), |x| <b,
0z

and we define ¢y (x, 2), ¥ (x, 2) as before.
For k = 1, we obtain as before the Fourier transform

|zlr1

hiliw, z) = hiw, 0+), z>0

r
elzlrl

= viw, 0—), z<O.

r
In particular then
801 =201(iw, 0).

We have also that the linear velocity potential

Yi(x,2) = (x 2).
Hence with

A(x) = —7——,

to satisfy Kutta—Joukowski, we need:
Ax) =0 |x| > b,
Ab-)=0.

Hence the Fourier Transform:

A 1
A(lw) = —2r—1iw\31(ia)),

or

Bi(i0) = 3 AG0) VT

Hence using the Tricomi operator we have:

Alx) =

J1— Zn\/b—i—x

¢b+§(@@,|ﬂ<a

93

(4.73)

4.74)

where to satisfy the Kutta condition we assume that w (-) satisfies a Lipschitz

condition of order «, % <o <l1.
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The corresponding solution for the velocity potential is then given by:

A eldln
dliw, ) =———Alw) >0
2iw
elalr
=t Ale)  2<0, (4.75)
where
eldn — e—lolldvi-M2 _ / g iox (2|z|m)/(zz(l — M?) + x?)dx,
—0o0
7#0.
Hence
ad , b
—¢la(;c D =i MZ/ (A ()dE)/Z(1 = M) + (x -7 x| < oo
—b
(4.76)
Next

3biGiw, [zl 1 T a2 A
¢)1(lw Z) :—rle, A(ia)):elllrl _M 1—M2 A(l(l))
T 2iw 2iw

Hence taking the inverse Fourier transform,

Ipxg) _ V1- M2 / T BE)/@1 - M)+ (x—EdE @)
0z 2 oo
where
b4
B=nAo: B = [ 20 <o

‘H being the Hilbert transform. This is an L , — L, transform, 1 < p < 2, A(-) being
inL, 1<p<2.
A canonical example is:

w(x) = |x| < b, in which case, 4.78)

1

Vb +x
2 b—x (b 1 1

A(x)=m,/b+x/_b‘/mg_—xds, |x| < b. (4.79)

The integral does not have a closed form and has to be evaluated numerically.
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Fig. 4.4 Pressure
distribution along chord
10
8
6
4
-1.0 -0.5 0.5

Figure 4.4 shows the plot for » = 1 (within a gain factor). For k > 2, abbreviating
the notation for this section ¢y = ¢ satisfies the nonhomogeneous equation

Pdr P
1 —MH)—5 4 25 = g . 4.80
( )sz t o = 8k (4.80)
Fork = 2,
9
61 = Unely = DAY “81)

and is a bounded continuous function in R2. So in fact is gk, for every k.
The nonhomogeneous equation (4.80) is readily solved by taking Fourier trans-
forms. We have

$(x.2) = /_ /_ L= 2= g€ Mdedy,  x.zinR  (4.82)

where

LG = o (2VT=3) [P - M) +8). @8y

Hence it follows that ¢y () is a bounded continuous function in R?, with continuous
derivative as well, no discontinuities in flow velocity. Hence the series:

®0(x.9) = go(v.9) + Y irolx.) (4.84)
k=2 "

converges pointwise and has a continuous derivative. Hence so does
O =Py + Py

The flow thus has no discontinuities. And hence there are no shocks in the flow.
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4.5 Nonlinear Structure Models

The Beran-Straganac Model

However complex the nonlinearity we do have the zero or rest solution as the static
solution. In turn the linearization gives us back the Goland equation.

The Dowell-Hodges Model

Here the static aeroelastic system of equations is:

b
EIR" (y) 4+ (EI,— EIN)@OO)v()" ) = mg cosp — p/ Sy (x, y)dx, (4.85)
—b

EIV" (y) + (EI,— E1)(0(»)h(»)")" = mg sin ¢ (4.86)

b
GJO"(y) + (Ely— EL)v(y)"h"(y) = —p /_b(x —ab)sy(x,y)dx.  (4.87)

plus CF end conditions.

Field Equation
0=a [142=D (2 - a_¢)2_(a_¢ Ve
= oo 2a2, ° (8x 8z) ¢
1[0 8 _ , 80 _
—5[55 Vol t 5% |V¢|:| (4.88)
_|VeP
V= 7

Fluid-Structure Boundary Conditions

Ip(r.05) __ dg(x.04)

0z dx -

Plus Kutta—Joukowsky Conditions

The gravity terms on the right—mg cos @, mg sin p—contribute to the
complexity.
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If we set g in the gravity term to be zero, we see that we have the zero solution
for the structure and constant flow for the aerodynamic equation is a static solution
for all Uy. In particular we need to set g to be zero for determining the “ground
modes” corresponding to U = 0, and we see that we go back to the linear Goland
model.

If the difference term

El, — EI,

is set to zero, then of course, the equations become linear, and we go back to the
solution for the Goland model we started with, except for the addition of the v(-)
equation:

EIZV////(y) — O,

which stands alone, and has only the zero solution.
Let us examine then the dependence on

(El, — EI).
Let us consider the solution for
A(EI, — EI),
where A is a small parameter so that we have the solution:
h(A.y) v(A.y) and 6(4, y)
satisfying:

ELR" (X, y) + AMEL — EL)(O(A, y)v(A, y)n)’

(A, y)
= mg cosg — 2mphU 2, ———tte
g cosp o Ve
ELV" (A, y) 4+ AMEL — EI) (O, y)h(A, y)")" = mg sin ¢
O,
GI8" (A y) + MEL — ELW(h y) W' (. y) = —u%,
.y
Ve
where
w = mpb*U2 (1 + Za);.
o V1—M?
Let

k

d
he(y) = mh(k’)’) A=0
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and the power series expansion:

> e (y)AK
h(l,y)=z (y)

k!
k=0

with a similar notation for the others.
‘We can calculate that

0(0, y)

EL R (y) + (EL, — EL)(6(0, y)v(0, y)")" = —2mpbU?, —

ELV]"(y) + (EL, — EL))(6(0, y)h(0, y)")" =0
GJ O] (y) + (EL, — EI)v(0, )"h"(0,y) = —pub1(y),

where we have used the fact that 8(0) = 0.
More generally we have for k > 2:

GJIO!(y) + ubi(y) =ro, i—1(y)
ELR () =1, k=1()
ELV"(A, y) =1, k-1(y)

with zero end conditions, because the derivatives with respect to A are zero.
The functions

You—1(¥)  Vrk—1(¥)  Vvr—1(y)
depend only on the functions with index < (k — 1).

Theorem 4.6. The pitch equation

GIH (V) +1we(y) =vor—1(y)  0<y<{

with end conditions

CF :6,(0)=0; 0,(¢) =0

FF : 6,(0) = 0; 0,(¢) =0
has the solution given by:

¢
50) = [ Gl ds, 0<y <t
0
except for a sequence of divergence speeds U, for which
GJO(Y) + bk (y) =0,  0<y<{

has a nonzero solution.
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Proof.
n
Letw = | —.
et w GJ
Then
—1 ¢ Ssin w(s — o
b(s) = (— | eos e —a)ye,k_l(o)do)+ [ oo
cos wl Jy 0 w
excepting w such that cos wf = 0, which is the sequence U,,. O

The solution procedure is similar for the other two equations.

Finally then we have the series expansion for the solution which we can express
in the form
o0

=Y i"k('y) (EL—ELY*, 0<y<C, (4.89)
k=0 '
where

F(y) = X ()
= e — B

h (0,y)
x(y)=1v (0,y)

0 (0,y)

is then the static solution to the problem (CF end conditions)

?
() = /0 Gy, )xio1(s)ds,0 < y < £,

Gy (y.5)
G(y.s)=| G, (y,5)
Go (y.5)

Let us calculate x;(.). We have

El h(»)" =0,
EIn{"(y) =0,
GJ0{(y) + ub1(y) = (EI> — E1)v(0,y)"h" (0, y)

2 2
=(EI,—EI)) (ngzcosgo sing (yT — 20y + (64— 352)) )

=y()
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and

cos wl

l S o
01 (y) = 0.(s) = ( /0 cos w(l —a)y(cr)da) +/0 Smwi)#a)y(o)da.

And
h(y) =h0,y); vi(y) =v(0,y),

which gives some idea about the nature of the solution.

Linearization

Having evaluated the static solution, we now go on to linearize the solution to the
aeroelastic equations about this solution for U nonzero so that g has to be nonzero.
We anticipate that it is more complex than for the Goland model.

Thus let

h(A.t,y) = h(0,y) + Ahi(z, ),

v(A.1,y) =v(0.y) + Avi(t. y).

O(A.t,y) =0(0.y) + A0,(. y),
oA, 1,x,2) = ¢(0,x,2) + A (1, x,2),

0p(A,1,x,0) 090, x,04+) . d¢i(t,x,0+)
= + A ,
dz 0z 0z

where

h (0, y)
v (0,y) | =x(»),
0 (0,y)

L(A.1,y) = L(y) + AL:(z,y),
M2, y) = M(y) + AM(z, y),

mh(d,t.y) + ELE" (A t,y) + (EI, — EL)OQ, 1, y)v(A,t,y)")"
=mgsing + L(A,t,y), (4.90)

mv(A,t,y) + EIV" (A t,y)+(El,— EI)OQA,t, y)h(X,t,y)")" = mg cos ¢
4.91)
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16, t,y) = GJ " (A1, y) + (EI, — EI)h(A, 1, y) v(A, 1, y)"
=M@, t,y), 0<t; O0<y<H{. (4.92)

Taking derivative with respect to A at zero, we have:

mi(t,y) + ELh"(t,y) + (EI, — E11)(6:1(t, y)v(0, y)”
+ 600, y)vi(t. y)")" = Li(t. y). (4.93)

mvi(t,y) + EIN"(t,y) + (EI, — E1)(61(t, y)h(0, y)"
+ 00, y)h(t, )" =0, (4.94)

16,(t,y) — GJO!(t,y) + (EI, — EL,)(hi(t, y)"v(0, y)"
+ h(0, y)"vi(t,y)) = Mi(t, y), (4.95)

Where the 1inearized llft and moment
1,y 1/\’ 0, Y),
1 ’ y 1/\’ s by y -

This is the linearized equation that will determine system stability and is now more
complex than the Goland case because the coefficients in the equation are no longer
constants. It also then requires an existence and uniqueness proof. We consider this
as part of the convolution/evolution equation in Chap. 5.

Notes and Comments

The crucial result used here is the explicit solution to the finite Hilbert transform
given by Tricomi [11] who notes also the work of Sohngen, the German pioneer in
aeroelasticity theory, and shows the Kutta condition as necessary for uniqueness of
solution. There is also a large body of related Russian work (mainly that of Gohberg;
see [31]) which seems to ignore the Tricomi work.

Note that the aerodynamics is replaced by the Hilbert transform, which we look
upon as the static case of the Possio integral equation. A feature of our entire theory
is the systematic use of the Possio equation. As here and more generally, the best-
developed results are for the typical section case where the air flow is 2D and the
Possio equation is 1D. The angle of attack becomes important in that the functionals
turn out to be discontinuous at zero for large M. The point here is that for large
enough M there may be regions in the interior for which the local flow is supersonic,
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in which case the flow is termed transonic. The precise value of M for which this
happens is not clear. Meyer [14, p 146] gives an inequality for the interior Mach
number. One author [48] suggests M > 0.8 as transonic.

We have in this chapter a simple instance of nonunique solutions for the static
solution for a sequence of values of the far field speed determined by a nonlinear
eigenvalue problem. We could argue that we won’t see this nonuniqueness in time
marching because we will not have the exact values for the sequence. In any case
it does raise a question for CFD solutions. Our main result concerning the air flow
would appear to be new: that the potential can be expressed as the sum of two,
one which produces lift and the other that does not, consistent with our theme that
we are concerned only with the structure dynamics whereas the second part holds
little interest for us.



Chapter 5
Linear Aeroelasticity Theory/
The Possio Integral Equation

5.1 Introduction

In this chapter we present the linear theory which plays an essential role in the
nonlinear Hopf bifurcation stability theory to come in Chap.6. This is the most
studied part of the theory beginning with the pioneers: Kussner, Sohngen, Wagner,
Garrick, and Theodorsen; see the classic treatise [6]. This is also the longest chapter
in the book and covers the theory buttressing a wide variety of topics loosely referred
to as “Flutter Analysis”: the every day “bread-and-butter” part of the subject.

5.2 Power Series Expansion of the 3D Potential

We begin with a power series expansion of the solution of (3.15) with the associated
boundary dynamics about the rest or equilibrium aeroelastic state solution (Chap. 4):

do(t,x,y,z) = Uso(x Cosa + zSina),
h(t,y) =0; 6(t,y) = 0.
We call this an “Attractor” and note that it is unique in that it holds for every value
of U unlike the Divergence speed (Chap. 4).
To determine the Linear potential field equation, we consider the
structure variables as parameters and expand the solution in a power series

about zero. Thus with A denoting a complex variable we consider the solution
¢ (A, t,x,y,z) corresponding to Ah(t, y), AO(t, y):

. 1.x.9.2) = po(t. x.y.2) + Y T (t.x.y.2). (GRY
k=1

which satisfies the field equation (3.15).

A 'V Balakrishnan, Aeroelasticity: The Continuum Theory, 103
DOI 10.1007/978-1-4614-3609-6_5, © Springer Science+Business Media, LLC 2012
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Leaving for later the sense in which the convergence is taken, as in the steady
state case in Chap. 4, we first calculate the kth order potentials ¢ given by

di(t,x,y.2) = (°¢(0,1,x, ,2)) JIAL.
Differentiating (3.15) with respect to A we get the field equation for each k:
E(Pr) = gk—1. (5.2)

a linear nonhomogeneous equation, where

32¢> 3245 2¢

(e ]

) )
2 A2 A2 Ar2Qin2
a [(1 M?Cos’a) ot (1 — M*Sin°a) P

2 2
+ 2 mrcosasina? (5.3)
ay? 0x0z

and g involves the potentials up to the kth order, and go = 0. We begin with
¢ the Linear potential. The boundary dynamics are determined from (3.19): Flow
Tangency:

¢

Bp(A, 1, x,y,0%))/dz = 80 +A(=1) |:h(t Y) + (x —a)b(t, y)

+ (((0g (A, 1, x,y,0%))/3x)0(t, y))
+ (9 (A, 1,x,y,0%))/dy)

0
X (g(h(t, y) + (x —a)o(t, y))) ], x,y el

(5.4)
Hence taking the derivative with respect to A at A = 0, we obtain:
(01(t,.x,7,098))/0z = (=Dt ») + (x = @B, y)
+ UseCos e(z,y)], x,yel. (5.5)

Let us denote the right-hand side by w,(¢, x, y)—this is referred to as the
“downwash” in the aeroelasticity parlance.

In particular we see that the normal derivative of the linear potential is continuous
across the wing. Also no spanwise derivatives are involved.
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The pressure jump

Sp(ks[vxvy) = _pOOSW(Avts-xsy)v

where
{ 2
v(A,t,x,y,2) = (0p(A,t,x,y,2))/0t + 3 VoA, t,x,v,2)| . (5.6)
Hence in the power series expansion for ¥/ (4,1, x, y, z):
YAt ) 1U2+ika(t ) (5.7)
,0L,X, Y, = = -— , X, ),2), .
r,z 5 Yoo 2 A k .z
we need to calculate
(9 (0,1,x,9,2))/0A% = Y (2, x, y,2).
For k = 1, this yields
wl(xv va) = (ad)l(lvxv y,z))/at + UOOCOSOl(a(ﬁl(Z,X, y,z)/ax)
+ UsoSina (3¢ (¢, x, y,2)/ 02).
Hence defining (Kussner Doublet Function)
Ai(t,x,y) = =0y (1, x, )/ Uso,
we have:
d ad
Ai(t,x,y) = ESdn(t,x, y) + UooCosaaé’qﬁl(t,x, y). (5.8)
And the Kutta—Joukowsky conditions are:
Ai(t,x,y) =0 forx,y NOTin T, 5.9
Ai(t.b—y)=0, 0<y<U{, (5.10)

which are then the boundary conditions for the linear equation (5.3), along with
(5.5). Thus we can state the
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Linear Aeroelasticity Problem: 3D Flow/Finite Plane

Field Equation

2 2 2 2
a—d)—f-2Uoo (Cosa ¢ + Si 0 ¢)—a§o |:(1—M2C032a)g—¢

or2 arox " Y araz X2
P 0% P ¢
2Qin2 2 : _
+ (1 — M’Sin oz)a—zz + W—zM COSO(Sanéava:| =0

Boundary Conditions: Far field
¢ (t,00) = Uso(x Cosa + zSin ).
Flow Tangency:
(91 (2, x,y.04))/0z
— (=1 [fz(t,y) T (x—a)d(t,y) + UooCosffH(t,y)], x,yerl
Kutta—Joukowsky:
Y(x.y.2) = (0¢1(1, x,y.2)) /0t + UssCos (9 (1. x, y,2))/x,
+ UooSina (3¢ (¢, x, v,72))/ 0z,
A(t,x,y) = =8y (1, X, y)/ Uco,

A(t,x,y) =0forx,y NOTin I
A(t.b—,y) =0, 0<y<U{. (5.11)
Our technique of solution is to convert it to an integral equation: The Possio integral

equation. This is not too surprising because basically we have a Neumann-type
boundary value problem which is usually treated this way (cf [1]).

5.3 The Linear Possio Integral Equation

See [55,56,72,96]. The Possio Integral equation plays a central role in our theory
and we shall revisit it in many places in many forms, in both Laplace Domain and
Time Domain.
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The Input Output Relation

We may look at what we need from the air flow model as an “input—output” problem
where the downwash is the “Input” and the pressure jump is the “Output.” The
“Input—Output Relation” is then the Possio Integral Equation.

The Connecting Glue: Lagrangian to Eulerian

We may also consider it as providing the link between Lagrangian Dynamics and
the Fluid Eulerian Dynamics. This gluing is usually the most “mysterious” part in
computational aeroelasticity.

We take the Laplace Transform of (5.3) in the time domain and the L, — L,
Fourier Transforms, 1 < p < 2, in the spatial x, y coordinates. We use super” to
denote Laplace Transform and super A to denote the Fourier Transform:

~ o0 o0 o0 . .
SOh 0,09, 2) = / / / eHe I IeT g (1, x, y, ) dy dr
—00 J—00 J0
Redl >0, >0: ), weR?

with a similar definition for other functions, such as w,(.), ¥ (.).
It is convenient from now on to use the “reduced” frequency

Ab
Uso

A
U—fOI'bZ 1.

oo

Then taking the Laplace Transform of the field equation (5.3), we obtain:

R o0 d
$Oxy.2) = / P,y D B3, =0 S 0.x,2,9 =0
0

(¢(t, x, y,z) may be called the “disturbance potential”) we have:

. . S
0 =A% +2AUss Cosaa—¢ + Sinaa—¢ —aZ | (1 - M?Cos’a) 9
dx 0z dx?2

Pop )
2Q;n2 2 :
+(1—M SlIl Ol)a—Z2 +W_2M COSO{SIHO{M . (512)
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Using ¢(A,w1,w;,z) in place of QAS(A,a)l,a)z,z), we have, taking Fourier
Transforms in (5.12) and dividing by ago:

2q:.-2 az(p 2. . 2 . a§0
(1 —M>Sin oz)ﬁ—Z(M iwCosa Sine + M kSma)a—
Z z

— (M?k* + 2M?*k Cosaiw; + wi(l — M*Cos’e) + w3) ¢ = 0.  (5.13)

We note that
0= c e,

where c is not a function of z, is a solution of this equation provided r satisfies the
algebraic equation
ar* —2br —c =0,

where
a = (1 — M*Sin*a),
b=M?k+ iw;Cos)Sina,

¢ =k*M? +2M?* w,Cosa + wi(l1 — M*Cos’a) + w3.

The equation has exactly two roots:

1
m=(—— ) (M*k + iwCosa)Sina
! ((1—Mzsm2a))( ( 1Cos @)

—J <k2M2 + 2kM%iwCosa + 0*(1 — M?) + w?(1 — MZSinZa))) ,
(5.14)

1
rp=——- ) (M?(k + iwCosff)Sin«
’ (1—M2s1n2a)( e+ fenCosth

+y (k2M2 + 2kM2iwCosa + (1 — M?) + 02(1 — MZSinza))) .
(5.15)

Before we proceed further we need to clarify the definition of the square root in
(5.14) and (5.15).

Lemma 5.1.
k*M? + 2kM?*iw,Cos o 4+ 02 (1 — M?) 4+ w3(1 — M*Sin’a)

is never equal to a negative number for any complex number k which is not pure
imaginary.
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Proof. f M =0ork =0
kK*M?* 4 2kM*iwCosa + w?(1 — M?) + w?(1 — M?Sin’a)
= 0} (1 — M?) + 03 (1 — M*Sin’a) > 0.
Next let us consider M # 0. Let k = o + i y. We can calculate that the Im part =
2M?*0(y + w1 Cos @) and the real part = (62 — y?>)M? —2M*yw,Cos & + wi(1 —
M?) + @2(1 — M?*Sin*a).
We need to consider the case
o(y + wCosa) = 0,

and o is not zero. But if (y + w;Cos«) = 0, then the real part is

0> M*+M*w}Cos’a+wf (1-M?*) +wi(1-M>Sin*a) > 0. O
Hence the usual principal value of the square root will be taken throughout.

As noted in Chap. 4, we can again show that the only solution that vanishes as |z|
goes to zero is given by:

b(A,iw,iwy,7) = Ase™, 7>0,
o( +

= —e®, 7<0,
rn
where we define .
.0
V= —|z =0,
0z
which as we have noted is continuous at z = 0.

Now by (5.8)

X 1 1
A iwy, i) = (A + UsgiwCosa) U (A, iwy,iw) (— - —) . (5.16)
r r

Hence

U X rir 1
Ao, = Ao, : , 5.17
V(A iwr, i) = AQXiw zwz)(rz_rl) G T UmioCosa) (5.17)
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where

1 1
( i ) (k2M2+2kM2ia)1COSa

rn—ri) E(A 4 Usol w1 Cos @)

+i(1 = M*Cos’a) + o) [ (/ (K2M? + 2%M i Cos

+oi(1—M?) + (1 — M’Sin*a)w3)) . (5.18)

Let P (4, x, y) denote the inverse Fourier Transform of

| |
= - K2M? + 2kM?iw,C
2 Gt UnionCosa) (k2m2+ tantosa

+oi(1 — M*Cos’a) + w3) / (\/ (kzM2 + 2kM?iwCos

+oi(1 - M?) + (1 — M*Sin*a)w)) .

Then taking inverse Fourier Transforms in (5.18) we obtain
bopl R
DA, x,y) = / / PA,x—&y—nAQ, & ndédny, —oco<x,y <00
b Jo

with the Kutta condition

AAE,m) > 0asé — b—,

where the kernel is specified in terms of its L ,— L, spatial double Fourier Transform
o0 o0 N . . 1 1
P&, x,y)e "™ dxdy = —
/_oo/_oo (A.x.7) Y= S A F UionCosa)
x (kzM2 + 2kM?iwCos o + w? (1 — M?Cos’er) + w%) / ( (k*M?
(5.19)

+ 2kM%ioCosa + w2(1 — M%) + (1 — Mzsmza)wg)) ,

which we denote by }3(/\, iy, iwy).
In particular, specializing to I", and this is Possio’s simple yet profound idea, we

get the integral equation named after him:
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The Linear Possio Integral Equation

b L
S(hox.y) = /b/O POux—Ey—mAQ.Emdedn, x.yel. (520

where .
AL E,n) > 0asé — b—,

and where

0 oo ) 4 1 1
P A L X, —lXW] —lya)Zd d — _
/_oo /_oo (4.3, y)e T=3 (A + Uooia)l(:osff)

(kzM2 + 2kM?iw;Cosa + w?(1 — M*Cos’at) + a)g) / (V (kK*M?

+2kM?iwCosar + w?(1 — M?) + (1 — Mzsmza)wg)) .

Or, in other words this is enough to determine A A, .0,

In particular we note that if the Linear Aeroelastic problem has a solution, then
the Laplace Transform of the Kussner Doublet Function defined in (5.8) will satisfy
the Possio Equation (5.20).

And conversely, if the Possio equation has a solution, then the Laplace/
Fourier Transform of the solution of the potential equation (5.13) is given by:

X X % 1 .
dAiwy,iw,z) = P(Aiwio)Ad oy, im)—e"* 7> 0, (5.21)
r

X = 1
P iowio)AM, io, iwz)r—e’ﬂ z2<0. (5.22)
2

Of course we need next to determine the solution as a function of the time/space
coordinates that we started with. The Laplace/Fourier Transformation has to be in-
verted. But the Transforms by themselves—the Laplace Transforms in particular—
are of independent interest, specifically in studying system stability assuming the
Transform is invertible!—that it is the Transform of a time domain function which
satisfies (5.3).

Existence and Uniqueness of Solution

The existence and uniqueness of the Possio equation (5.20) is of primary concern to
us and we shall need to spread this over many stages.
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First let us note that if the LDP-Laplace Domain Possio equation (5.20)-has two
solutions and thus also two time-domain solutions of (5.3), then the difference will
satisfy the equation with

wy(t,x,y) =0.

But then the difference will also yield a nonzero solution of the potential flow
equation with zero pressure jump across the wing. Hence existence and uniqueness
of solution of the Linear Euler equation with the Kutta—Joukowsky boundary
condition is equivalent to the existence and uniqueness of solution to the LDP
Equation with the extra condition that the solution is a Laplace Transform:

o0
/f(/'\,x,y):/ e MA(t,x,y)dt Re.A > ay.
0

The Typical Section Case

Let us specialize now to the “Typical Section” or “Airfoil” case, where we set the y-
coordinate to zero simplifying to 2D aerodynamics—which is equivalent to setting
; to zero in the Fourier Transforms. Thus the 1D Possio Equation becomes:

b
Wa(A, x) :/ P(h,x — &AM, £)dE, |x| <b, (5.23)

with the Kutta condition: .
A(A,b—) =0, (5.24)

which may be weakened to A (A, x) goes to a finite limit
as x goes to h—, (5.25)

where the L, — L, Fourier Transform of the kernel is given by:

ﬁ(x ) 1 1 (M?k* + 2kM?*ioCosa + w*(1 — M?Cos «))
W) = — . ’
2(k+iwCosa) ( /(MK + 2kM2iwCosa + (1 — M?)))
—00 < w < 00, (5.26)

And an immediate observation from (5.23) is that if A (A,.) is the solution corre-
sponding to w(A, .), then f(A1)A(A,.) is the solution corresponding to f(A)w(A,.).

In particular this implies that the solution has as many time derivatives as w, (¢, .)
has.
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Typical Section/Zero Angle of Attack

If we set in addition

a=0
the kernel P becomes
Pllim)=1— (M2 + 2k M0 + 21 = M) (527)
2k+iw

The next result is crucial and is the point of departure from the extant aeroelasticity
literature.

Balakrishnan Formula

Theorem 5.2. (Balakrishnan 2003)
Leta = 0. -
Then in (5.27) P(A, w) can be expressed as

PO, w) = lm«/1—M2(1+1§(k,iw)), (5.28)

2iw

where B (k,iw) is the Fourier Transform

- o0
B(k,iw) = / B(k,x)e '*dx, —o0 < w < 00,
o0

where
Blhox) = k0 k/al k65 q(M, 5)d 0
X)) = —k——un — e “a(M,s)ds x>0,
V11— M2 0
05}
k/ ek”a(M,—s)ds, x <0,
0
where
M M
23]

T1aM YT om

a(M,s) = % (@1 =) (a2 +5)) /(1 —5), —ar<s<a,

and l?(k, ) isin L,(RY) for p > 1.
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Proof. First let us prove that é(k, Jisin L,(R") for p > 1.
We note that |a(M, s)| is bounded in —ay < s < «; for each M. Let ¢c(M)
denote this bound. Since we have:

B(k,x) = kB(1,kx) (5.29)

it is enough to consider k = 1. Then

e—VOll

‘/ e Ya(M, s)ds‘ < C(M) x>0

‘/ ea(M, —s)ds‘ < (M) ((1 —e—‘«“”) /(|x|)) X <0
0

/OO (ﬂ)de < ooforp > 1.

0 X

The representation (5.28) was discovered by the author [56] by contour
integration (see [71]) but proved by direct integration, which we follow here.
First let us note that by (5.33) we may take

and

k=1.

Let
—a; <Re.z<ay z#0O.

Then

o0 . R _ _1 1 _l o] 1 _
[ e = o H/S+Jﬂ@ )
X (a2+s)))/(l—s)ds+—/

X (a1 +5)) /(1 + 5)ds,

which by changing variables in the integrals (see [4] for details) can be
expressed as:

Z 1
=Z+l¢(;@+a0&—aﬁ)—
and for
Z7=1iw
this is
ol 1
e l4iw

\/((ia) + o)), —iw)) — 1.
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Hence
Btkioy =12 L kio 4+ an) o — kiw)) — 1
Jw _ia)k+ia)‘/ 1w+ op)(a 1w
_ ol 1 ! MK+ 2kMPio + 0*(1 - M%) — 1
iok+ioJ1—M?2

showing that(5.28) =(5.29) as required.
Finally let us note that for Typical Section and zero angle of attack, (5.22) and (5.23)
specialize to

b iw,2) = — AR iw)e® 250

k+iow

=+ /f(k, iwe ™™ <0,

k+iw
where
r=—J(k’M* +2kM’iw + (1 — M?))

so that, in particular

¢(tvxv _Z) = _¢(tvxv Z),
(0¢(t, x,—2))/0z = (3¢ (1, x,2))/ 0z,
(0¢(t,x,—2))/0x = —(9¢ (¢, x,2))/ 0z

Next we specialize to the most studied case M = 0 See [6].

The case M = 0 corresponds to “Incompressible Flow” for reasons explained
below. The importance for us is that we can obtain an explicit solution for the Possio
equation and a systematic use of which yields an alternate theory as compared with
the classical theory in [6]. M = 0 is an “outlier” in that it is atypical in comparison
to the solution for nonzero M. O

Incompressible Flow

First we have:

Theorem 5.3. For each o and M,0 < M < 1, (5.27) defines an L, — L,
Mikhlin multiplier on L,(R") and hence a linear bounded operator on L ,(R")
into itself. Let @(o, M, k) denote the operator. It is convenient to regard L ,(—b, b)
as a subspace of L ,(—b,b) Let P denote the projection operator on L ,(R") into
L,(=b,b). Then the Possio Equation can be expressed in operator form as an
equationin L ,(=b,b), 1 < p < 2:

Wa(A,.) = PP(a, M, k)AL, ) (5.30)
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with the Kutta condition

AL, b—) = 0.
Proof. By definition (see [28, 41, 56]), a scalar valued function pu(-) de-
fined on R! is called a “Mikhlin multiplier” if g(w) = w(w)f(v),

—00 < w < oo,excepting w = 0 is the Fourier Transform of a function in
L,(R") whenever f(.) is. A sufficient condition for this due to Mikhlin [1] is that
(.) be continuously differentiable in (—oo, o) and

()| + lop' (@) < c < oo, omitting w = 0.
This condition is readily verified for (5.27). The statement of the theorem follows
from Mikhlin’s theory [28] who shows that if 7" denotes the corresponding operator,
then 7 is linear bounded with norm:
[|IT|| <cM, where M, depends only on p.
In our structure dynamics, the downwash is actually C; in [—b, b].
That the space has to be L,, 1 < p < 2 can be seen by considering the
special case where k = 0, which corresponds to the steady state case treated

in Chap.4. Let us look at some special cases where an explicit solution can be
constructed. O

Zero Angle of Attack

Note that for zero angle of attack, the kernel I§ in (5.27) becomes:
1 272 2. 2 2 .
E\/(M ke +2kMiw + o (1 —M?))/(k +iw). (5.31)

Recall that Re k& > 0 in what follows.

Theorem 5.4. Let « = 0 and M = 0 (Incompressible Case). Then the Possio
Equation in this case:

Wa(A,.) = PD(0,0,k) AN, ) (5.32)

has a unique solution in L, which we can express explicitly. Here we follow [4].

Proof. Let (0,0, k) be simplified to @ (k). For « = 0 = M the multiplier is

1 ol
2k +iw’
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which can be expressed as:

1 k |w|
-|1- - —.
2 k+iow) iow

Let R(k) denote the operator corresponding to the multiplier

1
k+io

Then R (k) is given by:

X

Rkk)f =g 8(x) = / e K= f(5)ds, —o0 < x < 00. (5.33)

—0o0
Next the multiplier % is recognized as representing the Hilbert Transform, denoted
‘H, given by

()

oo X — €&

Hf =g gkx)= % dé, —oo<x <o (5.34)

And we note that:
HR(k) = R(k)H.

Then P®(k) can be expressed:
PO(k)Pf = %P(I —kR(k))HP f for f in L,(R").
Hence (5.33) becomes:
2a(A,.) = PHPA,.) — kPR(K)HPA(,.)

= PHPAR,.) —kPHR(k)PAQ,.)

= PHPAA,.) —kPH(P + I —P)R(k)PA(L,.)

= PHP(I —kR(K)P)A(X,.) —kPH(I — P)RK)PA(A,.). (5.35)
Let us evaluate the function

PH(I — P)YRK)PAQ, ).
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Denoting it by ¢( . ), we have:

1 [ 1 b N
q(x) = —/ —/ e KETI AN, )dsdg, x| <b
TJy x—§&J

1 [° 1 i N
= — ———¢e “°do L[k, AX,)),
ﬂ/o Ty _o° 4o ( (,))
where

b
Lk, f) = / e Fb=9) £(s5)ds.

Hence we have
2w(A,.) = PHP(I — kR(k)P)A(X,.) — kq.

Hence

2TWwA,.) = (I —kL(k)A,.) —kTyq. (5.36)
where L(k) for each k is a Volterra operator on L ,(—b, b) into itself, defined by:

LOOf =g gl = /_ s, Jx] <

and kT q is the function
kL(k, A\, )h,

where

1 [b—x|1 [ [b+s 1 1 o0
h(x) = ——— | = [ 4/ d *odo |,
) b4 b+x|:7t/_b b—ss—b—0os—x S/O ¢ a]

where we can calculate that the integral

1 (% [b+s 2b+o 1
;/_b b_sl/((s—b—o)(s—x))ds:\/( 5 )x—b—o' (5.37)

Here 7 is recognized as the “Tricomi Operator” which we treat more fully in the
sequel.
Hence

1 |[b—x [ 2b+o 1
h(x) == ko d b. (538
(x) b4 b+x/0 ¢ ‘/( o )x—b—cr(I el < (5.38)

(Note that (.) is NOT defined for k negative. An important point for us in the
sequel, in Sect.5.5.) Hence (5.37) becomes:
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2TWwA,.) = (I —kL(Kk)AA,.) —kL(k, A(A, ))h. (5.39)
O

Lemma 5.5.
(I —kL(K))™" = (I + kL(0)). (5.40)

Proof. Either by the Volterra Expansion

(I —kLk)™" = (kLK)

n=0

Or, “solving”
(I —kLK)™ f =g

£ = g(0) —k /_ (s

Hence

f1(x) = g'(x) —kg(x) + k(g(x) — f(x)),

g'(x) = f'(x) + kf(x).
Hence R

gx) = f(x)+ k/_b f(s)ds, since f(—b) = g(—b).
Hence
(I —kL (k))_1 = (I + kL(0)). O

Hence

2(I + kLO)TWwa(A,.) = A(,.) —kL(k, A, ) + kLONE  (5.41)
from which we see that all we need to evaluate is the functional:
Lk, A7, .)).

For which we take the functional L(k, .) on both sides of (5.41). L(k,lhs) =
L(k, rhs) which yields

Lk, A, ) = (L(k, (I +kLO)2TW, )/ (=kL(k, (I +kLO))R)). (5.42)

However we still need to verify that the denominator in (5.42) is not zero. Here we
have a remarkable result due to Sears [110].
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Sears Formula

Lemma 5.6. (Sears)
ForRe.k > 0:

(1= kL(k, (I + kL(O)h)) = k/°° e—ka\/(%i)do‘
0

o

Proof. First we calculate
kL(k,(I + kL(0))h).

First, integrating by parts in

b
Lk, kL(0)h) = /

G / * h(s)dsdx
—b —b

yields
b
2/ h(s)ds — L(k,h).
—b

Hence

[T —ke (20t 0\ [ 1 b lb—x 1
kL(k,(I+k£(0)h))_k/0 e J(—U )(n/_b‘/—b+x—x_b_0dx)da,

where the integral in parenthesis

- ‘/(ij-o) - L

Hence we obtain that

L=k ke =k [ e (P E Y ao sy
0

That it is analytic in k in the entire plane except for k < 0 where it has a logarithmic
singularity—typifying the analyticity properties functions of k we shall use. This
can be seen from rewriting (5.43) in the form—by a change of variable:

© 2bk +t
/Oe’\/( . )dt. (5.44)

Or expressing it in terms of Bessel K functions:

k / ” o J (2b : ") do = bk[Ko(bk) + K (bk)]e". (5.45)
0
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But now the interesting question is: what is

1/ (k/owe—k'J(th+t)dt). (5.46)

Is this a Laplace transform? Is (5.46) expressible as

/ ci(t)e dr, ci(.) > 0.
0

This is answered in the affirmative by Sears [110]—as we have seen—who actually
gives an approximation to the function c;(.), which is referred to as the Sears
function. This is necessary to obtain the time domain structure response. But it is
easier of course to show just that (5.44) is bounded away from zero.

In the form (5.44) we see that as k goes to zero in the right-half-plane, the
function has the limit equal to 1, and goes to infinity as Re k goes to infinity. In
fact we have

© 2bk +t © 2bk
-t dt—l:/ -t —— 4+1)—1)dt >0 fork>0
fev(Fr )= eV (F ) -)ur =0 e

andRe+v1+4+z—1 >0 forRez> 0. O

Solution of Possio Equation in Laplace Domain: M = 0

Hence finally we have the solution:

(L(k, (I +kL(0)2TWa(A,.)))

0o [2bk+t
Jo e =t

A, ) = (I +kL©O) | 2T Wa (X, ) + h

Or

AL = (I + kL(0)) [zmu(x, )+h (LG, (T + kLO)2T a4, ')))}

bk(Ko(bk) + K (bk))ebk
(5.47)
To show that

AN, b—) =0,

we make a change of variable

o=1*b—-x)
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/ 2b+cr 1
h = d
() = b+x/ x—b—(f o
_ l . 1 *° —ktz(b—x) 2 B 2d[
= n( 1),/b+x/0 e J@2b+1%(b x))—1+t2,

and in this form it follows readily that #(x) — —1 as x — b—. Now from (5.34),
evaluating the limit as x — b—, we see that the left side goes to zero, while the right
side

in

yielding

= (I —kL(Kk)A,.) —kL(k, A(X, ))h

b b
0=AWX,b—)—k / e KO AN, s)ds + k / e =9 AL, 5)ds.
—b —b

Or A(A,b—) = 0. 8]

Remarks: Tt is of interest in the sequel to determine the range of values of k beyond
Re k > 0 for which the solution continues to be valid.

Here we use the solution in the form (5.47) involving the Bessel K
functions. They are defined and analytic and nonzero except for k < 0; and we
have already covered k = 0. Hence the solution is valid for all £ omitting the
negative real axis where we have a line of singularity. What about the kernel
in the equation? Here the problem is that 1/(k + iw) is no longer the Laplace
transform of a function in the positive time domain for Re k negative. This ends the
incompressible case where we have presented a closed-form solution to the Possio
equation in the Laplace domain. We consider the time—domain solution later. Next
we go on to consider M > 0 where we no longer have the luxury of a closed-form
solution of the Possio equation (not as yet, of course).

5.4 Linear Possio Equation: Compressible Flow: M > 0

Now we go on to consider nonzero M. Unfortunately there is no longer a closed-
form solution available (except for M = 1). Nor does the technique of solution for
M = 0 carry over.

In fact we show that M = 0 is typical and may be labeled “singular.” We call
the flow “compressible” if the far field Mach number is bigger than 0. There is a
further qualification: transonic is somewhat vague, for M >~~ 0.8 (this depends
on the Mach number of the flow in the interior; see [49]). This further distinction
plays no role in our theory and we do not invoke it. Our first objective is to develop
an abstract version of the equation.
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Abstract Version of Possio Equation M > (

We use the language of semigroup theory of operators [16, 28]. We assume
throughout that
wg(t,.) is in Ci[—b, b] for every ¢

and
o0
/ e " |wa(t,)||dt < o000 >0, > 0.
0

For most if not all of our purposes we may take the abscissa o, to be zero. The C;
condition is indeed true for the downwash.
Let t(w) denote the L, — L, Mikhlin multiplier

(@) = ¢1 - (1 + Bk, la)))

where

1 1 “ 1
Bk =k — M, s)ds ).
(k. iw) (4/1_ 2k +iw /_o[2 ks—i—iwa( +5) s)

Let us convert this multiplier to the corresponding operator on L ,(—b, b),
%m H(I + B(k))
so that the Possio equation (5.23) in abstract form is:
Wa(A,)) = %m PH(I + B(k))PA(L, .). (5.48)
where H is the Hilbert transform

Hf =g; g(x):/ ﬂ(l )f(s)ds —00 < X <00

and B(k) can be expressed:

“kR()A [
Bk)A = —— — kR(ks)Aa(M,s)ds, AelL,(—b,b),
( ) m w ( ) ( ) 17( )

where R(k) is the bounded linear operator on L ,(R') into itself corresponding to

the multiplier
1

k+iow

)
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and is the resolvent of the generator D, defined for all k off the imaginary axis.
Df =-f'
generating the negative shift group S(.) on L ,(R"):
SO f=f(-1) 1=0
R(k) is short for R(k, D), the resolvent of D defined for A off the imaginary axis:
o0
R(A.D)f = / e MS(r) fdt, Re A > 0,
0

R(-A,D)f = —/Oooe‘“S(—t)fdt, Re ) > 0.

Again IP denotes the projection operator on L ,(R') into L,[—b,b] 1 < p < 2. The
Hilbert transform can be expressed [10] as

Hf = 1 /°° (S@) f —S(—l)f)dt’
0

s t

where
HR(A,D) = R(A,D)H

and we note that

2b
PR(A,D)Pf = / e MPS(1)P fdt
0

is an entire function of A. In particular:

Lemma 5.7. As Rek goes to infinity, B(k) converges strongly over L ,(R") to

which we denote as B(00).

Proof. B(00) is the operator corresponding to the multiplier:

M o
Vi—M?2io’

The multiplier corresponding to B(k) is

—1—

= ] 2 1
Blk.iw) = iw \/1 kM (k+21a))_

k+iw 02(1—M?)
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which, as Re k — oo, converges pointwise to the multiplier

M |w|
Vi—M?io

This is enough but we establish this directly using elementary semigroup theory:

S

~kRKD)f [

O TSe L

kR(ks,D) fa(M, s)ds.

We note that
kR(k,D)f - 0 asRek — oc.

Hence the first term goes to zero. But ||k R(k,D)|| does not. kR(k,D) converges
only strongly. However, we do have that

k
||ksR(ks,]D))||§E|k, Rek >0, —ap; <s§ < 0.

And the integral can be expressed:

/al kR(ks,D) fa(M, s)ds a(M, 0) " kR(ks, D) fds

—o2 —a2

+ /al kR(ks,D) f(a (M,s) —a(M,0))ds

where
M

a(M,0) = —
1—M?

and

o]

o0 o]
kR(ks,D) f ds = / / ke *'ds S(r) fdt
0 0

o0 [0%)
- / / ke *'ds S(—t) fdt
0 0

- / - / " et ds k(S(1) £ — S(—1) f)dt
0 0

o0 [2%)
- / / ke *'ds S(—t) f dt
0 o]

[Tt COL=80D,,
0

—ar

t

00 (n—kayt _ —kast
/ €= D,

0
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which converges strongly to

/°° (S@) f —S(—t)f)d
0 t

t=Hf

o

converges boundedly in any sector of opening less than /2 to

« (a(M,s)—a(M,O))ds_ f
s Vi—Mm?

-f

—ar

To evaluate this, let us note that

o o]
M,s)ds = M,s) — a(M,0))d
—on ks+iwa( $)ds /_az ks+ia)(a( $) — a(M.0))ds
o] k
M.0 ,
+ a(M.0) o, ks +iw

where the second term goes to the multiplier corresponding to the Hilbert transform:

M o
Vi—M?2io’

But

= —k 1 “ k
B(k,iw) = - M,s)—a(M,0))d
kio) = e o /_az T + i O M5) — (M, 0)ds

M “ak ok
ds — M,s) —a(M,0))d
* NT=M2J o, ks +iow * /_ol2 ks+ia)(a( $) —a(M, 0))ds

Blk,iw) + —— 1 M LI
= Jiw — .
VI—M2k+io  J1—-M2|J-e, ks +iw

Hence as Re k goes to infinity in the sector, we have

_ 051((l(M,S)—(,I(M,O))éds—1—:_17

—an

which establishes the result. But we emphasize that the convergence is only
strong. O
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Using this result we can express the Possio equation in abstract form as an
equation in L ,[—b, b]:

2a(X, ) = 1= M2PH(I + B(k))A(L, )
= V1 - M2PH(I + B(k) — B(c0))A(A, )

v —MZPH[—I—LH}AA, ).
+ V1 = (4,
Or
%wa(x, ) =AR, )+ —'l;lMZPH(B(k) —B(co))A(A, ), 0<M <1,

(5.49)
which is defined for all A off the imaginary axis where R(k,DD) is defined. It is
important to note that in (5.49), we are restricted to 0 < M < 1. The cases M = 0
and M = 1 are treated separately below. Note that (5.49) does not impose the Kutta
condition.

The Kutta Condition

It is not evident from (5.49) that the solution will satisfy the Kutta condition: For
this we go to an equivalent but different version of the LDP (Laplace domain Possio)
by invoking the Tricomi operator.

Theorem 5.8. The Possio equation can be expressed in the form:

2T (A, )
V11— M2

where T is the Tricomi operator.

= ((I + PB (k)P) + TPH(I — P)B(k)P)A(A, .). (5.50)

Proof. For nonzero M we multiply both sides of (5.48) by M to obtain:
2a(A, )= MAQ, )+ (m) PH(B(k) — B(co))A(A. .).
where
V1= M2PHB(k) — B(co)) = V1 — M2PH®B(k) + 1) — M1.
Hence

2Wa(A,.)

= PHA(, .) + PHB(k)A(A, .),
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where the right side can be expressed:
= PHPA(L, .) + PHPB(k)PA(A, ) + PH(I —P)B(k)A(L, ). (5.51)

a

Lemma 5.9. Suppose f isin L,[—b,b],1 < p <2 and
Tf=0.

Then
f=0.
Proof. Let

Tf =g,

(x)—l b—x/b b+s f(s)ds
8V =2 b+xJ_,Vb—s s—x

which is given to be

=0, |x|]<b.
Hence ,
b
/ +5 SO s 0, x| <b.
oy Vb—s5 5s—x
Hence (see [11]):
b+s const
/() = ,
—s N/ )
const
= ) <b,
6y =520l
which leads to a contradiction, because this function is not in L,(—=b,b),
l<p<2. O
Hence 2. )
Wa ) . ~ ~
T [ﬁ - (]P’HA()L, ) + PHB(k)A(A, ))} —0
is equivalent to
2w, (A, )

- (IP’HA(A, ) + PHB(k)A(A, .)) — 0,

proving the theorem. O
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Lemma 5.10. PB(k)P is a Volterra Operator on L ,(—=b, b) into itself, and its
range is contained in C\[—b, D). It is defined for all k and is an entire function.

Proof.
—kPR(k)PA “
PB(PA = —EROPA [ bR (ks)PA (M. 5)ds
vV 1 —_ M2 —o]
—ey
— / kPR (ks)PAa(M, s)ds,
—en
where

PR(k)Pf = g; g = /Ooo e MPS(t) P f dr.

And because
PS(t)P =0 fort > b,

we have:

g(x) = /_ b e K6 £ (5)ds,  |x| <b.

Let us use the notation:
L(k) = PR(k)P

L(k) is then an entire function of k. And

PB(k)P = % - _: kL(ks)a (M, s)ds

is a Volterra operator on L ,(—b, b) into itself, and L(k) is defined for every k in
the plane. In fact we have for

A =PBK))Pf

ke [, e R0 £(g)de
N

Alx) =

—k / ' fE) B e M6 g(M,s)ds dg,  |x| < b.
—b

—ar

Furthermore, we see that A (.) is in Ci[—b, b], so that PB(k)P maps L ,[—b, b]
into C,[—b, b]. O

Getting back to (5.51), we see that by the Tricomi theorem

T []P’H]P’ff(/\, ) + PHPB(k)PA(X, .)] = (I + PBK)P)A(, )



130 5 Linear Aeroelasticity Theory/ The Possio Integral Equation
and is in L ,[—b, b]. Next note that the third term on the right in (5.51),
PH(I — P)B(k)A(7, .),
isin L ,[-b,b], 1 < p < 2. Hence by the Tricomi theorem [11],
T(PH(I — P)B(k)A(A, .))

isin L,[—b,b] for 1 < p < 4/3. We can prove more by actual calculation.

Lemma 5.11. Let W(k) = TPH(I —P)B(k)P which by (5.50) is defined for every
k off the imaginary axis. However for Rek > 0 by [5,8] for A in L,[—b,b],1 <
p <2

W(k)A = _h_(k)L—(k, A) + k /0 B h_(ks)L_(ks, A)a(M, s)ds

k
Vi—M
+k / " (hy(ks) + j(ks)) Ly (ks, A)a (M, —s)ds, (5.52)

0

where the functionals are

b
Ly (k. A) = /_ A

b
L_(k, A) = /_ ) e K0 4(&)dg

and the functions are

1 [b—x [ o 1
hylk,x) = — | —— oo,
+(k.x) an+x/0 V2btobtotx
1 |[b—x [ [2b+o0 1
ho(k,x) = — | —— v/ ko do,
(k. x) b1 b+x/0 o b+cr—xe 7

j(k, x) = k0T, |x| < b.

Each function on the right in (5.52) is in L ,[—b, b], 1 < p < 2. Furthermore,

hy(k,b—) =0,
he(k,b—) = 1.
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Proof.

W(k)A = TPH(I — P)B(k)PA(.)

= TPH(I — P) [% — _al kR(ks)A(.)a(M, s)ds} )

Computing the first term we have

— TPH(I —P)kR(k)A(. )__\/ber \/ll))-’—_géix

UL Lre

We therefore have

=k [b—x (" [b+E 1

—kTPH(I —P)R(k)A(.) = 7\/:/_,, \/:E - X
| I Y e

X;[/_oﬁ/h ]é—

_—k [b- bolb+E 1

R b+x/—b b—§&—x

L R B AT
X 77/1; E—S/_be (A)(n)dnds d§.

/ " e 6= (pAY () ds dE.
$SJ—c0

/ " ek (PA) () dy ds d
S J—b

Changing variables using s = o + b, and changing the order of integration we
obtain

TPH(I —P)kR(k)A(.) = _\/b +x \/l;tgéix

— I e—kb—n)
X /0 (0 s, / P A(n)dndo d&

/ / e k- 9 A(s)ds e ko
1 [b+¢ 1 1
;/_b\/b—ss—xs—(wb)dgd"'




132 5 Linear Aeroelasticity Theory/ The Possio Integral Equation

Evaluating the innermost integral

1P b+E 1 1
Ef_b\/b—ss—xs—(wb)dg’
we get that
1 b+ 1 1 1
I_E/_b h— x—((r—i—b)(‘g‘—x_é—(a—i—b))ds'

We next use the fact that

b + 1 . S
/ ———— =1 for|x| < b and the integration identity,

b b
/ + = te 4+ 1 forz > b and therefore,
—E&— z VZ-b?

o [1_ 2+ o _1}
x— (o +b) Vo2 + 2bo

. 1 V2b+0o
S (o+b)—-x Jo

Therefore, returning to the expression for —7PH(/ —P)kR(k)A(.) we have

—k |b— o0 —ko /2b
~TRHU —PJR()A0) = ER| b+jc/0 (a—ib)—x \/(;_G

b
x/ e ¥ A(n)dn do
—b

= —kh_(k,x)L_(k, A).

We now utilize this expression to compute
aj
— TPHk [/ (I —=P)R(ks)A(.)a(M, s)ds:|
0
aj
= / —kh_(ks,x)L_(ks, A)a(M, s)ds ].
0

We finally compute the term

TPHkK [/az(l —P)R(—ks)A(.)a(M, —s)ds:|
0
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starting with

TPHk [ / " R(—ks)A()a(M, —s)ds}
0

SR e IR =

I ks(z—n) _
X [/0 /Z e (PA)(n)dna(M, s)ds} dzdg,

where we used the fact that R(k) is the operator corresponding to the multiplier
]:le which when Re k < 0 is

RGK)Sf = — / eKC) £y

and hence we have

TPHk [ / " R(—ks)A(.)a(M, —s)ds}
0

R AT N =

a b
X [ / / @M A(mydna(M, —s)ds:| dz dé. (5.53)
0 z

Now considering the first integral /1, we have
/ b+¢& 1 1 b
b+x b— g&—xn ooE—Z
[£%} b
X / /ek“(z_”)A(n)dna(M,—s)ds dzdg
0 J-b
_—k/az b—x/°° /b b+& 1 1 1 "
o Jo b+x Jo p\Nb—EE—xméE+0+D

b
x |:/ e O g(pydn a(M, —s):| do ds.
—b
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Evaluating
12 [p+e 1 1
E/_b\/b—ss—xs+(o+b)dS
WY 1 1 1
E/_b b—>§(cr+b)+x(g—x_é+(cr+b))dg

1 —0
R
(a+b)+x[ Vo? +2bo ]

v
x4+ (0 +b)Jo+2b

where we have used the fact that

b+¢

1, for |x| < b and the integration identity,

12 [b+E 1 b—z
_ d& = 1 f 1.
n/_b\/b—ss—zg ey Tl

Thus, /1 becomes

=k e [b—x [ 1 NG
B 71/0 b+x/0 /0X+(G+b)4/o+2bdg:|

b
X |:/ e kS@TIED 4 (mydn a(M, —s):| do ds
—b

o2
= —k/ hy(ks,x)L4(ks, A)a(M, —s)ds.
0

We now compute the second integral /2 in (5.53) to get
b+¢ 1 1 b
b+x b— Eé—xn v E—2
a
X [ / / @M A(mydna(M, —s)ds:| dzd¢
0 z

[£%} b
= —k/ TPHP |:/ eks('_”)A(n)dn] a(M, —s)ds
0 .
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[£%} b
= —k/ / MO A()dn a(M, —s)ds.
0 by
It now remains to subtract the term
2
13 = k/ TPHPR(—ks)A(.)a(M,—s)ds
0
a
= k/ L(ks)PA(.)a(M,—s)ds
0
o) X
= k/ / &= 4(mydn a (M, —s)ds.
0o J-b
Therefore, we get
a
IN+12-13= —k/ hy(ks,x)Ly(ks, A)a(M,—s)ds
0
[£%} b
— k/ / &= A (p)dn a(M, —s)ds
0o J-b
@
= —k/ hy(ks,x)Ly(ks, A)a(M,—s)ds
0
[£%} b
— k/ ek“(“'b)/ e O A(nydna(M, —s)ds
0 —b
@
=—k / (hy(ks, x) + TN | (ks, A)a(M, —s)ds
0

as desired. Next we show that 1 (ks,.) isin L ,[—b, b]. We have

0 [b—x [® [2b+o 1,
h_(ks,x)—; m/(; p b+o’—xe dO', S>O, (554)

where the integral:
> [2b 1
/ to e—kmdo_
0 o b4+o—x
< 1 /oo [Me—Rekmda
b—x 0 o

, s >0

is
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and
b—x 1 1

b+xb—x Jpr_x2
andisin L,[—b,b], 1 < p < 2. Next

1 |[b—x [ o 1
ha(ks,x) = — | —— —kso g, 0,
+ (ks x) an+x/0 V2btobtorx. & %7
1 |b—x [ o 1
hy(ks, x)| < — —e Reksoqy, 0, 5.55
'+(”)'—n\/b+x/0 Vo s R0, >0, (559)

and hence /14 (ks,.)isin L,[—b,b],1 < p <2fors > 0,Rek > 0, and

x| < b

hi(ks,b—) = 0. (5.56)

Hence

» 1AE)|dE 1
T b2 —x2

- a N \) g, ;
0 2b + OO0 0

verifying that the second term in (5.52)isin L ,[—b,b],1 < p < 2. Similarly

‘/m h_(ks, x)L_(ks, Aya(M, s)ds) < J2
0

‘ / ks, x) + ks, ) Ly ks, Aa(M, —s)ds‘
0

B G R e S W “Rek s
< - b+x/0 m;(/o a(M,—s)e ds)d(r

b o
Rek sx _
4 /_ 1Al /0 SRk (M, —g)ds,

and is thusin L,[—b,b],1 < p < 2. Finally
hy(k,b—) = 0 follows from (5.56)

and

h_(k,b—) = 0 follows from (5.57). O
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Theorem 5.12. Suppose the (Possio) equation given by (5.50) for any A has a
unique solution. Then it is given by

2T Wa(, )

A, ) = (I + PB(k)P) + W(k))™ N

and A (A, .) satisfies the Kutta condition:

/f(/\,x) —0 asx —b.
Lemma 5.13. The operator W(k) is compact on L,[—b,b] into itself
l<p<2.

Proof. Follows immediately from (5.51) because it is defined in terms of the
continuous linear functionals L4 (k, A) and L_(k, A)'. O

It follows from the Lemma 5.13 that
1 +PB(k)P + TPH(I —P)B(k)P = I + C(k),

where C(k) is compact on L ,[—b, b] into itself, 1 < p < 2. Hence either there is a
nonzero A such that

(I +Ck)A=0

or

(I 4 C(k))

has a bounded inverse. Hence if the solution is unique, there is no nonzero A such
that
(I +Ck)A=0

and the theorem follows.

Theorem 5.14. Suppose (5.50) has a unique solution. Then the solution will satisfy
the Kutta condition.

Proof. Let
g = (I +PB(k)P) + TPH(I — P)B(k)P)AA()k, ).
Then

—k [, e FTO AN, £)dE
V11— M?

X R o]
—k / AAE) e (M, s)deds, x| < b
—b

—ar

g(x) = A\, x) +

" ﬁh_(k,x)L—(k’ A)+k /Om1 h_(ks,x)L_(ks, A)a(M, s)ds

+ k/az(th(ks,x) + jks,x)) L+ (ks, A)a(M, —s)ds.
0
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Hence, by Lemma 5.6

—k [*, e (b —£)A(L, £)dE
V11— M2

b R o]
—k / AL, §) e D4 (M, s)dds, x| <b
—b

—an

g(b—) = AL, b—) +

+ ﬁ + L_(k,A) +k /Oal L_(ks, A)a(M,s)ds
+ k/oaz Jks,bYL4(k, A)a(M, —s)ds
= AL, b-).
But the right side by Theorem 5.16 = 0. O

Remarks: What is new is the introduction of the operator W (k) which is defined
for all k, except for the negative real axis where it has a logarithmic singularity. See
below on the latter.

Existence Theorem

In lieu of a blanket existence theorem for every M and every k, we offer two results,
each with some limitation.
Existence Theorem for k& in Bounded Vertical Strip

Theorem 5.15. For values of k in a bounded vertical strip, that is,
Re. k| < kj < o0,

we can find My such that the LDP has a unique solution for all M < M,
M() > 0.

Proof. We begin with the equation in the form:

2TWa(A, )
V1 —M?

To make explicit the dependence on M, we decompose

= (I + PB(K)P + W(k) AL, .).

PB(k)P as = PBo(k)P + PBu (k)P,
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where
PBPy(k)P = —kL(k),
1 a1
PBy (k)P = —k L(k) (ﬁ - 1) — /_a2 k L(ks)a(M, s)ds,
W(k) = Wo(k) + Wy (k).
where
Wo(k)A = kh_(k)L_(k, A),
1
Wyu(k)A = (kh_(k)L_(k, A _——
(k) A = (kh_(k)L_( ))(m 1)
+k /al h_(ks)L_(ks, A)a(M, s))ds
0
+ k /az(h+(ks) + j(ks)) Ly (ks, A)a(M, —s)ds,
0
so that
(Note P - P B — B here and below.)
27‘%\/%’2 = (I +PBy(k)P + Wy(k) + PBuy (k)P + WM(k))/f(/\, ).

For M = 0, we have already proved that
(I +PBy(k)P + wo(k))
has a bounded inverse. Hence
(I + (I + PBo(k)P + Wo(k))) ™ (PBa (k)P + Wis (k) A(A..)

2T (A, )

= (I + PBo(k)P + Wy(k))™! T

where the right side is the solution for M = 0.
Next we show that

(I +PBo(k)P + Wy (k) (PBu (k)P + W (k))

can be made less than 1 in operator norm for all k, Re k > o, for0 < M < M, for
some M.
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We calculate

(PBu (k)P + Wi (k))A

1 ) o
- —11-
(\ll_M2 —0

+(kh_(k)L_(k, A)) (

= —kL(k)A kL(ks)Aa(M, s)ds

1
N 1)
+k /al h_(ks)L_(ks, A) a(M, s)ds

0

+k /az(h+(ks) + j(ks)) Ly (ks, A)a(M, —s)ds
0

1
= — —kL(k kh_(k)L_(k,
( — 1)( (k)4 + kh_(K)L_(k, A))

[ kL(ks)Aa(M,s)ds + k /al h_(ks)L_(ks, A)a(M, s)ds
0

—ar

+k /az(h+(ks) + jks)) L4 (ks, A) a(M, —s)ds,
0

where
o

1
- kL(ks)Aa(M,s)ds

—an

can be expressed

—a2 —a2

On a bounded strip continuous functions are bounded.

1
— —1])—=0 as M —0
()
and
1 / —
a(M,s) = — (o S)(a2+s), —p <85 <
T 1—s
T r 1—s ’
1 M?2
M, 0) = — .
aM.0) = N T30
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Hence
a(M,s) —a(M,0) \/_32+_ 25+ - 1;2 M
s N l—s 1o
_ 1 V=s2(1—M?2) —2M2%s + M2 — M(1 — )
C aV1—M? (1—s)s
B 1 VM1 —52) — 52— M(1—5s)
B S (1—s)s

v (1- 1‘%—»)'

Hence for |s| <~/ M?2 + 4M — M, this is in absolute magnitude

1 Ky
1‘M25((1—s>)‘

And hence it follows that

la(M,s)|ds — 0 with M,

[,
[

a(M S)—a(M 0)'

la(M,0)|ds — 0 with M,

= 0 T
a‘g ‘E s‘g ‘E

ds - 0 with M.

M
1+
/;7[”

—M

Hence we can find M such that

(1 + PBo(k)P + Wo(k)) ™ (PBuy (k)P + Wy (k))|| < 1

for k in the strip.
Hence

(I + (I + PBy(k)P + Wy(k)) " (PBy (k)P + Wi (k) 4

=31 + PBok)P + Wolk) ™ (PBas (k)P + War (k)))" A

n=0
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for any element A4 in L ,[—b, b], and finally

A, ) = + (I +PBo(k)P + wo (k)™ (PBy (k)P + Wi (k))) ™"

12T Wwa(A,))
x (I + PBy(k)P + Wy(k)) —m
2T wa(A,.
= (I + PBo(k)P + Wo(k))™'(I = PBu (k)P + Wi (k))%
up to the first two terms. O

Existence Theorem for Small k

Theorem 5.16. The Possio equation has a unique solution for small enough k,
given by the Neumann expansion:

2T (A, )

AA,.:OO—"PBkP W(k))"
(A.) =D _(=D"(PB()P + W(k)) Y

n=0
In particular for k = 0, we have:

2T, (0, )

A0y =0

and satisfies the Kutta condition if

w,(0,.) is in C{[—b, b].
Proof. We don’t need to invoke the fact that W(k) is compact. We prove that
PB(k)P 4+ W (k) goes to zero in operator norm with k.

Now ||(I + PB(k)P)~! -1 || goes to zero as k goes to zero, because ||PB(k)P||
goes to zero as k goes to zero. Hence it is enough to show that ||W (k)| is small for

small k.
Now
1 |[b—x [ o 1
ha(k,x) == —— N —kog
+(k.%) T b+x/0 2b+crb+cr+xe “
1 b—x/°° [ o 1 o
- [~ e’do,
T\ b+xJ 2bk + 00 + k(b + x)

which is then defined for every k except k < 0.
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For k = iw, this yields

Iy (i ) 1 b—x/°° o 1 e—do

[, xX) = — [ —— N ,
+ 7\ b+xJy 2biw + 0 0 +iwlb + x)
1 1 b—x [ |1

hi(iw,x)| < — —/ —e %do.
lhi(iw, x)| - 2b|w|\/b+x ; Vo

1 b—x/°° [ o 1e_”da
“a\b+xJ 2bk +0 0

1 b—x/°° [ o 1 o4

— ——e

"\ b+xJy 2bk o o

_ /1 b—x/°° L ouy

“V2bkmw \ b+x 0 \/E .

Hence for k = |k|e’? we have

o /K
[k (k)| _O<W

=o(m) ifo = %

And for k > 0,

We have a similar estimate for ||kh—_(k)||.
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Hence the theorem holds as k goes to zero in such a way that the real part is bounded
away from zero, or equal to zero. We note that the larger the M, the smaller the k
we will need. The Neumann expansion follows as soon as k is small enough so that

the operator norm

(I +PB(k)P)~'W(k)|| < 1.

Existence Theorem for Large k

The Neumann expansion does not converge for large Re k.
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Here we go back to the Possio equation in the form (5.50):

A Al — 2 ~
%m(x, ) =AM, )+ %PH(B(!{) — B(c0))A(R, )

whereas Re k goes to infinity. Here PH(B(k)—B(c0)) goes to zero strongly only, not
in operator norm! Hence, for example, if w,(A, .) = f(.) and if A (A,.) converges
then the limit will be (2/M) f(.).

Note this cannot hold for M = 0. The limit blows up as we show in that case.
We show that it does hold for M = 1. Note also that in (5.50) we cannot assert that

PH(B(k) — B(c0))
is compact. Indeed we cannot assert that

I+ —'IA_/[W]PH(]B%(I«) — B(c0))

has a bounded inverse even for large Re k.

Theorem 5.17. Suppose the Possio equation has a unique solution.

Then
I+ 1#A/IZPIHI(B(]{) — B(c0))P

has a bounded inverse on L ,(—b, D).

Proof.
. 1 2Twe (A, )
AL, ) = ((I +PB(k)P) + TPH(I —P)B(k)P)~' —— =222
(4. =« (k)P) ( )B(k)P) N
Hence by (5.50)
T _ A2
(1 + %PH(EU() - B(oo))) - (I + PB(k)P
B 12T Wa(A, ) _iA
+ TPH(I —P)B(k)P) —m = Mwa(k,.).
Here w, (1, .) is any element of C[—b, b], therefore we have (for nonzero M):

(1 - —Vl;/IMZPH(IB%(k) - IB%(oo))) (I + PB(k)P

+TPH(I — P)B(k)P)™! T=1,

M
V11— M?
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where [ is the identity operator on C,[—b, b]. Hence

— —1
[1 + 1#j‘/ﬂ]}"ﬂ-ﬂ(lﬂ%(k) —IB%(oo)):| f
M
= k — NP ———
(I +PB(k)P + TPH( —P)B(k)P) mTf
for f in C{[—b, b]. O

The convergence for large Re k being only in the strong sense, we cannot assert
that either side converges. However, assuming both sides converge strongly, we can
check whether:

M
= (I + PB(k)P + TPH(I —P)B(k)P) ' —=T /.
Now for f in Ci[—b, b]
MH
I +PB(o)P)f =1 -P(] + — | P
R O = I
- _ LPHP]‘
e ’
M
TPH(I —P)B(co)P f = TPH(I — P (—]P’——H]P’)
-M
=——TPH{ —P)HP
isa PR
M
=——=——=(7 + TPHPH) f.
— ).
Because
TPHPH f =PHf, for f in C,[-b,b],
we have y
I +PB(k)P + TPH(I — P)B(k)P) ' —=T
( (k) ( )B(k)P) Nie f
TS = /.
Hence at least under the assumption that the Possio equation has a solution we do
have that

-1
(1 + XM i - B(oo))) f=1

for f in Ci[—b, b] as Re k goes to infinity.
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This is as far as we go in terms of the question of existence of solution of the
LDP.
We turn next to the time domain solutions.

Time Domain Solution: Incompressible Flow

So far we have followed the traditional (and Possio’s own original formulation in
the frequency domain where the main concern is to calculate the aeroelastic modes.
However, as we delve more into the problem of stability—our main concern—we
need the time-domain solution.

For incompressible flow we simply set M = 0 in the Possio equation. Let us see
what the corresponding linear potential equation is.

Going back to (5.3) we set M = 0 therein. This yields

¢ P PP\, [P ¢
T 4+ 2Us (cosaatax + smam) —ag, [W + FE + W} =0.

Next we note that M = 0 for any U is equivalent to o, — 00.
Hence dividing both sides by a2 and taking the limit, we obtain

2 2 2
Yo Vo 00 _

=0,
ax2  9z2  0y?

which is then our field equation for M = 0. This is of course the
celebrated Laplace equation and time does not appear in it but does go into the
boundary conditions:

Far Field Velocity = i U .

Flow Tangency

a1 (¢, x,y,0%) — wa(t.%)
0z

= (D[, y) + (x —a@)0(t, y) + Usscose 0(z, y)],
x,yel. (5.58)
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Kutta—Joukowsky

With the Kussner—Doublet function

_51/f1(f,x’)’)
U

= 0 off the wing — 0 as x — b — as defined before.

Ai(t, x,y) = (5.59)

These are then the boundary dynamics.

We note that we can go over to the finite plane model, with the nonzero angle of
attack making no difference except for replacing U, by Uy cos «, and small o at
that.

The Mikhlin multiplier (5.14) becomes

1 1 N )
——/ . 5.60
24 +iwUxcosa @i+ ®) ( )

At the present time we have no solution technique for the corresponding Possio
equation.

Note that we get the beam or high aspect ratio solution if we set w, = 0 which
we may consider as a first approximation and try a power series expansion

1 1 5 , 1 || 1 w3
= - o] +w; =< - 55 J-
2A 4+ iwUxcos o 2A +iwUxcos o 2 w;

See [55] for more on this.
Hence we specialize to the following:

Time Domain Solution Incompressible Flow: Typical Section
Theory/Zero Angle of Attack

We can rewrite the potential field equation (5.43) now as simply that the divergence
of the flow is zero:
V.g =0,

where ¢ is the velocity vector and this is the defining property of incompressible
flow.
The potential flow is now 2D:

Ap(t,x,z) =0, x.z¢€ R?, except z = 0; |x| < b,
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which is then the boundary; we call attention to the fact that it is a singular boundary
which makes all the difference and characterizes aeroelasticity.
We start with the Laplace Fourier transforms we have calculated. Thus

1 1
2k +iw
A iw) = (I + kL0)QTWa(1,.)

¢A>1(/\,ia),z) =— /f(/\,l'a))e_‘z‘w,

n Lk, (I +kL£(0)2T W, (A, .))};

Okt [2b+t
Jo e tdr

A 1 [b—x [ [2b + o 1
h — —ko d,
(x) b b—i—x/o © o x—-b—-o ?

x| < bk =1/ Use. (5.61)

3

To get the time domain response we need to find the inverse Laplace/Fourier
transforms.

Possio Equation Time Domain Solution: Incompressible Flow

Theorem 5.18. Let u(t,.) = 27T w,(z,.), where w, (¢, .) is given by (5.54) and is in
C1(=b, b), as before.

We assume that the initial structure state is zero so that
wy(0,.) = 0.

Assume the Sears inversion formula:

1 o0
:/ e M/Uso) ey (1)ds
k [°eko [2toqy  JO
0 o

o0
_ / e M Unoer (tUn)dt
0

Then for |x| < b
1 X
A(t,x) = y(t,x) + U_/ p(t,s)ds,

oo J—b

where

t b
y(t,x) = u(t,x) + /0 he(t —o,x) (/_b(it(o, s)ds) do,
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where
A~ X0 —fko 1 b—x /2b+o
N h f e VI e = do
hc _ _ 0 b+x o x o (5.62)
k [ eko —Zb;'” do k [ e ko —Zb;"’ do

and the inverse transform:

he(t,x) = /Ot Usoh(Uooo, X)Usoc1 (Uso(t — 0))do,

1 [b—x [2b+o0 1
h(a’x)_;\lb—f-x o x—-b-o’ el < b.

where

Proof.
) b
A(djiw) = (I + kL)) | (A, ) +/ a(A, x)dx
—b

which follows from (5.61) because we have:

b x
Lk, (I +kLO)a,.)) = / e k=0 (a(x,x) +k /_ ) ﬁ(k,é)dé) dx,

where

b x b b
—k(b—x) N _ N _ —k(b—x)
/ e k/_b a(L, £)dedx = /bu(/\,g)dg /_be a(k, x)dx.

—b -
Hence
b
Lk, (I +kLO0)ua(A,.)) = /_b a(d, &)de.
Hence
A\ iw) = (I 4 kL(0)) (it()\, D+ k /_I; it()k,x)dxﬁc) .
Let

h

b
P) =ar..) +k/ A, x)dx
—b
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Then L g
REOF () = 5= [ A0 6

Hence taking inverse transforms we have:
b t
y(t,.) =ul(t,.)+ / / u(t — o, x)dxh. (o, .)do,
-bJo
which is (5.62). and k£(0)p (A, .) is the transform of (1/Uso) f_xb y(t, x)dx, which

proves the theorem. O

Next using this result, we can derive the solution to the potential equation obtained
a different way in [6].

Time Domain Potential

Theorem 5.19. The time domain potential:

z b t 1
ol (t,x,z); /_b /0 A(t —0,) =y U0 1 Z2)dcrdy. (5.63)

Proof. Use

(o]
k+iw)™"' = Uoo/ e M—iotloo gy
0

1 0 2z

—lwlz _ —iwx

e = — e —— dx, z>0,
2 / x2 4 72

\a)\z
(k Yio) / / (E x— Uoot)z ) dedt

yielding

o]

Q’;l(,l’ia)’z) = / eiXw

—00

00 y tZ b 1
e dt/ —/ A(t —o,x — y)dodydx.
/0 A ATy s e y)dady
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Hence:

b t 1
$i(1.x,2) = é/_b/o A0 o o 0 o

Remarks: The formula (5.63) actually holds for every M. So do:

$1(t,x,—2) = —¢1(1, x,2),
a¢1(tvxv_z) _ _a¢l(t7xvz)

ox ox
I (1.x,—2) 3¢ (1,x.2)
0z - 0z ’

Also the Fourier transform of

0 (1, x,z) i
ax N

Our next case where we are able to obtain a closed-form solution to the Possio
equation is for M = 1, which is referred to as the sonic case.

The Sonic Case: Laplace Domain Typical Section;
Zero Angle of Attack

For M = 1, the Possio multiplier equation becomes:

1 i+ 2kio -
S(hiw) = 5,/ﬁf1u,iw), (5.64)

where the multiplier can be expressed in the form:

1 (k2 4+ 2kio 1 k 1
o(1.k) = 5 H—m_i(ﬁ)(z_kww)(m)' (5.65)

Then let as before £(A) denote the operator corresponding to the multiplier 1/A+iw
and £, (k) correspond to the multiplier (1 /(Vk +2i a)))

Lrk) f =g gx) = /X e_(k/z)("_s)Lds, |x| < b. (5.66)
—b

V2m(x — )
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This is also a Volterra operator on L ,(—b, b) into itself.
Thus we have

Po(k, 1)PA,.) = Vk (I — k(k))Lo(k)A(A, ")
=Wk, ). (5.67)

The Tricomi operator plays no role at all! (2 I —kL(k)) has a bounded inverse
but not of course £, (k). Thus we have

Lr(k)A(L, ) = %(21 — kLK) WAL, (5.68)

o1 k  (k
@1 —kLG)™ =3 (1 + 5L (5)) .

Lrk)f =g

is essentially the Abel integral equation to find f* given g. But we have to restrict g.
Thus following Tricomi [11] we require that g have an L, (—b, b) derivative also.
This defines a Sobolev space; we denote it W}, We can verify that the right side of
(5.68) is indeed contained in this space in as much as

where

But

WA, isin Ci(=b,b).

Hence we have the following.

Theorem 5.20. The Possio equation (5.67) has the unique solution

A, :%wa(x,—b) + %

Lemma 5.21. For g in W]l, the integral equation Ly(k)f = g has a unique
solution in L,(—b, b) given explicitly by:

fx) = fitx) + o(x) + f3(x).  [x] <D, (5.70)

Lo(K)(War(A. ) + kva (A, ). (5.69)

where

k x s
filx) = N /_b (=572 _80) ds.

X —S

| g'(s)
((k(x=5))/2)
e dS,
fz(x) \/_/b

X =S

1 , e—k((x+b)/2)
f3(x) = ﬁg(_ )ﬁ
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We note that

fi + o = V2Ls(k) (g’ + gg) :

Proof. First we show that zero is not in the point spectrum of L,(k). For if
Lr(k) f = 0for fin L ,(—b,b) by (5.61) we must have

*
/ ©) ds=0. |x|<b whereh(x) = e/ f(x).
—b X =S

Next we follow the ingenious argument by Tricomi [11] to show that z(.) must
be zero.

X 1 y h(S) X x 1
= n
/—b VX=Y /—b N stdy /—b (0)/0 NI —a)dyda’

where the inner integral is = 7 from which the result follows.
Next (5.61) is also proved by Tricomi [11] and we can use the notation:

f=Lak)'g
proving the lemma.
Next we go back to (5.68):
A, ) = Lo(k)! ! 1+kﬁ(%) Wa(A,.)
,) = — —= | w.(A,.).
vk 2

To simplify this further, we note that if

k
gz(l—l—w)f,then

2
f(=b) = g(=b)
and
! k !
g +og=1+kf
from which (5.69) follows. O

It is interesting to look at some special cases first.
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Special Cases

1. Case 1: Solution for
Wwa(A,x) = filx) =1 [x[<b
is

R 2 —k((b+x)/2) X 1
A(A,) = © +2¢E/ e k20— ___________ds, |x| <b.
—b

VE /27 + ) V21(x —9)

Note that the solution does not converge as k — 0, and goes to the value 2, as
Rek — o0o0(2/M more generally).
This is consistent with our general theory for nonzero M .
2. Case 2:
we(A,x) = fo(x) = x, |x|] < b,

left as an exercise.

Time Domain Solution M =1

Next let us look at the time domain solution.
To get the field equation we have only to make M = 1 in the general form (5.3):

P e Po 5 3¢
— +2 —a_— =0 5.71
o2 T Hogny Tt 71
The far field is now
Poo = X0 because Uso = G-

The boundary dynamics are the same as for every M, except that now
Uso = oo

Hence to get the time domain response we have only to take inverse Laplace
transforms in (5.70) which here unlike the case M = 0, where we needed the Sears
theorem, is more straightforward.

Here we merely state it, referring to [19] for more details as necessary.

A(tv ) = gl(tv ) + g2(tv ) + g3(t’ ‘)7

t
gi(t,x) = 2/ wa(t — 0, —b)G(0, x)do,
0



5.5 Linear Time Domain Airfoil Dynamics 155

1 0+ x))_(l/z) (b + x)
G(t,x)—\/m(t 5 , t>—2 ,
3 t px 1 B (x —§) —(1/2) oo
gz(x) - 2/0\ [}; m (G 2 ) Wa(t o, g)dodgv
B d o> 1 (x —§) —(1/2)
g3(t,x) = 25/0 /_b m (O’ -3 ) wq(t — o0, &)dodé

+ 2wy (2, x).

5.5 Linear Time Domain Airfoil Dynamics

The Convolution/Evolution Equation

Having calculated explicitly the pressure jump across the wing, for M = 0 and
M = 1 we now go on to consider the time domain structure response to the
aerodynamic lift and moment.

We begin with incompressible flow: M = 0.
It turns out that we can save a lot of tedious analysis by first taking the Laplace
transforms of the structure dynamics equations and waiting until the end before
inverting to the time domain. Here we follow [21] and consider Re A > 0, unless
otherwise specified.

First note that now for us

Wa(l,x) = —[A h(A,5) + (x —ab)AO(A,5) + UsO(A,5)]  |x| <b. (5.72)

To find the corresponding lift and moment it is convenient (and customary) to
normalize the half-chord “b” to be equal to 1. Thus we redefine k as

_ha

k= —
Uso

and define
w(A, x) = wa (A, bx), |x] <1,

which can be expressed as

= —Usolkh(X,s) + (k(x —a) + D)A(A, s)], Ix| < 1. (5.73)
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And the normalized Possio equation, cf. (5.23), becomes

1
WA, x) = / P(A,x —E)A, &)dE,  |x] <1,
-1
where continuing the normalization,

P(A,x) =bP(A,bx), |x| <1,
AN, x) = A(A,bx),  |x| < 1.

So we may proceed with using our formulae for the solution just taking b =1,
with k now being taken as h(A/Us). In particular let A;(A,x) be the solution
corresponding to w(A, x) = f;(x),i = 1,2 where

=1 A =x  |x[<]

and 1
Wij :/ fi(x)A; (A, x)dx, i=1,2; j=102. (5.74)
—1

To calculate the lift and moment we take:

wa(h,x) = — [Mi(A,s) + (x —ab)AOA,s) + UssB(X.5)]  |x| <b (5.75)
= — Usolkh(X,s) + (k(x —a) + DO(X,5)],  |x]| <1, (5.76)

so that the transform of the lift
~ 1 ~
L(A,s) = proo/ A(A, x)dx
-1
, [k N o
= —pbUg, Ew“h(k,s) + (kwia + (1 —ka)wy1)0(A,s) (5.77)
and the transform of the moment
A 1 A
M@\, s) = prUoo/ (x —a)A(A, x)dx
-1
20 [k 7
— —pb Uoo[g(wﬂ —awih(,5)
+ (kwa + (1 —ak)wy —akwi; —a(l — ak)w“)é()k, s):|. (5.78)

Next let us calculate the w;; for M = 0;a = 0.
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Thus for A, (4,.), we go back to (5.61) and note that where now

u(r,.) = 2T (A, )

1
u(h,x) = | —= +
14+ x T 1-¢
=2 , x| <1
14+ x
and hence
1
/ u(A, x)dx = 2.
-1
Hence
Al ) =T +kLO)ur, ) + 2mhe (X, )
and in turn

1 1
wy =2 + 27t/ he(A, x)dx + k/ (1 —x)w(A, x) + 27h.(A, x))dx,
—1 —1

where
L. 1
/ he(A, x)dx = -1
. (et o)
1 1

S K@ KGR "

where Ko(.) . Ki(.) are Bessel K functions of order zero and one.

1 1 1—x
k/_l(l—x)u(/\,x)dx :2k/_1(1—x),/1+xdx

= 3km.

And

1
k/ (1 —x)he(A, x)dx = (—% - ekKl(k)) /((Ko(k) + Ky (k))ek) — 1.
-1

157
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Using
| 1
—(1—x)*? dx
/—17t( ) V1+x(x—1-0)
2
(- (EE ) ()
2+o0 o
and

/ooe_k” (\/o(2+a)—o— 2+o)do/ (/ooe_’”‘/ﬂdt)
0 o 0 t

_ Jo e M (o2 +0) —0)do 1

0 o=kt [24t1 k’
Jo e tldr

where

/ ” e % (/o (2b + o) — 0)do

0

o 1
=/ ¢ (\/~2b+0)—1)do

0 o
_ d > —ko /1 —
= —@ A € ( ;(2b+0—) 1) dO', b=1

d 1
- {(ek(Ko(k) LK) — §}

_ _[ek(KO(k) + Ki(k)) + ()

(—Kl(k) — Kotk) — Klk(k)) + %]

:ek Kl(k) 1

k k2
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Hence
1 1
wiy =27 4 27 (E TAGEN A 1) + 3kn
+ 27 (ekK1 — %) ((Ko(k) + K (k)eF)™" — 27k
= 27T (k) + 7k,
where
Tty = — X1®)

Ko(k) + Ki(k)

is called the Theodorsen function [6].
We may note also that

n 1—x
A x) =2,/
14, %) 1+ x
— 0o
+<z ! x/ AR )/ek(Ko(k)+K1(k))
1+xJy o x—1—o0
+2k/ ,/l_sds+2k/ i
4 ¥ 1+s 4V 1+s
o d
R /(ek<1<o(k)+1<1(k)>).
0 o s—1—o

This is another example of an explicit solution to the Possio equation.
Note that in this form we can show

Ltx —> 1 /f(/\,x) = 0.

Next

1
Wai :/ xA\(A, x)dx = —x T (k)
—1

omitting the details of the calculation, which are similar to the previous case.
We need next
Asx(A, x).

Here

u(r,x) =2v1—x2,
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1
/ u(A, x)dx = m.

1

Hence

Ay(A,x) =2V/1—x2

L e )

+2k/ V1 —s2ds

+kn[ ,/1” / ,/2” ko 4o /ek(Ko(k)+K1(k)):|.
s—1—

Hence exploiting the previous calculations of integrals we obtain:

wip = T (k),

b4 k
W22_5(1+1_T(k))’

wi =k + 2nT(k),
Wo1 = —JTT(k). (5.79)

These hold for any b, with

Next let us calculate the lift:

L(A.s) =—pbU?, [%(kn + 27T (k))h(A,5)
4 (knT (k) + (1 — ak)(kr + 22T (k))I(, s):|
= — pbU2, (sz;}(x, $) + (1 —ak)krf (X, s))

+ T (k) (=27pbU o) (Ah(k s)+b (- - a) A0(A, ) UsoD(A. s))
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— A2prb2h(X, 5) + A2mpb ab(X, s) — Awpb2Usd(A, 5)

— T(k)27pbU o ()Lh()t s)+b (— - a) AO(A,s) + Uooé(/\,s)) .
(5.80)

Note the appearance of terms containing A%, and the term containing the
Theodorsen function. We note first that

o dr
Ko(k) = / ek ,
1

Ki(k) = — Ky(k)

Hence
1r<0(k)+1<1(k)=/1 \/;sz
e*(Ko(k) + K1 (k)) = /0 \/T dt,
e Ko(k) = /0 e J(1/(t(t +2)))dt,
Ky (k) = /0 ooe—kf((t + 1)/ (St (t +2))))de
and
@ = e Ky (k) /ke* (Ko(k) + K, (k)
= /Oooe"”L(t)dz,
where
L(z):/O cl(t—o)\/%da { >0,

known as the Wagner function [6], where

c1(?) is nonnegative and hence so is L(.)
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/oo ci(t)ydr =1
0

1/(k(Ko(k) + Ki(k))eX) > 1 as k — 0.

and

because

Here it is known also (Kussner—Sears [6]) that
ci(t) = 0@~ ?)  for small ¢

and we see So is
t+1

Vit +2)

Hence L(¢) does not go to zero as ¢ goes to zero!
To find the limit let us note that 7" (k) has the following expansion.
At zero

T (k) =1 + (EulerGamma — log[2] + log[k])k
+ (EulerGamma’® — 2EulerGamma log[2]
+ log[2]* + 2EulerGamma log[k] — 2log[2]log[k]
+ log[k]))k* + O[k]’
showing the logarithmic essential singularity along the negative real line.

Also
kT'(k) - 0 ask — 0.

At infinity:
11 1 17
Tk)y==-+———=+0|—] .
O =3"% 1o " [k}
Note that
kT'(k) — 0 at infinity.

The inverse Laplace transform of 7' (k) contains a delta function at the origin and
hence

k (@) goes to % = L(0+)as Rek — oo.

Now

T0) — 5 = 5 (Ky(6) — Kolk)/ (K 8) + Ko (k)

= %k(ekKl(k) —“ Ko(k))/ (ke (K (k) + Ko(k)))



5.5 Linear Time Domain Airfoil Dynamics

and
k(e Ky (k) — e Ko(k)) = /0 ke—k’,/ﬂr#zdr
e ad [T
_ /ooe—kfl/u(t(z +2)%) dr.
0
Hence | o
T(k)—E =/O e Fe(r)dr,
where .
0 = /0 1t — )1/ (Y00 +2))do,

where

ot) > 0; /oo ((t)dr = %
0

Hence we have that
1 t
L(t) == +/ £(t)de,
2 Jo
L(co) =1 =T(0+4),
o0 o0 1
/ e ke (r)dr =k/ e M L(r)dr — ~.
0 0 2
Hence

as |k| — 0, Re k > 0,
o0
k/ e M L(r)dr — 0.
0
Next the moment:

MQ.s) = —pUZ b { [g(—nT(k) —alkn + 27rT(k))} h(x,s)
+ [k% (1 + g - T(k)) — (1 — ak)n T (k) — aknT (k)

—a(l —ak)(km + 2nT(k))}é(x, s)}
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(5.81)

(5.82)



164 5 Linear Aeroelasticity Theory/ The Possio Integral Equation
A 1 A
= pb’Namh(A,s) — npb* (a2 + g) 2207, s)
3 (T 5 272
+(—pUsob®) (5 —an) A\, s) + T(k)[-pUZ b2

k kY ~ g A
x { (—7[5 - 27ra3) AL, s) + (—kE —r—a(l - ak)27r) Q(A,s)},
where the last term containing the Theodorsen function can be expressed as
k A T A
T(k)[-pUZ b (( mh(h.s) + ( k3 71)) d(r,s)
~ ) ~ k A
—2ma O(A,s) +a"k2m0(A,s) — Znagh(k,s))
1 A A N
= T'(k)[pUsob?] (§+a) (anh(k,s)+bn(1—2a))k@()&,s)+271U009(A,s)).
It is convenient now to define a new function
WA, s) = 2mAh(A,s) + br(1 —2a)A0(A, 5) + 27UssO(A, 5)
with the inverse Laplace transform

w(t,s) = 2mh(t,s) + b (1 —2a)0(t, s) + 2nUsB0(t,s), > 0.

Hence using this function:

A

L(A,s) = —Azpnbzﬁ(k, s) + Azzrpb3aé(k, s) — An,oszooé(A, s)
—T(k)pbU coW(A, 5)

~ ~ 1 ~
M, s) = pb*A2anh(),s) — npb* (a2 + g) A20(A,5) + (—pUsob?)
LAY (L sa)s
x(2 an) AL, 5) + T (k) [pUsob?] (2 +a) WA, s)
= pb322amwh(),s) — mpb* (a2 + é) A20(,s)

ph*Uss 2 2 2172 A
WA, $) + pb UseAh(A,s) + mpb UL O(A,s)

+T(k)[pUsob?] (% + a) WL, s).
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Using
3 1 )
(—pUsoh’m) 54 AB(A,s)

b2U, X R
=P 2 QAR () + wb(1 = 2a)A6(A.5)

+27UnoO(X. 5)) 4+ mpb*UZA(A. 5)

0b*Uso .. pb?Useo
— W
2 2

(A.s) + 2rAh(A,s) + mpb*ULO(A, 5).

We recall now our Hilbert space formulation of the structure dynamics in Chap. 2
with the Hilbert space H as therein and M and A defined as therein along with the

notation:
x(1) = (28)

M) + Ax(t) = (L(Et))) .

We take Laplace transforms on both sides, with x(0) = 0 and using the notation
X(A) for the Laplace transform we have

RMEQ) + AR() = ( AI:I(éX '))) .

(i(x,.))
M@,

and collecting terms containing A> and A we have

Substituting for

RMEQ) + ADEA) + KR + AR = FOORA. ), (5.83)
where
m + mpb? s — mpb3a
\s— pb3ar Io + 7pb*(a® + ) ’
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which is again positive definite because

1 1
npb*mpb* (a2 + §) — (npb3a)* = (rrpb3)2.

8
Next
0 7ob? Us
D= ,
—mpb?> Uy O
0 O
K= ,
0 —mph> UL
. S pbUse
F) =

T(k b*Uso
0 pUs bz(% + a)— Ll

We have thus obtained the structure dynamics under aerodynamic loads in the
Laplace transform domain.

The next step is to take the inverse Laplace transforms. Here the only slight
complication is that the inverse transform of 7'(-) contains a delta function. Thus
in taking the inverse transform of

T(k)wa(A.s),

we note that we are already assuming that w, (¢, .) is differentiable in ¢ and hence
we may write:

T(k)w(h,s) = (%")) kiva (X, 5)

b (TG,
- (T) (Aa (R, 5))

and hence the inverse transform can be expressed

b t
_— L(t — o)W, (0, s)do,
Uoo 0

where L(-) is given by:

L) = /0 cit —o)(o + 1)/(/(o(o +2)))do.
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Or as
~ (5mat9 + [ i -0z
U W .S ; o)w(o,s)do | .
The first form is preferred traditionally [6] and so we use it for the time domain
version.
Hence with
x(1)
Y() =
x(1)
with range in H x H and defining
0
B— 21U
2
b(1—-2a)rw
_ (B
=15/
we have
wa(t,.) = B*Y(t) = B{x(t) + By x(1).

We can now rewrite the structure equations in the time domain as

ME(t) + Dx(t) + Ax(t) + Kx(t) = /t F(t —o)B*Y (0)do,
0

where
—pbUso L(Usot) )

F@) = (
pb? (@ + 1) Uso(L(Usot) — 1)

As usual we convert this to a first-order equation in time:

t
Y(#) =AsY() + TY () + / L(t —0)Y (0)do
0
recognized as a convolution/evolution equation, where

0 I
A= (—M—lA 0)

0 0
T= {—M‘l K —M™! D}
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(not to be confused with the Tricomi operator) the subscript S denoting structure.
The operator T reflects the so-called non-circulatory terms in the literature; see [6].

0
LMY = 0
M-VF(t)B*Y

We now modify the energy space # using M in place of M. Thus modifying (5.3)
we have:
The energy space H consists of elements of the form:

=)
X2
x1 € D(VA), x€H
endowed with the energy inner product:
Y, Z|r = [VAx), VAz ] + [Mxa, 2], (5.84)

where

71 € D(x/Z), 2 € H.

Note that if we set Uy to be zero, we get back to the pure en vacuo structure
equations of Chap. 2 without the aerodynamic forcing terms.

Hereinafter we simply continue to use [, ] and drop the subscript E, because the
context should make clear which inner product is being used. Also we use:

Y = X1\ . x| = hl . Xy = hz
X2 ’ 01 ’ 92 '

A is the generator of a Cy semigroup, therefore so is
A=A+T

as is well known [11, 16]. Let us denote the semigroup by S(¢),¢ > 0. Unlike the
semigroup generated by As, this semigroup is not necessarily a contraction. In fact

we have:
Re[AY,Y] =Re[TY,Y],

because
Re[AsY, Y] = 0; Re[Dx,,x2] =0
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and
Re[TY,Y] = —Re[Kxy, x,] = +7er020b2Re[91, 0,],

which shows that the semigroup S(-) may not be a contraction.

But the growth bound is of course finite because the generator is a perturbation of
A; by a bounded operator; and the precise growth bound is not needed here anyway.

What is important, however, is that the resolvent of A, denoted R(A,.A) is
compact because the resolvent of 4 is compact.

What can we say about the convolution part?

The properties of L£(-) are readily obtained from those of the numerical function
L(-). We have seen that

L(0) = %; L(co) = 1

and the derivative of L(¢) is given by £(¢) which is continuous and is integrable
[0, o0]. L(+) is nonnegative and

o0
/ e M L(t)dr < coRe k > 0.
0

Hence we define

o0
L) = / e ML(t)dt  Rei>0.
0

Again thus defined, its properties depend upon (7'(1))/A which is not defined along
the negative real axis, including zero, and can be extended analytically to the whole
plane, except the negative real axis and A = 0. On the other hand )&LA(A) which
involves only 7'(1) is now defined at A = 0 by continuity. Hence AEA(A) is defined
on the whole finite plane excepting A < 0.

The calculation of the aeroelastic modes is the central part of Flutter analysis,
which is really part of the spectral theory of the stability operator.

Spectral Theory: Aeroelastic Modes

M=0;, a=0.

But before we prove existence and uniqueness of the solution of the
convolution/evolution equation we need to first study spectral theory, which also
plays a crucial role in stability theory.

Thus we go back to the Laplace transform theory.

We have: for every A except the negative real axis:

A2MEA) + ADRA) + Kx() + AR(A) = FQ)FA, ).
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which by taking Laplace transforms of

Y(t) = AsY(t) + TY(@) + / t L(t —0)Y (0)do
0
takes the form:
(AL — A= ALY (M) = (I — L)Y (0),

where ¥ (A) is the Laplace transform:

YL = - “My(r)d
@) /0 MY (1)dr
and . .

L) = M'F(L)B*,

which is defined in the whole plane except for Re A < 0. Hence, following
semigroup theory techniques, we consider the generalized resolvent equation:

A —A=ALA)Y =Z

in H.
Exploiting the compactness of R(A, .As) we have the next theorem.

Theorem 5.22. Given any A in the resolvent set of As (not an en vacuo structure
mode in other words), and omitting the negative half-line, either

A —A—ALA)Y =0 Y #0

for some nonzero Y or (Al — A— lﬁ(k)) has a bounded inverse, which we call the
generalized resolvent.

Proof. . )
Al —A—ALQA) = A — A — (T + ALY)).
Hence
R, As)A — A—ALA)Y = (I — R, As)(t + AL(L)))Y,
where

RO, ANT + ALA))

is compact because R (A, Ay) is.
Hence either .
(I = RA, As)(T + AL(L))Y =0
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for some nonzero Y in which case
(A —A—ALA)Y =0

or

I — RO, As)(T + AL(A)

and equivalently

(AL — A—AL(V))
has a bounded inverse. O

We call the bounded operator
A —A—=AL(A)™!

the generalized resolvent, denoted R(A).
Note, however, that R(A) does not satisfy the resolvent equation [10,41].

Aeroelastic Modes

The zeros of Al — A — ALA(/X) are called the “aeroelastic modes.” They are not
identified as eigenvalues at the expense of changing the space, as we show later.
The zeros of the adjoint:

(AL — A—AL(A)*Y =0
are called the adjoint modes.

The main objective in flutter analysis is to calculate these modes and the
corresponding “mode shapes” Y (.).

Calculating Aeroelastic Modes: M = 0

We begin with M = 0. Here we recall the analysis in Chap. 2, including now the
aerodynamic loading. Thus solving

(A —A—ALA)Y =0

leads us back to where we began:

RMEO) + AR() = ( A@% '))) ,
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which unravels to

~I117

h (A,s):—%[Az(mﬁ(k,s)+S9A(k,s))—ﬁ(k,s)],
é”(k,s)=%[Az(19+Sﬁ(k,s))—]\;l(k,s)], 0<s<d

with the end conditions:
hA,00=0, A0 =0 K0 =0,
6(2,00=0; 6. L) =0.

Note immediately that if A is a mode, so is the conjugate.
This is recognized as a two-point boundary value problem for ordinary differen-
tial equations for each A.

Two-Point Boundary Value Problem

To solve this let us define the 6 x 1 vector

h(A,s)
(A, s)
B (A, s)
il\///(l, 5)
O(7,s)
0’ (A, s)

Y(A,s) =

Then the equation becomes:
d
37 (A 8) =AY (A, 5),
s

where now (cf. (2.13))
010000

001000
000100
W1000W20
000001
W3000W40

A =
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where now:

1
wy = — E(mkz + /X,OUoobwll)7
Wy = — L[AZS + pbU> (1 — ak)wy; + lez)]
EI * ’

w3 =

11, )
E[A S + ApbU2 (wa; — aw“)],

173

1
Wy = —[/12]9 + prUozo(W21 + kwy — a(l — ak)wn — ak(le + le))]

GJ

and is defined for every A except the negative half-line. The w;; are given in (5.79)

for M = 0.
The solution is given by

y(A,s) =P y(2,0),
where to satisfy the end conditions (CF) we must have:
y(2.,0) = Qz(4),

and

Py(A,0) = PP 0z(1), z(L) 0.

Hence we must have
d(0,1,Uso) = det [P Q] =0,
where as before in Chap. 2:

001000
P=1000100],
000001

000
000
100
010
000
001

= p*

(5.85)
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The main result here is the following

Theorem 5.23. The function
d0,A,U0)

for each U positive is an analytic function of A except for a branch cut along the
negative real axis, logarithmic singularity along Re A < 0, with at most a countable
number of isolated zeros in a half-plane that do not have an accumulation in the
finite part of the plane.

The aeroelastic modes are the roots of

d(0,A,Usx) = 0.
Proof. The analyticity properties are inherited from those of the matrix function

A(X) and in turn by those of T'(k), and ultimately the analyticity properties of the
Bessel K functions. Hence the stated analyticity properties follow. O

Let us explore the aeroelastic modes.

Let
_ (x _ (M _ (2. _
Y—(xz), xl—(el), XZ—(QZ), [Y.Y]—l.

A —A—=LL(A)Y =0

Then

or, equivalently:

AX1 = X2,
AM)CZ = —Axl —le1 —A'D)Cl
T(k)pUZ,
Aob?Us | QrUsc614+27hy+7b(1-2a)6s),
Typbla+huz, - 222 Lee [ rttiamit b (=200
where

]’l2=lh1; 922191.

We begin with the special case A = 0, of interest because it is an unstable mode
even though it is not a structure mode.

Theorem 5.24. Zero is an aeroelastic mode for a sequence U, of values of Uso
given by
Up=@2n+ 1)(VrGJ)/2bL /(p(1 + 2a))).
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Proof. We have:

X2 =0,

2.7tpU03091
— —Ax,.
0 (27rpb (a+1)Us36)

(EI hl/’”(s)) _ 27er02091(s)
—GJ 6,"(s) 2rpb(a + 5 ULOI(s))
where we see that

—GJO0,"(s) = 2mpb (a + %) UZ0(s) 0<s<¥t

with the CF end conditions:
0:1(0) = 0; 9{(6) =0

is an eigenvalue problem and has solution only for a sequence of values of
U given by

Up=Qn+1) (\/JrGJ) /(2be¢(p(1 +2a)),

01(s) = const X sin;—z 0<s <{foralln. O

The minimal value is called the divergence speed. See Sect. 5.5; of course the speeds
are also determined from solving

d(0,0,U) =0,
where d(0,0,U) is an entire function of U of finite order and has a countable

number of zeros.

Theorem 5.25. The aeroelastic modes are confined to a finite vertical strip in the
complex plane; the real part is bounded.

Proof. Let A be an aeroelastic mode and Y the mode shape, where we normalize so
that
[Y,Y] = 1.
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Hence

AY.Y] = A = [AY,Y] + A[L(V)Y. Y]
= —2ReA[x, Axi] — |AP[Dx1, x1] — [AP[Kx1, x1] + ALY, Y],

x|
Y = ,
(Axl)
[Y.Y] =[x, Axi] + A [Mxp. x] = 1
[Dx1,x1] =0;  [Kxi,x1] = npb*UL][6), 6]

where:

ReA(1 4 2[x1, Ax,] + wpb?UZ (61, 61])
= Re[AL(1)Y, Y],

where the right-hand side goes to zero as ReA — oo. Hence ReA is bounded. The
aeroelastic modes are confined to a vertical strip in the complex plane. Furthermore
there can only be a finite number of zeros with positive real part [8]. Indeed if we

have a sequence of the form: Ay = 0 + iwy and Wy — oo we would contradict the
asymptotic properties of the roots. O

Mode Shapes

By the “mode shape” corresponding to an aeroelastic mode Ay, we mean the
component x; 1 of Yi(.):

Let us calculate Y. .
MYy — AYy — A L(Ag) =0

and hence we have:

Xk = AkXi 1,

/\i/\/lxk,l = —Axk,l - ka,l — Ak’ka,l
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Axb
T =) pU?

(Uk)p g

Aih 1 A pb* Uy
T (22 ob (a + = | U2 = 2KP2 K
(G0) e (o3 o=

X 2rUsob + 27 hy + wb(1 — 2a) A 6).

+

Here we follow [56].
Recall that
Det. Pe*) 0 = 0. (5.86)

Hence there is a nonzero z; such that
Pt 0z = Q*e!1M Qg = 0. (5.87)
Note that the dimension of the nullspace of the matrix is at most two. Define
w(s) ="Mz 0<s <t

= collhy(s), B (s), h{(s), K} (), Ok (s), O, (5)],
2%(0) = 0z

Thus defined z (s) is an analytic function of s.
Next define

Yi(s) = col[hy (s), Or (s), Arhi(s), A Ok (5)], 0<s<d.
Note that we can express Yy (.) as
Yi(s) = Tus(Ap)e 1™ 0z 0<s <,
Pet4 0z =0,
where Ty6(Ar) is the 4 x 6 matrix given by:

100000
000010
A00000
000040

Tys(A) =

And we have thus determined the mode shapes

Y, = (xk’l).
Xk.2
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Generalized Resolvent

We now derive a closed-form expression for the generalized resolvent.
The generalized resolvent equation

(M —A- /\E(/\)) Y.

where

Y = (Z) (5.88)

reduces to the nonhomogeneous equations

AX1— X2 = X1,

A" s) = —% [/\2 (m;}(/\,s) + Sé(/\,s)) i, s)] + h;(ls), (5.89)
0"(A,s5) = [AZ (19 + ShQ, s)) —MQ, s)] + egG(;)’
0<s<{, (5.90)
S0 5) = AR 9) + g0, 5.91)
Ve(s) = col [0 0,0, hE(]S) 0, Qé(;)]
(&, 0) = 0z(2),
y(A, s) =M ozh) + /0 QRN y(o)do, (5.92)

12
P D0z +v() =0: v(h) = / MWy (0)do,
0

or,

D(M)z(A) = —Pv(L); D(A) = Pe" M Q.

So, omitting the aeroelastic modes this has the solution:

z(A) = =DA)7'Pv(})
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and in turn:
y(,s) = =" DoD) Pv(d) + / =AMy (0)do,
0
0<s</? (5.93)

and finally the generalized resolvent

R()Y, = (xl (k)),

x2 (1)
x1(A) = Toey (A, .); X2(A) = Ax1(A) — X1 g, (5.94)
where
Tosy(X,5) = (Z 83) 0<s<d.

Modal Expansion of Solution

Let us now get back to the solution to the initial value problem:

(/\1 —(A) — /\ﬁ(k)) Y = (1 - ﬁ(x)) Y (0),
which has the solution
Y () =R (1 - ﬁ(x)) Y(0), A # A

Because D(A) has only simple zeros at Ay, it follows that R(A) has only isolated
simple poles at Ax, confined to a finite strip.
Hence the inverse Laplace transform
1 [t :
W(t) = lim — [ IR0 +iw)dw, t > 0.
L—oo 21 J |

Following [33, 44] we deform the contour of the inverse Laplace transform to
obtain [8]

W)Y = (Z P YeM 4+ / e—”j(r)Ydr)
k=1 0
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(where we define the integral term presently),
1 4
PY = 37 ¢ R(A)Y dA, A =X +re?,  rsmall enough
i
(M A Akﬁ(xk)) PY =0.
Or Py is an idempotent mapping into the null space of
(Akl —A- /\kﬁ(kk)) .
The null space is of dimension at most 2, but numerical calculations indicate it is
only 1 and we may assume this for simplicity.
Next note that the generalized resolvent is defined for every A except {1} and
the negative half-line. We also exclude A, = 0.
Then with r > 0 we have to consider the integral along the bounding lines:
A=—r+iw and A=-r—iow,
where we note the jump:
R(—r, —iw) — R(—r,+iw) = J(r,w)
can be calculated in many ways, our main interest being in the limit as r goes to
Zero.
We now define
1
Jr)Y = o 1imO[R(—r —iw) — R(—r +iw)]Y, r>0,
Tl wo—>

where we need to first show that the limits exist. Now

R(=r.—iw) = (-1 +io)] = A= (=1 +i0)L(-r +iv)"'Y,

where
0
L(—r+iw)Y = 0 ,
ML F(=r + iw)B*Y
where

K 7t 2
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k= (—-r+iw).

Note the appearance of the “scale” factor b/ U for the first time.
We need next to calculate the jump. Now
Z 2m
()

(m!)?

Ko(z) = —Io(z)logz] + Io(z)log2 + Z
m=0

So in the definition we need to go to the Riemann sheet where the value of the
logarithm jumps by 277 every time we cross the negative half-line. Using for r >
0,0 >0,

log[—r +iw] = logy/r> + @2 +i(x — ),  Tanf = =,
’
log[—r —iw] = logy/r? + w? —i(x — ),
log[—r + iw] — log[—r + iw] = 2mi — 2i6,
which leads to the jump in the Bessel K functions:

Ko(—r +iw) = —Iy(—r + iw)log[—r + iw] + Iy(—r + iw)log2

+ Z(—r + iw)zk/ 2% (kD) W (k + 1),

k=0

limw — 0 (Ko(—r +iw) — Ko(—r —iw)) = —1y(r)2m i.

We can define:

Kot (—r) =limitw — 0 Ko(—r + iw) = Ko(r) —inlo(r),

Ko—(—r) = limitw — 0 Ko(—r —iw) = Ko(r) + imly(r).
Similarly:

Kiy(—r) =limitw — 0 K;(—r +iw) = K\(r) +inl(r),

Ki_(—=r) =limitw - 0 Ky(—r —iw) = K{(r) —inli(r).
Let

Jr(r)=limw — 0(T(-r —iw) — T(—r + iw))
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_ Ki(r) +imli(r)
— Ki() +imhi(r) + Ko(r) + imlo(r)

B Ki(r)—inli(r)
Ki(r)—inli(r) + Ko(r) —imly(r)

And

) L Ki(r)—imli(r) _
limw—0T(—r +iw) = K0 inhh () T Ketr) —inlat) = T4 (r),

Ki(r)—inli(r)
Ki(r)y—inli(r)+ Ko(r) —imly(r)

limw —>0T(—r —iw) = + Jr(r).

Then

j(r)Y:L_lim[R(—r—ia))—R(—r+iw)]Y, r>0
2mwi 0—0

= L lim[((—r —iw)] — A— (—r —iw)L(—r —iw))”'Y
27 0—0

—((—r+iw)] —A—(—r +iw)L(—r +iw)) Y]
= [ = A+ L) (L)
2mi
—Ly (M=l — A+rLy(r)7']Y.
where

L_(r)y=limw — 0 L(—r —iw),
Li(r)=limw —0 L(—r + iw).
We are most interested in the limit as » — 0, because of the familiar relation for
Laplace transforms: following (5.20)
o0 o0
limt — oot / e "' J(r)Ydr = / e RT(R/1)YdR
0 0
- JO0+)Y ast—> o0
and
JO+)Y =0.

Also we have:
. PY ® T(r)
RA)Y = —_— Ydr.
@ k;x—kaF o Atr
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The idempotants Py are not orthogonal but Py P; = 0 for k # j and defining

QY = /Oooj(r)Ydr,

we have that
lim ARMA)Y =W(0)Y =Y
Re A—>00

and hence
o0
Y =) PY + QY.
k=1
where

QP, =0=P.Q; 0°=0.

The mode shape vectors do not span the space 7, nor are they orthogonal.

Evanescent States

What is novel here is the existence of evanescent states that decay faster than any
modal response, a phenomenon that becomes apparent only in continuum theory
and lost in the discretized models of CFD.

First the Definition

The evanescent states are the states in the range space of the operator 0. We note
that the response to evanescent states is given by

W) QY = /Oooe_rtj(r)QYdr

and are thus Laplace transforms in 7, and thus are stable for all values of U. In
[33] the structure is discretized and the aerodynamics is also approximated (Padé
approximation) and the authors call this part the nonrational component. Here we
see the exact solution and in particular it is stable for all values of the speed U'.

Next we derive the time domain solution of the convolution/evolution equation
using state space theory.
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5.6 State Space Theory

We are ready to consider now the time domain solution of the convolution/evolution
equation for given initial conditions. The solution given in [8, 22] involves a fair
degree of operator theory.

Here we use a different and more self-contained technique: state space represen-
tation which is of interest on its own for us; but requires some knowledge of the
theory of semigroups of operators.

State Space Representation: M = ()

Here we follow [16]. Our time domain equation is the initial value problem in H:
t
Y()=AsY(@) +TY(t) + / L(t —0)Y (0)do (5.95)
0

with initial condition Y (0).
We show that this can be expressed in the “state space” form:

Z(@t) =AZ(1),
Y(t) = PZ(1) (5.96)

in a Banach space and A is the infinitesimal generator of @ Cy semigroup, and P is
a projection operator.

We make strong use of the fact that L(.) is in CJ0, oo] (the space of
continuous functions with finite limit at co) and is absolutely continuous therein. In
particular:

L() €

where y is the Banach space C [0, oo] of continuous 4 by 4 matrix-valued functions.
It is also absolutely continuous with derivatives therein.

Remarks: In view of these properties we could integrate by parts and get:

/ t L(t —0)Y (0)do = / t L(t —0)Y(0)do — L()Y(0)
0 0

but this makes it awkward, bringing in the initial value in the state equation which
we want to avoid!

We begin with the convolution part which is defined by the function £(.).
Consider the “system input—output relation” where u (.) is the input and v(.) is
the output
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v(t) = /Ot L(t —o)u(o)do t >0, (5.97)

where the input u( . ) takes its values in a separable Hilbert space and fOT [lu(?)||dt <
oo over every finite 7. For representation theory, it is convenient to embed this class
of inputs in a larger class where u(.) is defined on (—o0, co) but vanishes on a
negative half-line:

u(t) =0 fort < —L forsome L, 0< L < oo.

In that case we can rewrite the relation as
t
v(t) = / L(t — o)u(o)do.
—00

Then of course we can extend this definition to any ¢, not necessarily positive. But
we are only interested in the 7 > 0 with which we started. The implication is that we
embed this in a controllable system [16] but this is irrelevant in our current context.

Theorem 5.26. Let X denote the Banach space C[[0, o0l; H]. The input—output
relation

v(t) = /_t L(t —o)u(o)do t>0

can be represented as

v(t) = Cx(1),
X(t) = Ax(t) + Lu(z) (5.98)
fort > 0, where x(t) is in X for each t > 0, and A is the infinitesimal generator of

a Cy semigroup over X, and L is a linear bounded operator on H into X, and C is
a linear bounded operator on X into H.

Proof. Define L by
Lu = x;

x(t) = L (t)u, t>0

and in as much as
x@) [ < |1 £ @) [][|ull,
it follows that x is in X.

Next define C on X by
Cx = x(0)
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and C is linear bounded because
[ x0) [| = [lxI].
Let S(.) denote the shift semigroup over X defined by:
St)yx =y; y(s) = x(s + 1), s > 0.

It is a Cy semigroup. Let A denote the infinitesimal generator which is then
defined by

D(A) = [x(.) in X such that x'(.) is in X],
Ax =y;  y()=x'()t>0.

Next let ¥ denote the closed linear subspace generated by elements in X of the
form:
S(t)Luuin H and ¢t > 0.

Then ¥ is an invariant subspace for the semigroup: S(¢)X is contained in ¥ for
every t. We may take our state space to be ¥ and let S.(.) denote the semigroup
restricted to ¥, and let A, denote the generator, being then a restriction of A.

Then we have the next lemma.

Lemma 5.27. The nonhomogeneous Cauchy problem:
X(t) = Acx(t) + Lu(t) t>0
with x(0) in the domain of A., has a unique solution in X such that:

x(t)eD(A,)
[|x(@) —x(0)]| = 0 ast — 0+

given by
x(t) = S.(t)x(0) + / S.(t —o)Lu(o)do.
0

Proof. The proof is standard; see, for example, [16]. O

Next let us calculate v(.). We have
t
Cx(t) = CS.(t)x(0) +/ CS.(t —o)Lu(o)do
0

=x(0,7) + /t L(t —o)u(o)do
0
=v(t)
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by taking x (0) to be zero, where we have used the notation
x(t,s)s >0

to denote x (7).

Remarks: As is well known (see [16]) the “method of variation of parameters”
solution holds in the generalized or weak sense even if x(0) is not in the domain
of the generator, with the continuity at the origin, but of course the solution need
not be in the domain of the generator.

Next let us calculate the resolvent of A..

Resolvent of 4.

Let R(A, A.) denote the resolvent of A.. Then for ReA > 0 we have
o0
R(A, A)x = / e M S.(1)xdt
0

and
(A —A)x =ALY,Y inH

has the unique solution for ReA > 0 given by
x =AR, ALY

and ~
Cx=C / e NS (1)LYdt = AL(L)Y.
0

Lemma 5.28. Given any Y in H, we can find x(1) in X such that
(M —A)x(A) = ALY

and .
Cx =ALAN)Y

for A in the region of analyticity of/lﬁ()k).
Proof. ForReA > 0

o0
x(A) = A / e MS.(1)LY dt
0

is an element of X.
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And the corresponding function
o0
x(A,s) = )L/ e ML(t+s5)Ydr  s>0
0

o0
= Ae“/ e M L(1)Ydr

=AM LAY — AeM / ' e M L(T)Ydr (5.99)
0
0<s <o0,
x(A,00) = L(c0)Y, (5.100)
x(A,0) = Cx(A, .) = AL(A)Y. (5.101)

The main point here is that thus defined for ReA > 0 x(4, s) can be continued
analytically as an analytic function of A in the region of analyticity of AL(1)Y
which includes the whole plane except A < 0. Hence x(A, .) can be continued
analytically satisfying

M —A)x(A, ) = ALY (5.102)

as required. O

Let us use X to denote the state space, the product space ¥ x7# which is then a
Banach space and denote the elements therein as

Z = (;) xeX, YeH,

And the projection operator P on X into H by
PZ =Y.
Then we can recast the convolution/evolution equation (5.72) as

Y(t) = AY(t) + Cx(1),
X(1) = Aex(t) + LY (1). (5.103)

70=50)

and defining the linear bounded operator B on X into itself by

BZ — (LY)’
0

And further with
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we have:

Z(t) = (g j) Z() + BZ(t).

Or

(I = BYZ(t) = (é j) Z(0).

Because B is nilpotent we have
(I-B)=( +B)™!

and hence finally we can express the equation as

Z(t)=( + B) (/C1 z) Z(1)

=AZ(®), (5.104)

where

, A, 0\ (A +LC LA
A=(1+B)(C A)Z(C+ A )

It is immediate that thus defined A is closed linear with dense domain in X
(Domain of 4.) x (Domain of A).
Thus we have the new state space form
Z(t) = AZ(1), (5.105)

where Z(.) is the state, the state space is X, and A is the system
stability operator. To prove existence and uniqueness of the convolution/evolution
equation (5.95) we only need to show that A generates a Cy semigroup.

We begin with the spectrum of A. In turn, we begin with the point spectrum
(eigenvalues).

The point spectrum of A consists of A such that

Ax = (A + LC)x + LAY,
AY = Cx + AY.
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Suppose
Y =0
Then
Cx=0
and hence
Ax = Aqx.
But then

x(s) =e™Cx =0.

Hence Y cannot be zero.

Suppose
x=0
Then we must have
LAY =0
and the second equation yields
Y=0

and hence neither x nor Y can be zero.
Next, the first equation can be rewritten as:

Ax —A.x = ALY

and can have a solution even if A is not in the resolvent set of 4.!, and the second as

AY — AY = Cx,
where .
Cx =ALA)Y,
so that A
AY —AY = Cx = AL(A)Y.
Or

AY —AY — ALY =0

and thus A is an aeroelastic mode.
We can say more.

Theorem 5.29. The point spectrum of the system stability operator A is the set of
all aeroelastic modes.

Proof. Let A be an aeroelastic mode, defined by

(AL —A—ALA)Y =0, Y #0.



5.6 State Space Theory 191

Or .
(A —A)Y = ALN)Y.

Recall that Aﬁ(z\) is defined and analytic in the whole plane except the
negative real axis.
Let us next consider the equation in X,
Ax —A.x = ALY,
this does not require that A be in the resolvent set of A.. Then
Cx = AL)Y.

By Lemma 5.28, this equation has a solution in X'. And

(AL — A)Y = AL()Y.

()

Then we verify that A is in the point spectrum of A:

Hence let

Ax = A.x + ALY
= Acx + L(AY + Cx),
AY = AY + Cx. O

Let us next consider the resolvent.

Resolvent of A

Theorem 5.30. Let §2 denote the region in the complex plane

£2 = {resolvent set of A} ﬂ

{Complement of the set of aeroelastic modes} ﬂ {ReA > 0}.

Then
£2 is contained in the resolvent set of A.
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Moreover, for A in
(I — R, A)Aﬁ(k)) has a bounded inverse.

Define »
R(L) = (1 ~ R, A)xﬁ(x)) R, A).

Then the resolvent of A denoted R(A, A) is given by

()

R(A,Ac) (ALW—LY + x))

R(A,A)Z = ( "

where .
U =RANX +CR(A,A)x — LA)Y).

Proof. Note first that Q includes a right-half-plane. For A in Q, we note that
R(A,.A) is compact, and hence so is

AR, A)L(A).
Hence either
(1 - )LR()L,A)/f()L)) Y =0,Y #£0,
or
(1 — AR, A)fiu))
has a bounded inverse. But
(I = AR, A)LR)Y =0

would imply that .
A —-A—-LLA))Y =0,

or A is in the point spectrum of A. Hence
(I = AR, A)LR)
has a bounded inverse for A in 2. Hence so does

(/\1 —A- /\ﬁ(k))
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and let us denote it R(4). Then
N —1
R () = (1 AR, A)E(A)) R(A,A)

and is analytic in Q. To find the resolvent of A we need to solve:

W -AZ = Z,
for given
X
Z,=|%]).
= (3)
Let
Z= (x) :
Y
Then

Ax —Aex — L(AY 4+ Cx) = x,,
AY —AY —Cx =Y,.

Because Re A > 0, A is in the resolvent set of A.. Hence
X =R, A)ALY — LY, + xy),
CR(A, AL = L(A).
Hence
Cx = CRA, A)x, + ALY — L)Y,
AY — AY —ALA)Y =Y, + CR(A, A)x, — L)Y,
Hence
Y = RO (Yo + CRO. A%, — LYy ).
X =R, A)ALY — LY, + xy),

which then defines R(A, A)Z for A in Q.

193
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Remarks: The resolvent above not being compact implies that the resolvent set is
properly contained in the complement of the point spectrum.
Note also that

PRO., A) (‘;) — ROV — L)Y,

Finally let us consider the semigroup generated by A.

Semigroup Generated by A

Rather than estimating the resolvent, we simply construct the semigroup explicitly.
First let us note that

IR, HALQA)|| — 0 asRe A — oo

and hence .
IR, DAL <1

in a right-half-plane contained in 2. Hence we have the Neumann expansion
R -1 i n k
(1 — RO, A)AE(A)) —1+y (R(A,A)/\E(A)) ,
k=1
where

RO, DALY = / ooe‘“](t)Ydt
0

and

J@)Y :/0 St —o)u(o)o,

where (. ) is the inverse Laplace transform of kﬁ(k).
Hence it follows that

(1 - R(A,A)Aﬁ(k))_l =1+7),

FA) = /Ooo e Mr(r)dt,
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where
FL) = (1 “ R, A)Aﬁ(k))_l -y

= (1- R(A,A)Aﬁ(k))_l (1-((1-”ra.2£0)))

=RMALA)
and hence o

RA)Y = / e MW(r)Ydt
0

and

t
wW@)Y =S@t)Y + / St —o)r(o)Ydo,
0

RA)Y =RMA, AY + R(A, AF (LY.
The function W(.) was obtained by a contour integration technique in [60, 74].
Here we have obtained it in a more constructive way that also displays explicitly the
nature of the function. In particular

W) =1

and W(.) is absolutely continuous on the domain of A. In fact

W)Y = AW()Y + r(1)Y.

Armed with this function we can now proceed to construct the semigroup, by simply
taking the inverse Laplace transform of the resolvent. Thus, given

X
Z = ,
()
where x is in the domain of A, and Y in the domain of A, define for ¢ > 0:
t
Y(t) = W@k)Y —l—/ W(t —0o)(CS.(0)x — L(0)Y)do
0

and

Z(t) = S.(1)Z =

3

S.(t)x + / t S.(t —o)LY (0)do
0
Y(1)
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where we note that the derivative is well defined for x in the domain of A, and Y in
the domain of A.
Thus defined, the Laplace transform of the derivative

o0
/ e M8, (1)Zdt = AR(A,A)Z — Z = AR(A,A)Z,
0
which by our construction

=A/ e MS.(1)Zdt =/ e MAS.(1)Zdt,
0 0
or .

S()Z =AS(1)Z,

which is enough to prove that A generates the C, semigroup S.(.).
And hence we have proved the state space representation

Z(t) = AZ(),
Y(t) = PZ(1). O

Time Domain Airfoil Dynamics: The Sonic Case

Next we consider the case M = 1 which differs radically from the case M = 0.
Here we follow [71]. We begin by evaluating the coefficients w;; defined as
before.

ok
wiy = 4 + erf\/z) ,
" ( —

erfvk _ ek
RV
vk

1
Wy = — lerfvk +2e 2= 1],
k? T

2 3 _k\/?l 2 3

Note that in contrast with the case M = 0, there are no polynomials in k. In fact
wj; (k) does not converge to a finite limit as k goes to zero.

Wiz =



5.6 State Space Theory 197

The role of the Theodorsen function is now played by the erf function

f Z/Z—Z‘zdz
eriy = —— c
V7 Jo

and erf /7 has a logarithmic singularity along the negative real axis and hence so
does w;; . In fact:

erfys 2 i( DFsk/@2k 4+ 1) entire function
NG | |

k=0

erf /s = /0 e 5y — £,

where
f@)=0 0<t<l1

1
:;1/(tJ(t—1)), t> 1.

The Laplace domain equations are

A2m h(A,s) + A2SO(A,s) + ETh(A,s)”
=L(,s)

ko~ A
= —prio I:Ewllh(l,s) + (kW12 + (1 - ka)w“)@()k,s)i|

k [ ek )
= _pbU2, [54 (jﬁ n erfJE) h(A, )

erfvk e e* A
+ ((T - ﬁ) + (1 —ka)4 (\/H + erfx/E)) Q(A,s):| ,

A210(A,s) + SA2h(A,s) — GIO(A,s)" = M(L,s)

k R
= —prUozo I:E(WZI —aw)h(A,s)

F(kewn + (1 — ak)way — akwis — a(l — ak)wi)A(, s)]
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= —pb2U2 |:E (l (erf«/E—i— 2e_k£ — 1)

)i [3[(o+ )t

k(1 2 3 1 vk
-k [~ (2 _ = _ —k ¥
+2e7/ (k o k3)} + (1 —ak) 1 (erfJE+2e - 1)

—a («/H

erffv/k e e * A
—a—p —ﬁ—w(l—ak)( k)) 9(k,S)].

Let us next isolate the non-circulatory terms by taking the nonzero limits as Re A
goes to infinity.
MA2R (A, s) + AZ(A,5) = FQOE(A,s),

where

_(Fu(d) Fud)
d “)_(Fﬂ(x) Fzzm)’

where

Fii(2) = —4pUZk (

—k
Fia(A) = —pbU%, ( erfvk e )+4(1—ka)(w€_ k))
_ . | k _kﬁ ek
Fy(A) = —pbU?, [5< (erff+2 = 1)—4a(m k))}
2 3 k(1 2003

1 k fvk et
FO k) (erfx/E + 2e_k—\/_ - 1) —aYE k_
n

k Vi3
ek
—4a(l — ak) (\/ﬁ k)i| .
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Hence
. F(A)
)k11>rrolo 2 0,
2 2
o k0 —phU2 (g + 4a2) ’
—4pUZ% —4pbU%a 0 4pbU2

lim (F(A) — k) 4 — PPYo0 )
A—00 0 _pszozo (g + 4612) 0 4pab2U020

Having evaluated the non-circulatory terms we can formulate the equations in the
Laplace domain as

A2ZMEQ) + ADR() + Kx(A) + AR = FOR(A, L),

4pbUy —4pb*Uga
- 4
p 0 —pb’UL (— + 4a2) ’

3
e (° —4pbU2
0 —4pab®U% )’

where

R —4pUs,  —4pbUsa >
FO)=F)—k (0 4pbU3, )

4 —
0 —ph?UZ (5 + 4a2) 0 4pab*UZ,

= / e ML (1)dt Red > oy,.
0

Aeroelastic Modes

As before

D(A) = P ™' Q,
d(1,1,U) = det D(A).
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The aeroelastic modes are the zeros {1y }:
d(1, Ak, Uy) = 0.

They are again confined to a finite strip. The corresponding mode shape vector is

given by
Y = (x[’k) ;
X2k

Xok = AkX1k,

DA)ze =0, zx #0.
Assume D(Ay) is of rank 2

Yi(s) = e 4) 0z,

X1k () = Tasyi(s) 0<s<d.

We can now go on, as in the case M = 0, to define the generalized resolvent R(A)
and the modal representation.
The big difference now, unlike M = 0, is that

Y (1) = R(A)Y(0).

We can proceed as in the general case M > 0, treated below.
The unique feature here is that zero is not a mode; indeed D(A) is not defined at
zero. There is no continuity at zero.

The General Case: 0 <M <1;aa =0

We now get back to the general case 0 < M < 1 having treated separately the cases
M = 0and M = 1 where we exploited the luxury of explicit solution of the Possio
equation. We continue with the notation as in Sect. 5.3 and the normalization there,
so we may take b = 1, with the normalized frequency k = Ab/U.

The Possio equation for 0 < M < 1 in the abstract form is given by:

V11— M?

2 N
— w4, .) = AQ, .
) = A0 )+

PH(B(k) — B(co))A(, .) (5.106)

and we simply assume that it has a unique solution, and the solution is then given by
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v1-M
M

-1
A, ) = (1 + ZIP’]HI(IB%(k) - B(oo))) %%(x, D). (5.107)

(We should recall here that we do have in Sect.5.4 a constructive solution for
small «, which happens to be the region of major interest in practice.)
We define the coefficients w;; (1) as in Sect. 5.4 (5.3), which are now recognized

as functions of A, and this is all we need from the solution to the Possio equation for
all M.

Note that for every M: _
W,‘j(k) = W,'j (A),

implying that the aeroelastic modes come in conjugate pairs. The main
difference for M > 0 from M = 0 is that from (5.72) we have that

limRed — oo
2 !
Wi = — EdE =0, i # ],
Y M/_1

4
Wil = -,

M

2/15%1;: 4
Wy = — = —.
27 M) 3M

The implication is that in the breakdown w;;(X) = polynomial in A+
non-polynomial term the polynomial term is a constant (of zero degree), unlike
the case for M = 0, where it is of degree 1. The polynomial terms are called
the non-circulatory terms in [6]. To see the implication of this let us consider the
Laplace transform version of the structure dynamics:

A2mh(A,s) + A2SO(A,s) + ETh(L,s)" = L(A,s)
, [k~ A
=—pbU;, Ew“h(/\,s) + (kwiz + (1 —ka)wi1)8(A, ) |.
Or, collecting the non-circulatory terms into the structure state terms:

A R 4\ - .
A2mh(d,s) + A2SOA, s) + AbpUse (ﬁ) (h(A,s) —abB(A,s))

4 A - k., =~
+ ﬁprgoe(x,s) + EIh(A,5)" = —prio[Ev?z“h(/\,s)

+ (kwiz + (1 = ka)yw)O(A, )],
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where
y 4 .
wit(A) = wi (A) — i and — 0asRe” — oo.
Similarly
A210(A,s) + SAZh(A,s) — GIO(A,s5)"
9 2 [k 7
=M@, s) =—pb°UZ E(Wzl —awi)h(A,s)
+(kwa + (1 —ak)wy — akwi, —a(l — ak)wn)é(k, s)] .
Hence collecting the non-circulatory terms into the structure side:

. R 4 R 4 .
L0, 5)+SA2h(A, 5) + ApbUse (—%’) h(A,5) + ApbU oo (—%’) h(A,s)

4 4 R 4 R R
+ ApbU o (a2b2ﬁ+3—Mb2) 0()&,s)—ﬁprioabH(A,s)—GJH()L,s)”

k ~
= _pszozo I:Z(Wzl —awi)h(A,s) + (kwyp + (1 —ak)wy — akwys

—a(l —ak)v“v“)é(/\,s)],

where

. 4
Wan(d) = wn(d) M
and goes to zero as ReA — oo.

The main thing is now to note that the structure inertia matrix is not changed
unlike in the case where M = 0. But damping and stiffness terms are added which
are reflected in the abstract version as bounded operators. Thus collecting terms
containing A% and A we can now write the structure with the aerodynamic loading
Laplace domain equation:

A2ME) + ADEA) + KEA) + AR(A) = FQ)FA. ), (5.108)
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where
m s
M o (S 19) ’
4 4
bpUso (M) —ab bpUx (M)
B 4 Lo 44,
ab bpUx (M) bU (a b i + 3Mb )

4

K= , (5.109)

0 _%prozo ab6
where MDK are constant 2 x 2 matrices and F (A) is the Laplace transform:
—pbUZ [%v“mh + (kwpp + (1 — ka)v?f11)9:|
7 (Z) ~ | —pb?UZ, [g(wm —awn)h (5.110)

+ (klz)zz + (1 —ak)wy — akwi; —a(l — ak)vT/“) 0]

and A is the structure differential operator as defined in Chap. 2.
Next we take inverse Laplace transforms

Mi(t) +Dx() + Kx(t) + Ax(t) = /t F(o)x(t —o)do, (5.111)
0

where F(.) is the inverse Laplace transform:

o0
F) = / e MF(t)dt  Red > 0. (5.112)
0

Next with

x(1)

Y() =
0=(36)

we obtain the convolution/evolution equation in H:

t

Y(t) = AY (1) + / L(t —0)Y(0)do,
0

where

L) = (M_?}'(t) 8) 4 x 4 matrix function , (5.113)
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0 1

A= 5.114

~MIA+K) -M'D (5.114)

with the energy space H as defined in Chap. 2.

Here as before, A generates a C semigroup with compact resolvent; and the
analysis is similar to that for M = 1. M = 0 is a special case, whereas M = 1 is
typical of M > 0.

Taking Laplace transforms in

Y(1) = AY(1) + / t L(t —0)Y(0)do,
0
we have:

AL — A= LAY (A) = Y(0).

Thus we define the aeroelastic modes as the zeros:
(u —A—f:(k)) Y =0
with the generalized resolvent defined again by
. -1
R(L) = ()u — AL - ()L)) .

Note that the change from the M = 0 case is that (as in the case M = 1)
AL(A) is replaced by L(A) (the two L(A) are not the same functions, of course!)
which makes the problem less complex in that now

(u —A- ﬁ(k)) Yoy =v.
Or,

Y() = R()Y.

The aeroelastic mode {A;} are of course obtained as the zeros of the
determinant

d(M, A, U) = det D(M, A, U),
DM, X, U) = Pe'™Q

with A(A) just as defined in Sect. 5.4 except that the w;; are no longer expressible
explicitly. .

We assume that A; (A, M) is the solution of the Possio equation (5.2) special-
ized to
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. JVi—M? )
Aid, ) = (1 + 0 PHB(®) - B(oo))) i

where

fis)=1, —-b<s<b

=s, —-b<s<b

and note that the solution is defined for all A omitting the modes A, and the negative
half-line. Moreover the solution is analytic in this open set and hence so are the w;;
and so is A(A).

Note that the roots again come in conjugate pairs, if complex. There can be real
roots for some speeds; zero is a root for some speeds.

For the existence of the roots for U positive, we need to draw on the
analyticity properties of D(M, A, U). These are determined by those of {w;; (1)}
which in turn are dependent on those of the solution to the Possio equation.
However, we no longer have the luxury of an explicit solution. And thus we have to
go back to (5.49), the abstract form of LDP for values other than Rek > 0, assumed
there. The Hilbert transform operator H is what causes trouble. The right-hand side

of (5.49) is
PHPB(k)PA + TPH(I — P)B(k)PA, k = %

where the first term is an entire function of A and the second term
WA = TPB(I — P)B(k)PA,

we now show is analytic except for the logarithmic singularity along the negative
half-line, of the same kind as we have seen for M = 0. Thus we have

—kR(K)A(.)

TPH(I — P)B(k)PA = TPH(I — P) [
1— M2

" kR(ks)A(.)a(M, s)dS]

—ar

where the second term is kind of an “average” of the first term and inherits the
analyticity properties of the first term. Denoting the first term by g(.) we have:

—k b— e} —ko /2b b
glx) = — Y / ¢ + Udo/ e_k(b_”)A(n)dn,
7 \b+xJy (0+b—x) .Jo b

x| <b

and although this function is defined for Rek < 0, the integral is not defined for
Rek < 0.
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However, it can be expressed in terms of the Bessel K functions:

/oo e Vihto
0

do = F(k), Rek >0, takeb =1,
Cts o o k) ek > ake

% =5F(z) — (Ko(z) + K1(2)) Rez >0

and because (Ko(z) + Ki(z)) is analytic except for z < 0, F(z) can be extended
analytically to the left-half-plane, but will have an essential singularity—branch
cut—along the negative axis exactly as is the case for M = 0.

Thus the operator PH(B(k)— B(c0)) in the Possio equation can be extended to be
analytic in the whole plane except for the branch cut along the negative axis, and this
property then extends to the solution, and hence to w;;, and finally to D(M,A,U)
andd(M,A,U).

Modes and Mode Shapes

Hence in particular the zeros of d (M, A, U)—the aeroelastic modes—are countable.
Further more they are limited to a finite strip (we call it the spectral strip) because
the contribution of the circulatory terms:

L) —>0 asRel — 0o (5.115)

and hence we may imitate the arguments for M = 0 (cf. Sect. 5.3) where really only
this argument is needed.
Again define xj; by:

DA )xi = Ped™ 0 xp =0, xp #0, (5.116)

D(X) being a 3 x 3 matrix the null space of the matrix is at most 2, and we assume
it to be 1, as is the case for U = 0. Similarly we assume that the multiplicity is also
1, so that

D'(Ap)xi # 0. (5.117)

Lemma 5.31. Let
D(Ak)*z =0 7zt # 0.

Then
2k, xk] # 0. (5.118)

Proof. The 3-space has the orthogonal decomposition:

null space of D(A;)* + range space of D(A).
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Hence if
(2%, xk] = 0,

we must have that x is in the range space of D(Ax). Or,
Xk = D(/Xk)h for h 75 0.

Hence
D(Ax)*h = 0.

Taking the derivative with respect to A, we have
D'(Ax)xx =0,

which contradicts (5.11).

The corresponding Y satisfies

Al — A= L(Ax) Y = 0.

Y = (xlk),
X2k

Or, with

we have
AkX1k = X2k,
A%MXl,k + ADx1j + Kx1x + Ax1 — ]t'(kk)xl,k = 0.

Hence
Xog = McX1k-

100000
T26: .
000100

Define the 2 x 6 matrix:

Then
X1k(s) = TzseA“")“'ka, 0<s <4

and xy is defined by (5.10).
We may normalize xj by:

¢
[Mxik, xik] = 1; |:(/ Q*GA'(A")STzs*MTzseA(A")Sst) xksxk] = 1.
0

207

(5.119)

(5.120)

(5.121)

(5.122)
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This determines Y; completely.

Tree M5 O x
A Tree ™5 O x

Yk(S)=( ) 0<s <.

In fact we can express it as a linear bounded transformation on C? into #:
Lix = ( fi ) i fils) = TzeeA(A")“Qx, 0<s<{,
A Si
Yy = Lk,
and
i Y] = [Li* Lixe, xi] = | Ax P

The energy space norm of Y} is not equal to 1.
The dimension of the null space of (/\kl —A- ﬁ(kk)) is the dimension of the

null space of PeA*)*Q and is 1, with multiplicity 1.

We note that in as much as the conjugates
D) =D@A): AQ) = AQ).

the conjugate Y is the eigenvector corresponding to the conjugate root Ak

Yk - Yk
(Y= 5= RO = =+
corresponding to
D) 'xp = —K
T

The case where zero is an aeroelastic mode is treated separately below, as it is
involved in defining the divergence speed.

We note that zero is an aeroelastic mode only for a sequence of speeds. The
functions (for M ## 1) are defined as the limit from above (Im A nonzero) or from
the right (ReA > 0).

And

d(0,04,04) = 1.

Generalized Resolvent

The generalized resolvent is defined for A excepting the aeroelastic modes and the
negative half-line:



5.6 State Space Theory 209

R(L) = (M —A- EA(A))_I

just as in the case M = 0 in Sect. 5.5.

RAY, =M —A—LQA)'Y, : Y, = (xl’g) .

X2.g

Let

(Zg) = Mbuxz g + (AD + K)xy 4.
4

Then (as in Sect. 5.5)

_ he(s) = Og(s)
yg(S) = col [O, 0, O, W, 0, GJ s

y(A,s) =P Ooz(A) + /0 1My, (0)do,

¢
PP 0z(1) + ve(M) = 0; ve(A) = / G(Z_U)A(l)yg(o)da.
0
Or,
D(M)z(A) = —Pvg(A); D(A) = P Q.

Hence
zZ(A) = —D()L)_l Pv,(A),

which is defined where w;; are defined excepting the modes {A;} and

4
Y5 == DD [Ny (010

+ [ oy, o (5.123)
0
and finally:
Yy, = (M (A))
R = (1)
B =Ty = (00

XQ(A) = Axl (l) — Xl1,g-
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Green’s Function Representation

We proceed first to deduce the Green’s function for the generalized resolvent. For
this purpose it is convenient to use the notation:

- W) 60
Cé(A)Y = CO] |:O, 0,0, ﬁ, 0, Ei| 5

where

(h(')) = Mx, + AD+K)x;; ¥ = (x’).
9() X2

Then R(A)Y is the function:

14
(xl@’s)) - / R(L,s,0)Y(0)do, 0<s<¢, (5.124)
x2(4,8) 0

where the kernel is deduced from
¢
x1(A,5) = Theet* M ODA)' P / AN (V)Y (s)ds
0
+ / e AN C W)Y (0)doxa (A, 5) = Axi(A,s) — x1(s).
0

The main thing to note is that the kernel is square integrable:

{ l
/ / [|R(A,s,0)||*dsdo < .
0 0

In particular this implies that the eigenvalues are square integrable:

1
— < 00,
2 GTaE
where the summation is over all roots, the index k being chosen such that the

imaginary part
| k1| = x|

Our convention for the modes is:
A =0 +iwg, i >0

and the conjugate is of course always a mode as well, if complex. And in particular
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1
—— < 00 NONZero Ay. (5.125)
|Ak|?

k

Laplace Inversion Formula

Equation (5.9) shows that the generalized resolvent has simple poles at the
aeroelastic modes confined to a finite strip. We can use this to determine the inverse
Laplace transform by the inversion formula

1 [t .
W)Yy = lim — | TR0 +iw)Ydw, (5.126)
L—oo 2mi J_;

where o is to the right of the strip containing the point spectrum,

von=(0)

Yo = (xl’o) ,
X2,0
W(O)Y() = Y() in D(.A),
and

() = Sa),

(ZZ 8;) = Mxz0 + (AD + K)x1 0,

ho(A 6o (A
Yo(h.s) = col[o,o,o, o, 8) ol ,s):|’

EI 7 GJ

L

1
xi(t,s) = lim —— [ &M Ty
L—oo 2mi J_|

14
x (—e“A“)QD(K)_lP/O e MMy (4, £)dg

N
+/ e(S_E)AWyO(A, é)dé) idoly=o+iw 0<s<{,
0

where we have seen that D(1)~! has simple poles at A = A; with residue



212 5 Linear Aeroelasticity Theory/ The Possio Integral Equation

1 ‘
D= — 56 D)L A=A 4 e
2ri

(The convergence of the infinite series is assumed here for the moment; the proof is
given below.)

Hence we deform the contour as before following [33,44] where the functions are
meromorphic but with a branch cut along the negative axis.

Thus we have

0 4
xi(t.s) =) To (—e“'A‘*")QD;lP / e“‘””“k’yo(a)do) M xR (E.9),
k=1 0

)Cz(l, S) = Xl(l, S), Yo in D(.A), (5.127)

where the second term x g (¢, .) is the “evanescent” term we have already treated
in Sect. 5.5.
The evanescent term can be expressed:

U o0
xir(t, ) = 3/ e RUPR ;(—=R)Y,dR, (5.128)
0

where R;(.) is the jump across the line of singularity: —oo < A < 0 and for all
M > 0including M = 0.
Note the slight difference in notation from Sect. 5.5. Thus we define

1
R;(—r)Y = — lim[R(—r +iw) — R(-r —iw)]Y, w # 0,
271 0—>0
where the subscript J is for “jump” and

r=(3)

and R(A)Y is the function defined by

14
(RQIY)(5) = Tos [(—e“‘“ 0D()™'P) / 1Dy (0)do
0

+/ e(s_”)A(A)y(cr)dai| , 0<s<dt,
0
h(x,s) _ O(A,s)
= col{0,0,0, , 0, ,
y(s) = co |:0 0,0 Bl 0 GJ

(A9) = s+ 6+ 0
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defined and analytic for A # Ak, and omitting A < 0.
¢
(R(A)Y)(S) = Ty |:(_esA(/\) QD(A)_IP)/ e(l—G)A(/\)y(o-)dO—
0

+ / e(“_”)A(A)y(o)da} , O0<s</{
0

is defined and analytic for A # Ax; and omitting A < O which is a logarithmic
branch cut.

Moreover the jump [R(—r +iw) — R(—r —iw)]Y, @ # 0 converges strongly as
we approach the line of singularity as w goes to zero for each r > 0. And the limit
R;(—r)Y goesto zero as r goes to zero.

Hence finally:

- (28).n-(2)

0 4
x1(t,s) = Z Tae (_esA(lk)QD;lP /0 e((—o)A(lk)yg(U)dU) ekt

k=1

+ / e (Ry (—r)Yo) (s)dr.
0
xa(t,8) = x1(t,5), t>0,0<s <. (5.129)

Again: let us take the Laplace transform

21, :/ e Mxi (¢, .)dt
0

14
, 1
=Y Ty |—e"* 0D P / =4y (0)do
0 A=Ak

1 [ (Ry(=1)Yg)(s)
X ;/0 EEE— dr

: 0<s<d,

where the sum is over all roots here and below.

o0
/ e Mxy(t, )dt = F2(h) = AR (A) — X1
0
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Hence we have the representation R(A)Y is the function

s - L —0
Y. 52 Tos (—e 400 QD P [ 0140y, (0)do )
L (90 (Rr(=nY)(s)
txly S
ZTzs( At QDI P [l elt=)4t0 (U)d(,) 2

MR Y
o BT — x4 (5)

’

0<s <. (5.130)

Let us define the linear bounded operator on H into ‘H by the contour integral

PY = RA)dA; Q) ={A = +re'?, 0<0 <27}
Q(Ak)

2w

1

:/ —R(Ak+re )Yd@ for0 <r,
0 2

small enough to include no other poles. P;Y is the function

T (—esmk) OD;'P [} e=40y, (a)do)

AL 4 ¢ (oA , O0<s <. (5.131)
Ak T (—e“ GO ODP [y el k)yg(a)dcr)

And more generally:

JARMA)AA = f(Ar) Pr.

Q(Ak)
ForY = (x;)’
X2
/ Ry(=r)Y V)Y
P.Y X—i—r
R(A)Y = e
WY =) 75+ AR, (=r)Y
L [TAREDY e
7 Jo A+r

Now

(u —A- ﬁ(k)) Py
PR

- (u A f:(x)) ROY Y
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1 OORJ(—F)Y
;/ A+r dr
A 0
+ (M - A= L)) i/oomj(_r)yd e
7 ) —A—}-r r —Xxi(s

Then the contour integral ¢(1/27i)YdA, A = Ay + re'? yields
0= (Akl —A- E(Ak)) PY.

Hence P;Y is the slant (not orthogonal because P* # Px) projection on the null
space of (kkl - A- ﬁ(kk)) which is of dimension 1 and is spanned by Y. Hence
the dimension of the range of Py is 1. Or
[PrY, Y]
PY =Yy = ——VY4,
Yk, Yi]

PYy =Y,

/ OORJ(—I’)
— Yd
P Y n/o At '

RAY =) ——+| /2%
Pl —/ —rR;(—r)Ydr
T Jo

Note that this runs over all roots: the conjugates are treated as separate roots.
Next let Q denote the linear bounded operator

L[ Ry (—r)Ydr
oY = , (5.132)
%fooo —rR;(—=r)Ydr

The range of Q are again the evanescent states as in the incompressible case, stable

for all U. From (6.9)
P.Y

—

ROPY = -

Now
lim AR(A)Y =Y.

Redl—o00

Using which in particular we have the representation:
Y =Y PY+QY (5.133)

consistent with (5.11).
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Lemma 5.32.

PP =PiP,=0, j#k

= Px j =k,
0’=0,
PkQ:():QPk

The Py as well as Q are idempotents, but not projections.

Proof. Here we essentially follow the theory of pseudoresolvents in [10, p. 208
et seq].
Thus we note that for k # j,

PiPjx = RA)VR(w)dAdu,

2ri)? Jon Jaa,)

where . .
RO) =R = (=1 = (£3) = L) | ROIR(w)
and hence
) — FA) = L
ROIR() = 20— (“ 1= ) ) RORGH — (5.134)
and
R(A) . .
—dkd , k =P, k=,
(27”) /.Q(Ak) /:2(1 )y M= =0 7 ‘ /
R(w) . )
e ddp =0, k#j=—P k=]
(27”) /K2(Ak) /rz(x y M= =0 7 ¢ /
£y - E(u)
A A
o L. N ( - )R( YR
Lo L0y, .
_—/\j_/\k PkP] k#]
Or

LOx) — LA,
PcP; :%Pkpj k# ]
J k
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Hence
PP =0 k # J.

Also by a similar integration procedure:

PiOx=0=QP,.

Next, using (5.22)

Pix = Py Zij+Qx = P, P x,
J

Ox=0Q(> Pix+0x|=00x
J

Hence the P, and Q are idempotents but not necessarily orthogonal
projections because not self-adjoint.
To proceed further we need to go on to the operator adjoints.

Adjoint Theory

Let us consider now the properties of the adjoint operator: (Note that the adjoint
now is with respect to the energy inner product.) We calculate

A —A—LA)*Z=0

by
[Z, (Al — A—L(1))Y] =0 forevery Y.

Or
[Az1, Ax; — x2]

+ [Zz, A2Moxt 4+ ADxy + Kx1 + Axi 4+ ADx; + Kxi — f'(k)xl] —0

with
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the second term

- [hz, A2mh 4+ A2S0 + EIR" — LA, .)]
+ [92, A21o0 + SAh — GJO" — M (X, .)] ,
where

L(A,s) = —pbhU2, [gwllh(s) + (kwy + (1 — ka)w“)@(s)i| M, s)

k
= —pb*UZ, I:Z(Wm —awi1)h(s)
+ (szz + (11— ak)W21 — akwiy — a(l — ak)wn) 9(.5‘)] .

As in the case of Y, we can calculate

- ()
k sz s

2k (s) = Toge™50z.  0<s <4, (5.135)

D)z =0, 7 #0, (5.136)

D) = PeA®E,

010000
001000
. 000100
A —
@ =1 000ms0]|
00000 1
w300 0Ww; 0

A2 My + Azg = (—IC* L P — ikD*) 2ok (5.137)
Aezie = (—1 ATk 4 A—lﬁ(xk)*) 22 (5.138)

This time zj; is determined from z,;. The zeros of det 13()&) are the conjugates of
those of det D(A).
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Recall that we normalized Y} so that
1Yll* = [xiks Axie] + [A]?

and asymptotically in k,
[X1k, Ax1k]

|Ax|?

and 5
Yl

|Ak]?

We would want a similar normalization for Z;. We now normalize so that

— 2.

[Mazok, 2] = |Ae|*.

Then
¢ 5 y
[(/ Q*edn S(Tzé)*MTzseA(A")SQdS) ZkaZk:| = ||’
0

which is then how z; has to be normalized.
Then we calculate

[zik, Azik] = ﬁ [(1 + A7~ A_l]:"(lk)*) 2k, (A + K — ]:—(Ak)*) sz] -

Now
AIMzy + Az = (—/C* + F)* — ikD*) 22k

using which we have:

1
[z1k, Azik) = —A7 I:ZZk, (MZZk + /,—\—D*Zyc):| /[Msz,ZZk]
k

A 1
- A [(A_IIC* - A_l]'—(lk)*) 2k (MZZk + /—\—D*zyc):|

k
/[Msz, 2ok].

Hence asymptotically in k

—a2

|Ax|?

21k, Az1k]
[Ax]?

| = 1, noting that — 1.
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Hence it follows in particular that

1Z. 2] [ 10 = 2.

Second Normalization

We renormalize Z; without changing norms. We have seen that [Yi, Zj]
= 0, therefore we define

7 = Uk Zi, where |ug| =1, and
(Y, Zk]/ [Zk, Zi] Ve, Yi] = —1. (5.139)

We simply keep using Z; again in this renormalized version. Again we can write
zk = Lizk,

where Ly is a linear bounded transformation on C? into given by
Liz= (gl) L o) = T 0z, 0<s <,
2

Akgi = —g2 — (A_IK* - A_I}A—(Ak)*> g2,
[LiMLigs, g2] = | Akl

Note that
[PYZ, P;Y]=0 Jj #k.

Hence
[Yx,Z;j] =0 for k#j

and similarly:
[Q0Y,Z;] =0 foreveryj.

The sequences {Y;}, {Zx} are biorthogonal. Note the set of eigenvalues is the same.
Then we have the representations:

Y =) oY+ QY (5.140)
=> BuZi + Q%Y. (5.141)

Problem: Given any two sequences: Can we always biorthogonalize them?
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We note that the { P, Y} do not span the space. In particular
PQY =0=QP,Y.

So then the question is: Given P;Y = aj Yy, how do we determine oy ?
We use the representation:

Y. Z;] = [P;Y. Z;]
=a;[Y;. Z;].

If

[Y;,Z;] =0 forany j, thenforevery Y,

o0
[Y;. Y] =Y "[¥;. Bize] + [¥;. Q*Y] =0,

k=1

which is a contradiction. Hence
0 = [Y, Zx]
Yk, Zi]
Next
Yk, Zell < WY IV [ Zk, Zk].
Next
[Yi, Zi] = (=D)/[Ye, Vil V[ Zk, Zi].

Hence

Y]]

NI

Lo [[1Yell =

which asymptotically
_ vl

Tl

Because
S <o
2 9
= Al
it follows that

o0
> e P1Yel | < 0. (5.142)
k=1
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And similarly that
(o]
S 1B Zil P < oo (5.143)
k=1

This is called the Riesz property of the biorthogonal sequence proved in a more
abstract way in [22].
Note that

Y. Y] =" owBrlYe. Zi). (5.144)

This is enough to prove the convergence of all the infinite sums considered above.
Next we can calculate the Zj in a different way. Thus

A PtY = A PrY.
Hence for any Z

[Ax P Y. Z] = Ak [PY. Z) = [Y, M P Z).

Hence
P! ZGD(AZ)
and
(Al —Af) PEZ =0.
We define:

PLZi = Zi.

To calculate Pk* we use

2l X h 0
P.Y, 7], Z = : Y = . = col _ _
[PcY. Z]. (Zz), ( ) Cerx = co [0,0,0, EI’O’ GJ}

14
= [ [T 00@DF PIYCAY ). () 0)] ds
0
14
+ / [k Tase ™) (QD P)CeY (5). Mza(s)] ds
0
12
= [ [0, (€0 @D Pye o (T (4200 s

Z e *
+ [ [0, 3(€0r (@D PYe O (T Maa(o) ] s
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Z *
- / [ 4x1(5), A7/ (Co)*(QDF P)*e ™" (T3)* (421) ()| ds
0

12
+ [ M0, 2M (€ (@DF Py (o) M) b,

Hence
by ATH(Ce)*(QD;! P)* et (Tye)* (Az) (s)
¢ LM (Ce)*(QDF! P e 40" (Tye)* Mzy(s) )
(OD;'P)" = P*(Dg")*Q*, ... a 6 x 6 matrix,
1 - )
(DY = — 95 D*(M)7MdA A =X +re?.
2mi

Finally let

1 o0
— / e ""Ry(—r)Ydr
T Jo

0(1)Y = (5.145)

% /0 (=r)e "Ry (—r)Ydr

so that in particular Q = Q(0).

Furthermore, [QY, Z;] = 0 for every k. Hence the range of Q—the space of
evanescent states—is orthogonal to the modal space spanned by the sequence {Z}}.
And similarly

[Q*Z. Y] = 0.

Then finally the solution to the aeroelastic equation can be expressed:

Y(t) = e PY(0) + Q(1)Y(0). (5.146)
where
_ [Yv Zk]
b = [Yk,Zk]Yk.

Here the most intriguing part is the term that cannot be expressed in terms of modes!
Now we can return to the properties of the nonrational component: the evanescent
states:

o@Y,t>0.



224 5 Linear Aeroelasticity Theory/ The Possio Integral Equation

Lemma 5.33. For each U:
S@)Y = W)Y — QY), t>0
=Y Py
k
=W@e)Y - 0@)Y

defines a Cy semigroup, actually a group, over the subspace spanned by the
modes {Yy}.

S QY =0S@)Y =0
Q(1)Y is stable for all U.

Proof. 1s immediate from the representation (5.29). ]

Green’s Function: Time Domain

From (5.35) or directly from (5.16)we have the Green’s function representation for
the time domain solution:
W)Y (0) = Y(¢)

is the function:

14
Y, y)= /0 W(t,y,s)Y(0,s)ds, (5.147)

where ~
/ e MW (t,y,s)dt = R(A,y,s). (5.148)
0

Next we extend the state space theory for M > 0.

State Space Theory: M # 0
In view of the fact that the convolution/evolution is different from that for M = 0:
1
Y(t) = AY(t) + / L(t —0)Y(0)do
0

(no derivative in the integral) we need to examine the changes needed in the state
space representation (5.2)

Z(t)=AZ@t) Y1) =PZQ).
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Thus we begin with the analogue of Theorem 5.22. The main question is the nature
of the function £(.). We begin with:

~ 2
A4;(0,.) = WTfi
o 2 1—x
A1(0,x) = ; M2‘11+x’
n 2
AZ(O, X) = W\/ 1 —XZ.
Hence
2n
= e
. 2 4
w1 (0) = W ~ U
wn(0) =0,
. 4
w2 (0) = YR

Which is enough to show that £(.) here enjoys the same sort of properties as in
the case for zero M. Hence Theorem 5.22 holds in this case as well and so does the
definition of Y and that in turn of X, of C and A., and Z denoting the elements

therein, as there. But now with
x(1)
Z(@t) = ,
© (Y (t))

X(t) = Acx(t) + LY (1),
Y(t) = AY(t) + Cx(t)

(¢)
c A)’

PZ(t) = Y(1). (5.149)

we have:

and the representation is thus much simpler:

Z@t)=AZ@); A

Let us examine the changes needed with this definition. The domain of A remains
the same: i.e., Domain of 4, = Domain of A.
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Spectrum of A

The spectrum of A consists of A such that

Ax = A.x + LY,
AY = Cx + AY.

Ax —A.x = LY.

Theorem 5.34. The point spectrum of A consists of the aeroelastic modes.

Proof. For ReA > 0,1 is in the resolvent set of A, so that given any Y in H, we
have:

x(A) = R(A,A)LY
o0
_ —t
= / e MS.(t)LYdr.
0
Hence the function
o0
x(A,s) = / e ML(s +1)Ydr, 0<s<o0
0

and hence o
Cx =x(1,0) = / e ML@)Ydr = L(A)Y.
0

Hence we have the representation:

x(A,s) = e LAY — / 79 £(5)Y do, (5.150)
0
where r v
X(A, 00) = (oj) .

But this defines an analytic function of A in the region of analyticity of ﬁ(k)Y/ A
which is the whole plane omitting the branch cut along A < 0. In other words we
have proved that given Y, we can find x (1) in X such that

x(A) — Acx(A) = LY.
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Next we are given
Ax —A.x =LY

even if A is not in the resolvent set of A., and thus not necessarily unique. Hence
AY — AY = LAY

if A is in the spectrum of A. But this means that A is an aeroelastic mode.
Next suppose A is an aeroelastic mode. Then

AY — AY = L(V)Y.
But given Y we have shown that we can find x (1) such that
x(A)—A.x(A) = LY.

Hence A is in the spectrum of A. O

Resolvent of A

To find the resolvent we need to solve:

. _ xg

AZ — Az (Yg)’

Ax —Aex — LY = x,,

AY —AY —Cx =Y,. (5.151)

We show the following analogous to Theorem 5.24.

Theorem 5.35. Let §2 denote the region in the complex plane: 2 =
{resolvent set of A} N {complement of the point spectrum of A} N {ReA > 0}.
Then §2 is contained in the resolvent set of A. Moreover, it has the representation

RGAZ = (R(A,AC)(x + ch))’

P

® = R(A)CRM, A)x + Y),

which is simpler than the case for M = 0.

Proof. For A in Q we can solve (5.40) as:

(x) _ (R(A,AC)(xg + LY))
Y) \RQA,A(Cx+Y,) )’
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But
Cx = CR(A, Ad)x, + LAY
= CR(A, A)xg + L)Y,
AY —AY — CR(A, Ad)xg — LAY = Y,
AY —AY — LAY =Y, + CR(A, Ac)x,.
But A is not an aeroelastic mode and hence
Y =RA)(Y, + CR(A, A)xy),
where R(1) is the generalized resolvent and in turn
LY = LR(A)(CR(A, A)xg + Yy).

Hence

X\ (RO.A)(x, + L)
()= ("5 ),

® = RA)(CR, A)x, + Yy)

as required. O

Semigroup Generated by A

We show next that A generates a Cy semigroup. The main step here is again to
evaluate the inverse Laplace transform of the generalized resolvent. We note that

[IRA, A)L(A)|]| — 0 asRel — oo.

Hence we have that A
[[R(A, AL <1

in a right-half-plane and furthermore, also the Neumann expansion therein
. o A Nk
(1= RO.ALW) " =Y (RO ALW)
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where

RO, ALA)Y = / ” e M Ji(t)Y dr,
0

Ji(t) = /Ot St —o)L(o)do,

whose Laplace transform is defined for ReA > the growth bound of the semi-
group S.
Define

t
J,()Y = / Ji(t —o)y—i1(0)do, n>2,
0

whose Laplace transform is:
(R, A)ri(x))" .
Let
R -1
) = (1= ROCALD)  —1,

which is defined for Re A > the growth bound of the semigroup S(.).
Then

P = (1 - R()L,A)/f()t))_l ROLALR) = RAYLM).
Let
r@t)Y = Z J.(1)Y, r>0.
n=1

Then the Laplace transform
[ 0 . k . —
/ eHr(di =Y (R()L,A)E(/\)) - (1 - R(A,A)E(A)) .y
0 k=1
=T7(A).

Next let

W)Y = S(1)Y + /t S(t —o)r(c)Ydo  t>0. (5.152)
0
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Then the Laplace transform

/oo e MW()Ydt = R(A,A) (I +7(A) Y

0
— R(A, A) (1 _ R(A,A)ﬁ(k))_l Y
— R(V)Y.

Define

S.(0)Z = (Sc(t)x +/ S;((tt)— U)ch(o)da)’ 7 _ (x) ’

() = W)Y + /t W(t —o)CS.(0) xdo.
0

The Laplace transform is the resolvent of A, proving that it is the semigroup
generated by A. Thus we have the state space representation:

Z(@t) = AZ(1),
Y(t) = PZ ). (5.153)

This establishes in particular the existence and uniqueness of solution to the
aeroelastic equations. This result is essential for control theory treated in Chap. 8.
We can now go on to the main objective of the theory: flutter analysis next.

5.7 Flutter Analysis

Divergence Speed

We begin with the divergence speed (4.42) we have already seen in connection with
the steady-state or “static” solution in Chap. 4. Here we examine it from the dynamic
side as corresponding to zero frequency.

Thus here we consider U such that d(M, 0, U) = 0. Setting A = 0 is equivalent
to setting all the time derivative terms to be zero.

Theorem 5.36.
d(M,0,U) = coshl/wq,
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where

Wy =

GJV1—M?
Proof. We calculate w;; (0). Using:

Hence

_wpb*(1 + 2a) U

2

[x| < 1.

From which we calculate the entries in the matrix A(0):

w1 =0,
w3 =0,
2
wy = bU* p———,
? Ji—m?
npb*(1 +2a)  ,
wg=——"——="TJU
GJV1—M?

which in turn yields

’

2
d(M,0,U) = coshﬁ\/—MUz

GIN1I—M?

Hence d(M,0,U) = 0 yields cosh £ /wys = 0.

Or
wpb%(1 4 2a)
cos| | ——=U?2
(\/GJ«/I—M2 )

=0.

231
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Hence

U=@ntn)(1-m)t L > G/

2bl /(1 + 2a)

n positive integer and hence the divergence speed:

1 VrGJ
208 \Jp(1 + 2a)’

which of course checks our previous result based on the time-invariant solution
(5.42).

U, = (1-m2)" (5.154)

Remarks: A question of interest here (see below) is what happens as we increase
speed at the divergence speed. We want to calculate the nearest aeroelastic mode as
we increase the speed. We show that the derivative with respect to U is positive at
this point, thus as we increase speed the system becomes unstable, with a positive
aeroelastic mode.

Thus we want to calculate AA as a function of U; + AU such that
dM,AL,U; + AU) = 0.

Because
d(M,0,U) = coshl./wy,

0d(M,0,Uq) ¢ apb2(1 + 2a)
U GIVI—M?

However we run into the difficulty that dd(M, 0, U,)/0A is not defined at A = 0—
singularity of the function at A = 0! We hence use the perturbation formula: for
small A

we see that

d(M, A, Uy) = det x Pe®Q

l
= det (PeA<°>Q +P / e 4(1) — A(O))eA(O)“st) .
0

where we may use the approximation for small A for the w;;(A) given in [21],
following the expansion in Sect. 5.4.

Here, however, we follow a less computation-intense type of approximation.
Thus note that d(M, A, U) is a function of the variables, wy,...ws and we may
denote it d(wy, . ..w4) We note that

d(0, w2, 0, ws) = cosh [£./wy |
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and for small k:

ad (0, w;(0), 0, ws(0)) ad (0, w;(0), 0, w4(0))
wi + w3
owy ows

+ cosh [£/wq]. (5.155)

d(M, 1, U) =

This is in fact a relation we use many times. And as a further approximation we may
simply use

d(M, A, U) = cosh [£./wy ]

= cosh

1
X |:5 \/a [A21g 4 pb2U? (wy + kwyy —a(l — ak)wyi ] —ak(wa + le))]

b

k .
U

Hence we need to find A such that for

U=AU+U;, AU >0,

472

lzlo + ,Osz2 (W21 + kwyy — a(l —ak)wy — ak(le + wpp)) = _GJZ_Z’
where we know that

47
pb*Uj (w21 (0) — aw11(0)) = _ng_z'

Subtracting the bottom from the top we have
A1y + pb*U? (wa1 — wa1 (0) + kwa — a*kwiy — a(wi — wi1(0))
+(w21(0) —awn(0)) pb* (U? = Uj) — ak(war + wiz) = 0.

We can approximate the w;; here by their limit values at A = 0, and obtain the
quadratic equation in A:

AN — M2y — pb*Ua®2mbA — (1 + 2a)pb*(U* — U2) = 0.
But for U > U, we see that the term independent of A is negative, and the roots are

1
V11— M2 (
J((pD?Uaxb) + VT= M2 1 (1 + 20000 (U2~ U3) ).

pb*Ua*nb+
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and we note that there is a positive root which also depends on M and Iy. This
verifies our claim. The main point is that we wind up with a quadratic equation in
A, where the term independent of A is negative; this is what continues to hold even
with higher-order approximations.

The divergence speed for nonzero o and the transonic dip has been covered in
Chap. 4. So far we have considered the CF case. Following similar lines it is easy to
see that for the FF or CC case the speeds are determined by

sinhf /wys = 0
or the divergence speed is now given by

Uy = (1— M) L _YmGt

4bl Jo(1 + 2a)

one-half the value for the CF case.

Root Locus and Stability Curve

Our first objective is to make precise the notion of flutter speed. For this we begin
with a closer examination of the aeroelastic modes. The function d(M, A, U) fixed
M , is analytic in both A and U (even though we are interested only in positive values
of U), and for fixed U, with a branch cut along the negative axis, including zero,
in A. For each U there is a countable number of roots of d(M,A,U) = 0 which
we denote by A(U). We consider only nonzero roots, and assume that there are no
multiple roots. If there are, we need to work with each branch in a similar way. We
have in fact seen that there are two near the divergence speed.

We can apply the implicit function theorem by which we see that A(M, U) is an
analytic function of U, omitting isolated singularities where

0d(M, 1, U)

0: d(M.,A,U)=0
i ( )

and in particular we see that:

d
JA(M, U) = [A =AM, U).

_0dM.A.U) [dd(M.A.U)
U A
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Also
9%d(.) N 23%1(.) (dk )2 9%d(.)
a2 U2 90U  \dU ) a2
ER

where of course the denominator cannot be zero. At U = 0, the aeroelastic modes
are the structure modes, and we assume that the damping can be neglected, actually
that the coupling S can be neglected. As before, let us order these modes in terms of
increasing magnitudes, within each class—bending or torsion—so we can talk for
instance about the “first few modes”: A; (0) where A;(0) = iwy (0). For nonzero U
we have difficulty in classifying them. So we use root locus. Thus we consider the
function A (U) starting with the value at zero, the structure mode i w (0). Hence we
can talk about a “bending” mode, or “torsion” mode. Of course the mode and the
mode shape will change as U increases. We call this function a root locus starting
at i wy (0). We use the notation

AM(U) =0r(U) +iwn(U)

and refer to 0y (U) as the “damping” term—stable mode if the real part is strictly
negative.

We note that if complex, the modes occur in complex conjugate pairs; so we may
only consider the ones with the positive imaginary part for most purposes.

By a stability curve we mean the function ox(U),U > 0 so that we have
instability if it is nonnegative, an unstable mode. Our first result is that the damping
decreases at U = 0, whatever the mode.

Theorem 5.37.
a0y (0 2b
(;klﬁ ) _ —ﬁ at every bending mode (5.156)
2b° (a® 4 §
= —Mat every torsion mode, (5.157)
Mly
dayc (0)
=0. 5.158
U ( )

Remarks: Note that the slope does not depend on the mode number. This result does
not appear to be in the aeroelastic lore.

Proof. We again use the local perturbation formula

14
PeZ(A-FAA)Q — PeZAQ + P/ e(f—s)AAAeSAdSQ’
0
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where A is the matrix A(1) corresponding to U = 0, the structure-only case we
have already considered in Chap. 2

O 1.0 0 0 0
o 0 1 0 0 0
o 0 0 1 0 0
AN =
@) —m 0 0 0 0 0
o 0 0 0 0 1
A1
0 0 0 0 %h o

and A A is the increment to get back to A(A). Now, recall from Chap. 2:

PetiQ =
% (cos[wll/“E] + Cosh[wl”“@]) —Sin[mI/Ag];?;?h[ww%] 0
Iw1V/4 (—sin[w1'/4€] + sinh[w1'/4¢]) 1 (cos[w1'/4€] 4 cosh[wi'/*¢]) 0
0 0 cosh[4/w4l]
and

dy = determinant Pe*4 Q
= % (1+ COS[WllMK]COSh[Wl1/46])00Sh|:MK:|

and the perturbation term (see [21])

¢
P/ ™AL eMdsQ =
0

0

0

wz(ze—V WAL 11/4 S wa—2e VWA 11 /4 fipd—e V] I/Al(s/wl +wd)4-ev! e (V/wi+wa)—2(~/wi—w4)sin[w1 1/“])
4w11/4(wl—w42)

0

0

w3(—2e_‘/m wl—ZeNl«/wl-‘re_”‘l1/%(«/wl-‘rw4)+e‘“’11/4l(s/wl+w4)+2( wl—w4)c0s[wll/“])
(4+/wl(wl—wd2))

wz(—ze—/mwl 1/ g 2e VW 114 fiudde= 1 4T fwdy—e ! V40 (ool ) F2( T —wd)sin[w] 1/4“])
(dwl1/4(w1—w42))

w2((— v wl +w4)cos[wl 1/M] + (\/ wl +w4)cosh[wl 1/M]—ZW4 cosh[+/ w4(])
2(wl—wd?)

0
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and we see that we can write

d(M,A,U) = doy + waws detA(y, u), (5.159)
where A(., .) is a 3 by 3 matrix depending only on y, .

From (5.6) we can calculate that the derivatives we need:

dd  do dy | ddodu 0
9o Ol 9 (1 wsDet. Ay, 1)),
30 = 9y U T apau T ag WwiDetAGiw)

0d _ ddydy | ddyops

5
o "y ox g an T ax(ewsDet Al ).

And hence at U = 0:

8W4
v Sy
U - _E at a pitching (torsion) mode
A
owry
___du :
= ” at a bending (plunge) mode.
1
£
Using:
aW,j _ aW,‘j —Ab
v\ ) U2’
ow;j . owi; \ b
oA \ ok JU’
we have:
ow; 1 11
— = Awi — A
U 77 (pb Wit ( - )kb,O ),
awl _ 1 8w11 2
37_ E(( K )b A+prw11+2m/\)
ad
% (W“ — kﬂ)
U
3w1 PWI1 zawll
— 2m+——+pb
ox R T

which we note depends only on k.
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Similarly we can calculate that

I , de(k)
—  2b%p9E  ppd
U _ TP TP
ow, b%p dc(k)
o 2o+ ok

where
c(k) = wy + kwyp — a(l - ak)wn - ak(le + wi2)

and again the ratio depends only on k. Note that U = 0 means that k = oo.
For M > 0 we see from (5.1) that

~ 2
A; (A, .)—>Hfi as k — o0
and hence we see that
4
Wll(OO) = M’
wij(00) =0, i #j,

4
sz(OO) = m,
ow;; (k
k ng( ) -0 as k — occ.
Hence
wy, =0 asU — 0(S = 0),
w3y =0 asU — 0(S =0!).
Hence
8w1
W |y g PPt
Iwy 2m M’
oA
which yields (5.3).
Next:
c(k) 4

4
k —>m+azﬁasU—>O,

de(k 4 4
%(k)ew—i-azﬁasUeO.

Hence (5.4) and (5.5) follow. O
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Remarks: The appearance of (1/M) is interesting, showing in particular that these
are not continuous with respect to M at zero. In fact we have to deal with the case
M = 0 separately.

The stability curve for M = 0
Noting that
Tk)—>1 ask — oo,

we have:
aA(U) U=0 wpb ¢ bendi d
U = = — ——— atevery bending mode
aU 2(m + 7bp) Y g

by
©2(I + mp(a? + 1))

at every pitching mode. (5.160)

Definition of Flutter Speed

We can now make a precise definition of flutter speed.
We begin with the stability curve:

01 (U) as a function of U with A;(0) = iw;, i > 0.
Theorem 5.37 shows that the slope of this curve is strictly negative at U = 0. Hence
the speed U at which o} (U) becomes zero again for the first time we call the flutter
speed for this mode denoted Ug(k). Thus Ug(k) is defined by:
o (Ug(k)) = 0; ox(U) <0 for U< Ug(k);

%om(k)) >0,

The second condition means that the system becomes more unstable as we increase
the speed. Of course at this point, Im A, (Ur) is not necessarily = wy and may have
changed considerably.

Flutter Speed
By “flutter speed” we mean

inf
k Us(k) = Uk, (5.161)

where the infimum is taken over all structure modes.
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In the event that no structural mode flutters, we would have to define it to be
infinity.

The situation changes if we modify the definition (as we do) to be instead the
infimum over all aeroelastic modes (rather than merely structure modes) because
this would then include zero. First we prove that the flutter speed in either definition
is positive.

Corollary 5.38. The flutter speed is positive. The infimum in (5.8) is attained.

Proof. Suppose the infimum in (5.8) is zero. Then we can find a sequence of mode
frequencies w, and corresponding speeds Up, such that Ur, converges to zero.
Suppose the infimum is attained for some n. Then the corresponding flutter speed
must be positive because the slope at zero speed has to be negative by Theorem
5.37. Suppose then it is not attained. Consider the stability curve for each n:

0,(U) =Re A,(U) for0 < U < Ug,.

We have for all n: by Theorem 5.37

d
EO},(O) < —ﬂ <0

and by definition

d
wo-n(UFn) > 0.

The function (d/dU)o,(U)is continuous on finite intervals. Hence for some U—
denoted U,,—the slope

d
w(f,,(U,,) =0, whereU, <Upg,

and U, goes to zero by hypothesis.

Let us look at the corresponding mode sequence w,. Suppose the sequence is
bounded. Then we can find a convergent subsequence with finite limit ws, which
would then attain the infimum. Hence the sequence must be unbounded.

Then

Anb
= N M /\'l‘l n) =
U d(M, A, Uy) =0

and in as much as w, — 0o, we must have that

K

|k,| — oo.

The Mikhlin multiplier converges to a finite limit as |«,| — infinity, and

A _ od [ad
oU U /[ 9
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and

ad 92d()  8%d()dd
P _ QU AU 90U Ay _ ym. v

U2 ad \?
ER
converge to finite values as |k, | — oco.
Now for each n we have, with primes denoting derivative with respect to U:

Uy
0= 0}(Uy) = 0] (0) + / o/ (U) dU,
0

where the integral — 0 and the first term goes to a nonzero value, leading to a
contradiction.
Hence the infimum is attained and is positive. O

A computer program for generating stability curves in incompressible flow is
given in the Appendix of this chapter with numerical calculations for the Goland
model. We note that the first torsion mode flutters.

Theorem 5.39. Zero is an aeroelastic mode for 0 < M < 1.

Proof. For M = 0:
‘We note that from Sect. 5.4

AL(A) =0 atd =0.
Hence to prove that zero is an aeroelastic mode we need to find Y such that
AY =0, Y #0.

Or, we need to find a nonzero solution of (see Sect. 5.4)

—GJO"(Y) — npb*U*H(Y) = 0,
EIR" (y) = 0 plus end conditions. (5.162)
But this is precisely the linear steady-state aeroelastic equation treated in Chap. 3.

For a nonzero solution we have an eigenvalue problem, which has a solution for
only a sequence of far field speeds: under CF end conditions
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1 VrGJ
208 \/p(1 + 2a)’

with 6(y) determined by (5.9.) and /(y) = 0 and also, of course (0,0, U,) = 0.
For0 < M < 1 we have

U =U,=02n+1)

—AY — L(0)Y =0

and from the evaluation of the w;; (0) we see that

=) =)

4
EIR"(y) + Mpbtﬂ@(y) =0,

1
_ " — 2772
GJ0"(y) = mpb*U iy 0(y), (5.163)

plus end conditions. Thus for nonzero solution we have an eigenvalue problem with
solution (under CF end conditions):

1 N GJ
Use = Uy = 2n + 1)(1 = M)V —_ Y777
2b¢ \/p(1 + 2a)
and 0(y), h(y) are nonzero, and of course d(M, 0, U,) = 0. O

Remarks: Note that it is required that M < 1. For M = 1, the formula for U,
yields zero. Indeed we have seen that for M = 1 zero is not an aeroelastic mode.

So what is new is that we have evaluated the mode shape corresponding to the
aeroelastic mode equal to zero. And we see that U, is the sequence of flutter speeds
corresponding to the flutter mode zero, which however is not a structure mode.

Moreover if we consider this as corresponding to k = 0, the stability curve
starting at 0p(U,), we see that the slope is nonnegative, by the Remark under
Theorem 5.37.

In particular this shows that there are zeros other than those given by the root loci
of the structure modes.

Which definition do we use? Note that we do not know whether Ug(k) is < Uj.

This depends on whether “a” is positive or negative—whether the cg is “above
or below” the elastic axis; see [6]—but of course we have offered no mathematical
proof. We use k = 0 to indicate that the mode frequency is zero.

Note that for the mode zero we were essentially calculating the mode shape (x;
in our notation above).

Note that by our definition, if we include k = 0 in (5.9) we have
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0<Ur<U; < o0. (5.164)

The appendix presents a computer program for calculating the flutter speed in
incompressible flow for the Goland model. Here the first torsion mode flut-
ters.

At the present time we have no idea, no formula for determining which mode
will flutter and which won’t, without numerical calculation. Fortunately we are
interested in practice only in the “first few” modes, which makes it doable by
computation.

Now we return to proving the convergence of the many series representations for
the solution of the linear equation. The basic idea here is that as the mode number
increases in the limit they all are like the structure modes {A; (0)}. Also we know that
“physically” the modes cannot grow indefinitely (there are no microwaves) but the
model shows that they are of diminishing importance as the mode number increases.

Dependence on Far Field Speed

The roots {1, } depend on Uy which we shorten to simply U and use the notation
Ax(U) when we need to emphasize the dependence on U'.
Thus

A(O)Yk = ia)kYk; .A(O)*Zk = —ia)ka; Zk = —Yk; [Yk’Zk] = —2a)k2.
Normalization

Mxyxi] = 1Y = ( ik )

ia)kxlk

Similarly we now use R(A, U) to emphasize the dependence on U.
We can express

A+ L)
AU) = A(0) + T(U) + L(A, U),

where T'(U) depends on U but not on A:

0 0
rw) = (—M—l K(U) =M™ D (U))
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and defines a compact linear bounded operator on H into H for each U.

A 0 0
“LU”:LwrhﬁLU)o)

which is also a bounded linear operator as 7(U) but goes to zero in operator
norm as |A| goes to infinity in the spectral strip. Our main result is the asymptotic
equivalence of the aeroelastic modes with the modes of the structure.

Note that it holds in particular if the convolution term LA()L) is absent.

Theorem 5.40. For each U

Proof. The Mikhlin multiplier:

1 VM2%2 4+ 2Mrio + (1 — M?)w?
2 K+iow

behaves badly as k — 0, however, it goes to a finite limit as || — oo. This is what

we exploit.
As || — oo in any strip that houses the roots, the multiplier goes to

M /2 and

2
W aM VR
(6 M) > =

2

w1 — M’

Wij —0 i 75 ] N
Woy —>
and similarly for the derivatives with respect to «.

We use the same technique as in proving Lemma 5.41.
The (nonzero) roots {1, (U)} are defined along the root locus and we have:

U
Mm:%@+/agwm (5.165)
0 u

As n increases so does |«,(U)|, and

U
/ A (u) du
0 ou

goes to a finite limit as n — oo.
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This follows from the calculations above. Dividing by A,,(0) in (5.8), we obtain

IOU 8/15 (u) du
—1g o o ¢ 5.166
70(0) 70 (0) (.166)

where the second term goes to zero with n. Hence the ratio

A (U) — 1 asn — oo.
An(0)
0
In particular we see that
ReA,(U) -0 asn — oo (5.167)
and that
A (U) = 0(m) (5.168)

because this is true of A,,(0).

What we have proved is that the sequences {A;(U)} as U varies are
“asymptotically equivalent” to {1;(0)}; see [2] for similar property in control
problems.

Dependence on Mach Number

The next big question is the dependence of the flutter speed on M, Ug(M).
Actually we are interested in the flutter speed at a given altitude. The speed of
sound a, depends on the altitude. Thus the system is stable if

U
U < UF (—)
oo

Dependence of Flutter Speed on Mach Number

The Federal Aviation Administration (FAA) in the United States mandates a 15%
margin. The question of whether the Flutter speed decreases or increases with M
has been of interest from the early days of aeroelasticity. The first attempt at this was
by the pioneer Garrick [38] where he determines an empirical formula drawing on
the Possio integral equation for nonzero M for M up to 0.6 or so. We may express
this as the Garrick formula:

Ur(M) = (1 = M?)'"*Ug(0).
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Note that according to this, the flutter speed decreases as M increases, and goes to
zero as M goes to 1. This is of course for zero angle of attack. It is remarkable that
there is a marked change for nonzero angle of attack as seen for x = 0 in Chap. 4.

Because we are interested in the dependence on M, we now write A(M, U) in
place of A(U); and similarly Ax (M, U), Ug(M, k) for the kth mode.

It has been observed [19] that a mode which flutters at M = 0 does not flutter
at M = 1, and vice versa. This would indicate that for some value of M there are
multiple roots for the same U. This is true near the flutter speed for k = 0, as we
have already noted. We return to this question in Chap. 6.

Numerical calculations indicate that typically for current commercial aircraft
(heavy wings) the value of k for flutter is small, around 0.1 or so. In as much as
we know that

d(M,0, U) = cosh[f/wy ],

we may use the perturbation formula to obtain:

dM, 2, U) = (—2(—2880(4w3w}

5760w4°
— dwiwiwiwg + wi 4 2wawawi(w —w2))

+ 1440W2W3W4(—4W§W§ + wi — 2wawzwy(—2wy + wﬁ))ﬁ2

+ 120wﬁ(—w2 wsy + W1W4)(12W%W§ + ZWE + wowswy (2w — SWZ))Z4

- 4W2W3W2(W2W3 — wiwyg) (24wow; — dwiwy — 5wi)€6

+ wi(wzm — wiwa)(wows — wi)ﬁg)cosh[MZ]

+ wows(— 1440(12w2w3 122wiwowswy + 5W2W3W4 + 4w1w4 SWZ)

+ 2880w,4(— 3w2w; 2w1w4 =+ 3wawzwa(wy + w4))€2

+ 60W4(—W2W3 + wiwyg)(—5waws + 4(Bwiwy + w4))€4

+ 8wi(—W2W3 4+ wiwyg)(—21wows + 26WIW4)E6 + 6W3(W2W3 — WIW4)2€8
— 60(dwwi (24 + wil?) + wIw3(96 + wyl?(48 + 5wyl?))

— 3wawswa (40ws + wy (32 4+ wal*(16 + 3wyl?))))cosh[2/wyl]

+ Vwal((2880(—4w3w3 + 2wiw§ + 3w§ + dwawswa(wy — 2w3))

— 480W4(17W2W3 + 2w1w4(w1 + 3w4) — wowsws (19w + 3w4))E2

- 48wﬁ(—WZW3 + wiwg)(=21wows + wiwy + 10Wi)£4

+ 4Wi(—W2W3 + wiwg)(wows + dwlw,) €8 + Wi(W2W3 - WIW4)2€8)

x sinh[/wal] + 24(waws — wiwy) (—w3 (120wy + 20w £ + wiwgl?)

+ waw3 (240 + wyl? (50 4+ wyl?))) sinh[2/wal]))). (5.169)
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In addition we may use the approximation for w;; following [21] using the Neumann
expansion in Sect. 5.4. Thus we have:

2Pi k
7 _
V1—M? [ V1—M?
+ Bessel K(1, k))(Bessel/(0, k)

Bessel K (0, k)

wi =

ai
— Bessell(1,k)) — k / a(s)(Bessel K (0, ks) + BesselK(1, ks))
0
x (Bessell(0, ks) — BesselI(1, ks))ds

+ /az a(—s)(Bessel K (0, ks)
0

— Bessel K(1, ks))(Bessel/(0, ks) + Bessel/(1, ks))dsi|,

Wiz =

Pi [1+
V1—M?2 V1=

X (l — M(BesselK(O k) + Bessel K(1, k)))

+k/ a(s)( 2Besse11(1 ks) ——————~(Bessel K(0, ks)
ks

+ Bessel K (1, ks)))ds + k/ a(—s)
0

1 2Bessell (1, ks)
x| ——4+ "
ks ks

2Pi [—1 n k
Vi-M2L 2 J1-M?

(l (l - l) — wBessell(O, k) — BesselI(1, k)))

(Bessel K(1, ks) — Bessel K (0, ks))) ds},
wa =

k\k 2 k

oo (53

Bessel K (1, ks)
ks

1 1 Bessel K (1, ks)
+k/0 a(— s)( (ks+—)—T

x (Bessel/(0, ks) + Bessel/(1, ks)))ds,

Bessel/(0, ks) — Bessel (1, ks)))ds
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1 1 Pi 1
= — — —2PiBessell(1, k)BesselK(1, k
W \/1_M2|:\/1 —= ( o~ p2PiBesse (1, k)Bessel K ( ))

o] 1
+/ a(M, s)ﬁ(Pi —2PiBessell(1, ks)BesselK(1, ks))ds
0 N

[0%) 1
+/ a(M, —s)ﬁ(Pi —2PiBessell (1, ks)Bessel K(1, ks))ds.
0 N

Here we have a still further approximation:

1 1
dM, 1, U) =w (—Eﬁ‘lcosh[«/wd]) + w3 (WWZ(HSZOWE

—2(5760 w§ + 1440 wj£* — 240w3e*)cosh[ /wyl]

+ 8640 wf/zﬁ sinh[\/w_4€])) + cosh[€./wy].

We may use this to calculate

ad
Wr(0.)  am
oM dd’
U

at A = 0, so that Ug(0,k) = Uy, and

_wpb*(1 + 2a) e

T i
and hence
8W4
aUr(0,6) _ om MU,
M we 2(1—M?)
U

as obtained in [21].

This is consistent with the Garrick formula above but of course it is limited to
small «. It is also consistent with divergence as a flutter speed for zero frequency,
except that zero is not a structure mode as we have noted.
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5.8 Nonlinear Structure Models

Finally we extend the theory to the nonlinear structure models we introduced in
Chap. 2.

Linearization: Beran—-Straganac Model

We are fortunate that for this model in spite of its extreme complexity, the static
solution is the zero solution for the structure and constant air flow. Hence the
linearization yields exactly the same equations as in the case of the linear Goland
model.

Linearization: Dowell-Hodges Model

Here as we have noted the presence of the gravity terms complicates matters. Of
course they have to be considered only along with nonzero far field velocity, as we
have noted before.

The static solution which is nonzero, is given in Chap. 4, Sect. 4.5. Here we go
on to linearize the solution to the aeroelastic equations about this solution. This
requires substantial effort because the static structure solution is no longer zero. An
important question is the role played by the gravity terms.

Thus we seek the solution to the structure equations in the power series form in
the structure state variables. Using the parameter A, we define

x(A,t,5) = x(0,5) + Ax(z,s), 0<s<¥,

h
x=|v (5.170)

and determine the linear equation characterizing x(z,.) by retaining only linear
terms in A. Correspondingly ¢ (A, ¢, x, z) satisfies the field equation for every A:

¢(A., ad
TOC) 4 Diven. e
-1 (U2 VoA, )|>  d(A,.
c (14 Lt (o WP 300 )) g
2
—V¢0qJ-V(uz£%lﬂL) (5.171)



250 5 Linear Aeroelasticity Theory/ The Possio Integral Equation

and

09 |Vel?
w(k,t,x,z)—g—k >

Sp(A,.) =—pSy(A,..)

with the boundary conditions detailed in Chap. 3 plus the flow tangency condition
and the Kutta Joukowsky condition.
And

¢o(x, z) = the static potential,

b
LOuty) = / oY (hx, )i,
b

b
M1, y) = / ool = b)Y (A5, )i

and x (A, ¢, s) satisfies the equations:
mh(A.t,y) + ELW" (A t.y) + (EIy — EID) (0.1, y)v(A, 1. y)")

=mgsing + L(A,t,y), (5.172)
mi(A,t,y) + EIV" (A1, ) + (Ela — EL)(O(A, 1, y)h(A, 1, )")”

= mg cos ¢, (5.173)
16X t.y) —GJO" (A t,y) + (EI, — EI)h(A 1, ) v(A,t,y)"

=MQX,t,y) O0<t; O0<y<d. (5.174)

Taking the derivative with respect to A at zero (or equivalently equating coefficients
of the first power of 1), we see that x (z, .) satisfies the linear equation:

mi(t,y) + ELR"(t,y) + (EI, — EL)(O(t, y)vo(y)”
+ 0,0, )" = Li(t, y),
mi(t, y) + EIV"(t,y) + (E1,— EI)(0(t, y)ho(y)”

+ 9,,(y)h(t, Y)U)U =0,
16(t.y) —GJO"(t.y)

+(EIy = EL)(h(t.y)vo(»)" + ho(y)v(t, »)") = Mi(t. y),
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where
b
Liey) = [ aprax
—b
b
M) = [ (= ab)ipitrx i
—b
d
3p1 :a(Sp(/\,.)M:O 0<t; O0<y</{
and

ho(y) = h(0, ),
vo(y) = v(0, ),
0o (y) = 6(0, y). (5.175)

Note that these functions depend on the gravity terms.
Consider first the case where the air speed is zero, U, = 0, but we retain the
gravity terms, so that we have that x (0, s) is the solution of:

EILh" (s)+ (EI,— EI)(0(s)v(s)")" = mg cosg,
EIV" (s) + (E1y— E11)(0(s)h(s)")" = mg sing,
GJO" (s) + (EI,— EI)v(s)"h"(s) = 0.

Plus CF end conditions.

A power series solution is given Chap. 4, Sect.4.5. From which we can see in
particular that the functions are real-valued.

The linear structure dynamics equations then become:

mh(t, y) + EL" (1. y) + (ELy — EL)B(. »)vo(»)" + 6o(y)v(t.y)")" = 0,
mit, y) + ELV"(6.y) + (Lo — E1)(t. »)ho(3)" + 6o(n)h(t. y)")" = 0,
16(t,) = GJO"(t,y) + (ELs— EI) - (h(t, )" vo(»)" + ho()'v(t. »)) = 0.

This can be given a Hilbert space formulation as in the case of the Goland model in
Chap. 2.
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Let H = L,[0, {]® with elements

X =1V

Let A denote the operator with domain:
D(A) = {x|h"" V", 0"€ L]0, 4],
with CF or FF end conditions as in Chap. 2

Ellh////
Ax = | EIV"
-GJo"

Define the operator B with domain: D(B) = D(A).
Then because the coefficient functions iy(y), vo(y), and 6y(y) have continuous
fourth derivatives in [0, £], it follows that

(Ovy + 6pv")”
Bx = (E]z — Ell) (th + eoh//)//
h"vy + hgy'

is in H. Because xo(. ) is real-valued, it is readily verified that
and is closed on the domain of A. Hence
(A+ B)* =(A+ B)

and is closed on the domain of A. Hence the equations can be written in abstract
form:
Mi(t) + Ax(t) + Bx(t) =0,

where
M = diag[m, m, Ig].

We note that, as in Chap. 2, A is self-adjoint and nonnegative definite, and Ax = 0
implies x = 0.
Hence we may, as in Chap. 2, introduce the energy norm space

H =D A)xH
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with inner product:
[Y, Z] = [VAxi, VAz] + [Mx2, 23]

and rewrite the structure equation as
Y (1) = AY (1) + BY (1),
where

0 i
A:(—M—l (A+ B) o)’

where we note that D(A) is contained in D(B), and
D(A) = {(?) ,X2€H, xleD(A)} .
2

Let us calculate first the resolvent of .A. Thus we consider the equation:

AY —AY = Z: X:(XI)GD; Z:(Z’).

X2 22
Or
A2Mx) + Ax) + Bx; = M(z + Az)) X2 = AX1 —21. (5.176)
Lemma 5.41.
BA’M + A)~!

is bounded (but not necessarily compact) and the norm
1

2 -1 =
G2+ A7 =0 (5

) for A > 0.

Proof. Only the last part is new. Here we note B is closed and that the range of
(A>M + A)~!is contained in the domain of A which is contained in the domain of
B. And we can write

B(2M+A) " =BAT (AP MAT 1)

- A2 4+ A

k=1

(APMA™ + 1) x

2
’

[)C, ¢k]

which is enough to show via the uniform boundedness principle that

_ 1
| (RPMA™ + 1) =0 (p)
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and in as much as BA~! is bounded, this is enough to show that

_ 1
[|BA*M+A)7Y] =0 (ﬁ) .

Hence we can go back to (5.7).
Lemma 5.42. The resolvent R(A, A) is compact for all A in the resolvent set that
includes a half-plane

X =R, AZ,

0= (M +4)" (1 +BEM+4) ) MG + 2a),

X2 = Ax; — 21 (5.177)

for all A large enough.
Proof.

The compactness follows from (5.8). O
We next proceed to calculate the modes following the procedure outlined in
Chap. 2, Sect. 2.4, for the Goland beam. Here we simplify the analysis by taking
advantage of the fact that mg(E [, — E I) is small.
Let
Y = Col[h, k', h" b v, v/ V' V", 6,6

Then (5.7) can be expressed:
Y'(M) = (AQ) +B)Y (D),

where

0100
0010
0001
w000

0000
0000
0000
0000
00001000
00000100
00000010
000w, 0000
000000010
000 00000ws

A =

S O O o o O
S O O O O o oo

= elNoBeBeNe)
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W = — 2 M
EI,’
sz—lzi,
EIL,
Iy
=12,
=G
where BY(s) = (EI, — EI;)Col[0,0,0,(0vy” + 6pv")",0, 0, O,

(Bho" + 6oh™)",0, (W'vy" + hy"Vv'")], which we solve as

Y(s) = eA®sy(0) + / AV BY (0)do,
0

which is a Volterra integral equation that we solve by retaining only the linear term
in B to obtain:

. s N {
Y(s) = A0 Y(0) + / AN BARY (0)do,
0

so that

. . R
0= (00 [ dnerg i)
0

The eigenvalues for the CF end conditions then are the zeros of

. t . .
d(A) = det P (ef.‘(*)f + / eAM(=op eA(“"do) 0,
0

the determinant of a 5 x 5 matrix, where P = Q*, where now P is 5x 10, given by:

00000
00000
10000
01000
00100
00010
00000
00000
00000
00001

The main point to note here is that d (1) is an entire function of A and has a countable
number of zeros with no limit point in the finite plane.
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Let us see what we can say next about the perturbed eigenvalues.
First we see that

do(X) = det PerMeQ,

A =iwg = (1 4 coshyy cosyr)(1 + coshﬂkcosﬂk)cosuw,f,

where the mode frequencies are:

1(1511)1/4
wp = - | — Vi
£\ m

1/4
(5

T |GJ
=2k +1)—, —.
o= Ck+ DT,

or

1
a)k:Z

or

Let the perturbation be denoted:

[ .
di(A) = Det P/ AN p AN g5 0,
0

We note that this is a function of A2. And hence d, (i wy) is real-valued, although the
derivative is imaginary. Hence a one Newton step shows that the root continues to be
imaginary. Hence it follows that the perturbed eigenvalues are also imaginary. Usu-
ally for perturbation by a controller, for example, we assume that the eigenfunctions
are approximately the same and only the eigenvalues change. If we do that here we
would find no change in the eigenvalues because [B @k ¢i] = 0.

Linearizing the Euler Full Potential Equation

Next let us linearize the potential equation about the static solution. Let ¢(.,.)
denote the static solution, and ¢ (7, ., .) the linearized potential. Then ¢ (, .) satisfies
the linear equation with nonconstant coefficients:
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¢ Ve ) y—1 (U2 |Vé,|
oz TV 5 _a°°(1+ a2, (7_ 2 ))A¢

—(y = DAy (V¢o Vo + %—f)

\V/ 2
= Vo V(O -v (V0 ) v

with the boundary condition

dp(t,x,0%£)
0z N

¢o

- [f’:(z, 9+ (- ab)i ) — P, y)}

— 0o(y) (0 (2, x,0%)) /0x, x| <b.

This is of course quite a formidable task—as stated—because the coefficients are
no longer constant. So we seek only an approximate solution, as in the case above
for the structure. Thus we break up the linearized equation with

$oo(x, z) = xU
and correspondingly

@, x, 2) = ¢oolt, x, 2) + o1 (t, X, 2)
with the boundary conditions

0 (1,x,0%) _

- - [/é(w) +cab)it. ) - P00 )
Z X

+ 00(») (¢ (&, x, O:i:))/ax}. (5.178)

The boundary conditions don’t involve the in-plane bending v(¢, . ).
Now ¢ (t, .) satisfies the field equation:

¢ P ¢ 2 2% 0%
o T W+l ((1 - M)+ —)

a U2 Vo2
= ¢(1,%,29) = (Voo — Vo). -V + (v _1)( _ <§0| )A¢
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d
—(y — 1) Ado (V¢o Vo + a—‘f) — (Vo — Veuo)

V(Yo — Véu) - V) — V ('WO'Z) V.

So we express the solution as the sum of two: One (denote it ¢) that satisfies
the nonhomogeneous field equation with zero boundary conditions and the other
(denote it ¢ ) that satisfies the homogeneous field equation:

P ¢ ’o ., 32¢ 32¢
5 T2 aoo((l— ) azz)_o

with the boundary conditions given by (5.7).
The solution to the first is given by (as in [7])

$r(t. x. ) = /0 do /R LG —0, x—E 2= Do, £ DL,

where
1 1
L(t, x, 2) = 5 - .
2ral N1—M Y 1 x2 7
(-vas) -l e
where
el =a’ (1 - M?); ¢ =a%,
z ! A(t —o0,8)d§
t,x,7) = — d
pott. v 9= [ G—t-Uoy+2)
and

A (t,.) is the solution of the Possio equation:

b
/ Pt —o, x —§)A(o, §)dodé = —[fz(t, y)+ (x — ab)é(t, y)

—b

— %9 t,y) +6u(y) (—A(l,x) + %/0 At — o, x — Uo)do) i|,

where P(., .) is the linear TDP kernel as given in Sect. 5.6.
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This equation is a little bit more involved than the standard TDP, because of the
function 6y(y) but we can still take advantage of our solution of the Possio equation
and rewrite the equation as

A+ 80U (M)LA = Y (M)w, (5.179)

where
d t
LA=A— —/ SWUo)A(t — o, .)do,
dr Jo

w(t, x) = — [fz(t, V) + (x —ab)o(t, y) + %9(1, y)i| for fixed y.

And hence
A=+ 60(y) v (ML) Y (M)w,

which may be approximated by
A= (I —6(y) ¥(M)L)Y (M)w. (5.180)
Hence we have:

(1. %.2) = dut x.2) + /0 /R doL(t ~0,x — £~ Dyl £ e

which is a Volterra equation in the time domain, and has the solution (up to the first
term):

o(t, x, z2) = ¢p(t, x, z)+/0 da/RzL(t—a, x—£&, z-20).

0 U? A\ NE
|:(V¢OO—V¢0).§V¢B+ (y _1)(%_' €§0| )A¢B

— (y —1DAgo (Véo.Vép) — (Vo — Vo) - V((Vdo — Vo) - V)
CV(40P) - Vs ] dedt.

What is unique about this example is that we have modes (eigenvalues) even
though the system is not linear which continue to be the modes for the linearized
approximation.

We stop here because further analysis would involve explicit use of the function

¢0(" . )
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5.9 Appendix: Computer Program for Flutter Speed
in Incompressible Flow: Goland Model

Dynamic Response of a Wing in Unsteady Aerodynamics

This Program Calculates the Flutter Speed of a Wing in
Unsteady Aerodynamics Using Full 2D Continuum Model

(*Initialization & System Parameters®)
(*Initialization & Output Log File*)

Off [General::"spelll", General :: "spell"];
(#»Initializex)
ClearGlobal[] :=ClearAll ["Global’x"]; Clear Derivativel];

Remove [“Global’ *7];);
ClearGloball ];

sciNumut [num_] := ToString [MantissaExponent
[Abs [num]] [[1]]] <>

"E"<> ToString" [MantissaExponent [Abs[num]] [[2]]1];
writeNum [name_, num—, desc:—""]:= name <>" = \ t'"<>

ToString [N[num]] <> "\ t" <> desc <>"\ n";

nbInfo = NotebookInformation [EvaluationNotebook[ 1] ;
sLogFileName =
"z. RunLog."<> StringReplacelList Extract ["FileName"/.
nbInfo, 27,
", nb" — ""];
nbFileName = Extract["FileName"/. nbInfo, 2];
nbDir = DirectoryName "ToFileName ["FileName"/. nbInfo]];
nbFilePath =

"FileName"/. nbInfo /. FrontEnd ‘FileName [dir_,

fname_,] <> ToFileName [dir, fname];

sWinTtl =": Initializing, creating log file. . . ";

Setoptions [EvaluationNotebook[ ], WindowTitle — Dynamic

[nbFileName <> sWinTtl]];

SetDirectory [nbDir];

sTimeStampForm = {"Year", n-n, "Month", "-", "Day",
w,", "Hour", ".", "Minute", ".", "Second",",",

"Millisecond"},

sOutFile = DateString Join [{sLogFileName, ", "},

sTimeStampForm]] ;

sLogFile = sOutFile <>".xls";

sPDFFile = sOutFile <>". pdf";

sStartTime = DateString Join [{"Start time: \t”},

sTimeStampForm, {"\n}l];
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(xformatted time stamp, write in log file )

dtStartTime = DatelList []; (*raw time stamp for run
time

calculation )

fTimeUsedO = TimeUsed [ ]; (xtotal CPU processing time
used by

Mathematica Kernel «)
strm = OpenWrite [sLogFile];

(*Parameters for the Structure®)

m= 0.7; (* mass per unit length x)

a = -0.3; (+ location of elastic axis «*)
b = 3; (* half-chord length =)

1 = 20; (*» span =*)

S = 0.447;

I =1.943;

GJ =2.39%10°
EI =23.6 %x10°;

mt = 0;
s¢ = 0;
Iye = 0;
I. = 0;

(*Parameters for Control*)
ghi =0; gi=0; steu=010; numu= 100;

(*Parameters for the Air*)

p = . 0022973;
pb’m
K= ;
m
2.39x 10°

(*Calculation of 1st Bending and 1st Torsion Modes of the
Structure *)

sWinTtl =": Calc lst bending & 1lst torsion of
%}ructure...";
X =—;
mb
— I .
T=yVme:

— Lyc -2 ~gh. — ~2. _ ~2.
nl =272+ "3 n2 = —mt/EI ,g n3 = S, /EI7?;
n4 = —S./GJ~%; ns =I./GJ"2% + " —;

o GJ
twl = ——"2(1 4+ V);

&
tw2 = ——b 3 (x—a");
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m
tw3d = —b 3 (x—a”);
aJ

5 Linear Aeroelasticity Theory/ The Possio Integral Equation

m 1
twd = —b* 2 [r* 4+ = +a%)]);
GJ 8

0 100 0 O
0 010 0 O
0 001 0 O

twl 000 tw20
0 000 O 1
tw3000tw4d 0
0n1l10 00

p3=[n2 0 01n30

nd 0 00ns51

000

000

100

010

000

001

2
7 [EI
wbl = (0.597)° =/ —;
2V m

GJ 7w
wtl =/ ——;
Ta 21
2
T EI
wb2 = (1.49)2—,/—;
{2 m
GJ 371
wt2 = | ——;
Ta 21

g = Det[p3.MatrixExp[A % 1].g3]/.A— > wI/.gh— > 0/.ge— > 0;
w2 = w/.FindRoot[g == 0,{w, wbl,wbl + 0.01}];

w3 = w/.FindRoot[g ==

0{w,wb2,wb2 4+ 0.1};

wl = w/.FindRoot[g == 0,{w,wtl,wtl + 0.1}];
w4 = w/.FindRoot[g == 0,{w,wt2,wt2 4+ 0.01}];
mode = Chopl[{!1,!2, 13, 14}];

mode/2/ ;

(*System Equations*)

sWinTtl =" :Calc system equations...”;

ClearAll[a,p3,g3];

z = "b/U;

wll=Pi z+2 Pi T;
wl2 = Pi T;

w2l = —P1i T;

w22 =Pi/2(1+ z/4 —T);
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T = BesselK[1, z]/(BesselK[0, z] 4+ BesselK[1, z]);

wl =—1/EI("?m+ &Ub~wll);

w2 = —1/EI(72S + &bU?((1 — az)wll + zwl2));

w3 = 1/GJ(72S + &b?U~ (w21 — awl2));

w4 = 1/GJI(72I + &b?U? (w21 + zw22 —a(l —az)wll —az(w2l + wl2)));

010000
001000
A= 000100
wl1000w20
000001
w3000w40
0nil0o 00O
p3=|n2 0 01n30]};
nd 0 00n51
000
000
@ = 100
o10]’
000
001

. 1
d~0 = Det[p3.MatrixExp[Al].g3]/.Cz— > 5;

d~1 = Det[p3.MatrixExp[Al].g3]/.gh— > ghi/.g— > gi/.
BesselK][1, z]

Cz— > ;
BesselK[0, z] 4+ BesselK[1, z]

(*Root Loci with U as the parameter*)

(*Root Loci*)

sWinTtl =": Calc Root Loci w/ param U.";
ClearAll[”,gh,g,Ul;gr = {}; tp = {};

st0 = "Root Loci with U as the parameter:"; (xPrepare

Plot Titlesx)

sPlotTtl = {st0 <> "1°% Torsion",st0 <> "1°% Bending",

st0 <> "2™ Bending",st0 <> "3%¢ Bending",st0 <> "27d
Torsion";};

10 =",Listing for";

11 = {10 <> "1°® Torsion",10 <> "1°® Bending",10 <>

n27d Bending™",

10 <> "2 Torsion };

Do [U=0;ht ={};rp = {}:ip = {}; tmp = mode[[k]]1i;

WriteString [strm, "U\tSigma=Re (L)\tf=Im(L) \tRe/Im\t
A

tmode\ n"];
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(* column headers x)

Do [U =U+ steu; ™ = 7/.FindRoot[d~"1 == 0, {7,
tmp, tmp + 0.01’i}]; tmp = ~;Um = U;
sWinTtl =": Calc Root Loci w/ param U = "<> ToString|[U];

WriteString [strm, StringForm ["" \ t"\ t"\ t"\ t"\ t"\
n" ,
NumberForm[Um, 10], NumberForm[Re[A], 10], NumberForm
[Im[A]l, 107,
NumberForm[Re[~]/Im[”], 10], sciNumOut[Abs[d~1]],

NumberForm[mode [ [k]], 10]1];
Re[~

rp = Append|rp, {Um

ip Append|ip { ————}}

Re[~] I
ht = Append|ht { }}

{3, 1, numu}
sTimeUsed = "CPU time used (min): \t"<> ToString
[ (TimeUsed
[1-- £TimeUsed0)/60.0]<> "\n\n"; WriteString [strm ,
sTimeUsed] ;
tp = Append [tp, {rp, ip}]
pl = ListLinePlot [rp, AxesLabel — {"U","Re[”]|"}];
p2 ListLinePlot [ip, AxesLabel — {"U", "Im[”]"}];
p3 ListLinePlot [ht, AxesLabel — {"Re[A]", "Im[A]"}];
Print [GraphicsGrid [{{pl,p2,p3}}, ImageSize — Full,
Frame — True,
FrameStyle — Directive [Blue, Dotted], PlotLabel —
sPlotTtl

ﬁ[k]]]], {k, 1,45

sEndTime = DateString[Join[{"End time: \t"},
sTimeStampForm, {"\n"}|];
sTimeUsed =
"CPU time used (min): \t" <> ToString
[ (TimeUsed[] -fTimeUsed0) /60.0] <> "\n";WriteString[strm,
sStartTime, sEndTime, sTimeUsed];
(xPrint time stamps for performance reviewsx)
WriteString[strm, writeNum["m", m, "mass per unit
length"] <>
writeNum["a", a, "location of elastic axis"]<>
writeNum["b", b, "half-chord length"] <> writeNum["1",
1,
"wing span"]<>
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writeNum["S",

[IIGJII ,

GJ] <>

S]<> writeNum

["I_alpha",

265

I]l<> writeNum

writeNum["EI",
writeNum
["S_t",S_t]<>

sciNumOut [EI] ]

<> writeNum["mt",

mt]

<>

writeNum ["I_yt",Iy¢] <> writeNum ["I_t",I.]<> writeNum

["ghi", ghil<>

writeNum ["g-alpha-i", gil

<>

writeNum ["numu",

writeNum
["kappa", 11 ;
Close [strm];
NotebookPrint
(xSave nb file
sWinTtl

—n.

<> writeNu
numu] <> writeNum [

[EvaluationNotebook [],
with graphs as PDFx)

Done! See log file.";

Root Loci with U as the parameter:15tTorsion

m ["steu", steu]

"rhO", a, ||||]<>

nbDir <> sPDFFile];

L L N Re[A]
0.1 02 03 04

. . . L U
0 600 800 1000

54.4
54.2
54.0
53.8
53.6
53.4

8.8
-0.5 8.6
8.4
-1.0 8.2
15 78
-2.0 ¥
Root Loci with U as the parameter:2"d Bending
Re[A] Im[A]
RS a0 w00 w00 000V aga
—0.005 o 1 542
~0.010 54.0
~0.015 538
~0.020 gii
—0.025 ’ A WV § L
-0.030 Y200 400 600 800 1000 ~0.030 -0.025 ~0.020 -0.015 -0.010 ~0.005

£ Re)]

Im[A] Im[A]
37.6 37.6
374 374
372 372
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368 368
36.6 ; 36.6

7500 400 600 800 1000 2075 2000 005+ RelM
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Notes and Comments

It is humbling to note that in spite of all the theory developed, we still cannot answer
some of the simplest of questions. For example: which mode is going to flutter first
without carrying out a computer program for the given parameters? The dependence
of the flutter speed on the parameters is just a little too complicated. We do have,
however, a closed-form formula for the divergence speed which can give some idea
of the range of the flutter speed but not much more. This is further confounded by
the fact that in the case of axial flow treated in Chap. 10 the divergence speed is
simply not defined!

The Possio integral equation, which is the heart and soul of our theory, was
derived by Possio in 1938 [37] for the “oscillating wing”; it was customary at
that time to distinguish between the “steady” oscillatory motion and the transient
“unsteady motion,” a distinction that persists in the aeroelastic literature even today.

The Laplace Transform version that encompasses both was given in 2003 in [4].
It is not merely a matter of replacing i w by A. The Fourier transform integrals in the
original Possio version are not convergent whereas the Laplace transform integrals
are shown to be convergent and the Fourier transform version obtained by taking
limits as in modern theory [10, 41]. The well-known book by Fung [47] claimed
that the existence of a solution was proved but no reference was given. It was not
until 1976 that an unequivocal statement appeared in [49] in the negative but the
Fung assertion was believed by most of the aeroelasticians. In fact when I began
my research many of my colleagues in aeroelasticty would ask me, “Why are you
doing this? It is all known!” Moreover, a successful computational algorithm by
Rodden [36] has replaced the analytical version in practice even though no proof of
convergence has been given.

A radically new version that employs Fourier transforms in the space domain was
given in [4] with a simple explicit function (in contrast to the two-page statement
involving Hankel functions in [6]). In particular this shows the lack of analyticity
in M and k (the normalized “frequency”) thereby questioning many of the early
approximations in M and in k reported in [6] and references therein. In [4] it is
proved that there is a unique solution in L,, I < p < 2 for each M for small
enough |k|. A time domain abstract version was given in 2007 in [5]. Finally the
nonlinear version was given in [14].

The basic idea is that the calculation of the pressure jump given the structure
normal velocity is embodied in the Possio equation and effectively replaces the
Euler field equation insofar as the structure dynamics is concerned.

We have thus an “input—output” problem characterized by the Possio equation,
the recurrent theme throughout this work.

The Possio equation and its various extensions including the nonlinear time
domain version are used systematically in this work, even for the incompressible
case in place of the classical theory in [6] which draws on the pioneering work of
Theodorsen. The equation was mostly ignored in the literature, with no mention
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in the recent standard references [17] or [5], for example. It is ironic that Possio
was killed in the last Allied air raid on Turin, Italy, in World War II. Indeed even
his name would seem to be largely forgotten in his country of birth because of the
perception that he was a collaborator!



Chapter 6
Nonlinear Aeroelasticity Theory in 2D
Aerodynamics: Flutter Instability as an LCO

6.1 Introduction

In this chapter we return to the full nonlinear aeroelastic problem as stated in
Chap. 3, with the structure models both linear and nonlinear, described in Chap. 2
and the isentropic aerodynamics as treated in Chap. 3 with the flow tangency and
the Kutta—Joukowsky boundary conditions. Recall that we use continuum models
without immediately approximating them by finite-dimensional models as in all the
current aeroelastic literature.

Our major result is a characterization of Flutter as a limit cycle oscillation with
the flutter speed as a Hopf bifurcation point determined by the linear equations,
obtained by linearizing the nonlinear equations about the equilibrium or rest
structure state and constant air flow. The point of departure is the input—output
point of view and the key role is played by the Possio equation which we need to
generalize to the nonlinear case, perforce in the time domain rather than the Laplace
domain. We limit the theory to 2D air flow because almost no results are available
for the Possio equation except in this case. For the same reason the angle of attack
is taken to be zero. Furthermore we consider only M such that 0 < M < 1. The
case M = 0 is treated in Chap. 10.

A basic assumption is that the structure displacements are neglible compared to
the air displacement in the same time. This means that the structure is essentially not
moving compared to the air, which is implicit in the statement of the fluid-structure
boundary conditions.

As in the time invariant case in Chap. 4, which we follow closely, we provide a
constructive existence theorem where the main tool is the power series expansion
in terms of the structure variables. This is unique to our approach and is consistent
with our view that our interest is in the structure dynamics and how it is affected by
the air flow primarily, and in the air flow per se only secondarily.

A 'V Balakrishnan, Aeroelasticity: The Continuum Theory, 269
DOI 10.1007/978-1-4614-3609-6_6, © Springer Science+Business Media, LLC 2012
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6.2 The Aeroelastic Equations: Linear Structure Model

We begin with a statement of the full dynamics with the linear Goland structure
model. Thus we have:

mh(t,y) + S6(t,y) + EIN(t,y) = L(t,y)

b
:/ p(t,x,y)dx, O0<y<{, (6.1)
—b

1,0(t, y) + Sh(t,y) — GJO" (1, y) =M(t, y)

= /Z(x —a)dp(t,x,y)dx
0<y<d, (6.2)
with CF or FF end conditions.
8p(t,x,y) = =pooSV(, X, y). (6.3)

For each y,0 < y < £, the 2D aerodynamic equations in x, z:

q(t,x,2) = Ve(t, x,2),

D¢ _ ¢
V(t, x,2) = o = > v¢ Vo, (6.4)
9? ]
at‘f ALY
—1 |V¢|2
(1+ 2L (U2—|v¢>|2)) Ap—V¢ -V
—00 < X,z <00, exceptingz=0, (6.5)

where we consider only:

0<M<1; M=U;°°.

oo
OmitM =0and M =1.)
The boundary conditions are:

1. Flow Tangency.
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Allowing for flow discontinuity between the top and bottom of the wing and again
assuming wing displacement to be small compared to that of the air.

_aa¢ (1,3, 04) = 222 1 () [fz(t,y) +(x—a)b(,y)
Z dz
H 0000, 1l <. ©6)

And

d 0o . .
5,2 x.0-) =—(§ +(—l)|:h(t,y)+(x—a)9(t,y)
14 14

+ %¢(t,x,0—)9(t,y)i|, |x| < b. (6.7)

2. Kutta—Joukowski Conditions:

The pressure jump is zero off the wing:
Sy (t,x) =0 |x| > b. (6.8)
The Kutta condition at trailing edge
Sy(t,x) =0 asx —>b—.

This completes the description of the problem.

The Aero-Structure Dynamics/Input—Output Problem

From a general viewpoint we may consider the fluid-structure interaction problem as
an “input—output” problem where the structure velocity w, (¢, .) (the “downwash”)
can be considered the input and the pressure jump dp(z, .) as the output. The lift and
moment are just linear functionals of §p(z, .).

Heuristically, we can then invoke the Duhamel principle, familiar in electro-
magnetic theory or more generally (see [1, 44]), as the response to a boundary
input in wave motion. Thus §p (¢, .) must be a physically realizable response, albeit
nonlinear, extending the theory from the steady-state case in Chap. 4.
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Power Series Expansion/Flow Decomposition

The far field potential is
¢OO([7-X7 y,Z) = -va

where U is the speed parameter, U > 0. We omit the subscript co.

As in Chap. 4, we consider the solution potential ¢ (A, ¢, x, y, z) corresponding
to Ah(t, y), A0(t, y) where A is a scalar-scale parameter, and make it 0 < |A| < 1,
yielding the expansion:

P t.x.0) =) Tt x.2). (6.9)
k=0 "

where

do(t,x,2) = Ppool(t, x,27) = xU,

ak
¢i(t,x,2) = a)k_k¢(0’t’x’y’z)’ k>1,

where we refer to ¢ (.) as the kth-order potential.
We calculate these by taking derivatives in the field equation with respect to A.
We see that ¢ (¢, x, 7) satisfies the linear field equation:

E(¢) =0, —00 < X,z < 00, omitting the wing,

where

E(¢) = (6.10)

82¢ 9%¢ 9%¢ ¢
+2U —laZ (1-M?) — +a2—|.
a2 d10x [a“’ ( ) w2+
It is interesting to note that the constant y does not appear in this equation, and
hence if we are interested only in the linear equation we may take y = 1.

More generally, for ¢, k > 1, as in Chap. 4, we expand both sides of (6.5) in a
power series, obtaining:

7¢ AF AT ¢
Z (azz") o sz, qk q; HV_I)ZZFF@)_;

k=1 k=0 j=0 k=1j=1

2, A -1 MA g q A9
_ago(;k_!A¢k) 1+);ago —ZZ%—UZT

171
i=1j=1 L i=1
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_iii—l Atmtp) bn %32% + %32%
n!m!p! ox \ dx 0x2 0z 0x0z

n=0m=0 p=1

a¢n a¢m 82¢P a¢m 82¢P
—_ —_ 11
0z ( 9z 072 Ry dxdz ) |’ ©11)
where
0% 02
A=t
dx2 + 072
qr = Vr,

391 00, , 09, 09,

495 = 3% x 9z 0z

These of course reduce to the equations in Chap. 4 upon setting the time derivatives
to zero.
Theorem 6.1. The kth-order potential satisfies the linear nonhomogeneous equa-

tion

E(Pr) = gi-1.

where gy only involves potentials of order < k, and gy = 0.

k—1

09,
gk—1=—— chj qik—j * 4; ch] jA¢k —J

k—1 a¢k )
+(1=y)U Y Crj =5 Ap;

j=1
111 S
+_k'ZZ i —4q qi - qj A, i+j+m=k
i=1j=lk= l n
k! (3¢u dpm ¢,
+;;;n'm' (8x ox 0x2

09, g Pby 090 9 30y
dx 0z 0x0z dz OJx 0zox
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Iy O 3¢
9z 09z 02 )’

k—1

2 2
S, (BTt BTt
=1

n+m+p==k

ax  Ox2 0z 072

Proof. We go back to (6.12). Note that we can write

Ak A] Ak 82¢k Ak A]
.q; | =2v
a (;);) i qf) 2o Z S e

And
- i i % L joemp [3& (3& 32¢; L 9 32%)
n=0m=0 p=1 nim!p! dx \ dx Ox dz dx0z
+a¢n P 82¢p Rl 82(;5],
0z \ 0z 072 0x 0x0z
as

_UZZApaq&P_Z Z(a¢la¢p a¢la¢p)k

ox 0x2 0z 0x0z

0o 00 00
n=1m=1 p=1

2\ m+p) I:% (%32& + %azﬁ)

n'm!p! dx \ ox 0x2 dz dx0z

N
0z 0z 072 ax dxdz )|’

Hence (6.12) can be expressed:

Ak 92y 2, A 82¢k A /v
— [ — 2U

k;k! ( aﬂ)+ 2o kraxar ZZ

=1 —1m‘J‘
+<y—1)ZZ /N

m'j' at

e Lk e Lk azzsk e L k+1 9 , 82 « 9 , 82 «
k_ _k lll F_Z_ZUE (_ 4+ — )

k! ox 0x2 0z 0x0z
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J > AL Ak
+(1—)’)ZZ ,k, A¢jgoo - ‘]k+—ZZZ K
j=lk=1 i=1 j=1lk=1
o0 o0 o0
_ (n+m+p)
X(I]A(pk ZZZ n'm‘p‘k P
n=1m=1 p=1
(00 000 P9y 00 060 P9y 00y 0w 90,
dx Ox 0x? dx 0z dxdz 0z Ox Ozdx
AMAP (O ¢, Oy 079,
2U . 6.12
+ kZ:lpZ:ln!p!(ax o2 T 0z 312) (0.12)
Hence collecting the coefficients of A¥, we obtain
E(Pr) = gr—1. (6.13)
where
k—1 ry
8k—1 = —57 chj qik—j " 4j ch,]a_tjAd)k—j
j=1

— Opi—j -y
_ KT . -7 |
+ (1 J/)UJE=1 Ck.j ox Ap; + ( 5 )k.

q; qud)Wls l+]+m:k

DMHWIET

I'm
11/11{1]

kU (0 0w 3¢y 3¢ I ¢
+;m2:1; n'm!p! ( dx Ox Ox2 + dx 0z 0x0z

Apn Opm Py, n Apn pm P,
9z Ox 0z0x dz 0z 0z2

dx  0x2 0z 072

k=1
Ap—p 0 Ap—p 0
—ZUE Ck,p(¢kp ¢p+ Pk ¢p), n+m+p=k.
p=1

(6.14)
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Note that g; depends only on¢p;, j < k.
In particular fork = 1,

k 091 I

9
=—2—|qi]* =2~ Ad1 + 2(1 - y)U——A
g 511 5, Db +2(1=y)U—-—=Ad

dx ox2 ' 9z 02

_au (3¢1 % a1 32¢>1) .

Next we deduce the corresponding boundary conditions.

Boundary Conditions

Flow Tangency

d d
gt xy.04) =~ [a—m(r, )+ (x— @), )
Z t

dp(A.1,x,7,0
N d(A,t,x,y,0+)

(&)
d
0 A~
o (ny)} ; 5 B(,2,04),

]
=—2 [g(h(z, y) + (x —a)b(z, y))}

> 9
=2 Mg (. x, 3,000, ).
k=1
Hence
d d d
a_d)l(ts-xs 0+) = - I:a_(h(ts y) + ()C - a)@(t, y)):| - Ue(ts y)_¢k(t,X, Y, 0+)
Z t 0z

0
= — ka—¢k_1(t,x,0+)9(t, y) fork > 2,
X

ad a a
a_d)l(ts-xsyso_): - [a (h(tsy) + ()C _a)e(tsy))i| - Ue(tvy)_¢k(t5xsy50_)
Z t 0z

— _k8¢k—l(tsxsy50_)
ox

0(t,y) fork > 2.
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Hence
9 9
S u(1x, 7. 04) = - [W(” ¥+ (x — ). y))} _UbGy). (615

dpr—1(t,x,y,0xL)
ox

§¢k(t,x,y,0ﬂ:) =—k 0(t,y) fork >2. (6.16)
Z

Kutta—Joukowsky Conditions

It is important to note that we need the Kutta—Joukowsky conditions in the nonlinear
case as well for uniqueness of solution.

For this we need to consider as before the acceleration potential first.

We have

1
V() = T + §V¢ Vo,

2 Ak U? A 9 Ak
(Aﬁtax’yvz) ¢k+_+U ¢k ZZ quj
k=

k' ot 2 prc e Jlk!
With
9*9(0.1,x.2)
wk(tvxyz) == Tv
we have the expansion
U2 e Ak
At x,27) = — — Y (t, x,2), 6.17
Y@ t.x.2) 2+;k!w(xz) (6.17)
0 ad
Vi(t, x,2) = ﬂ-’-Uﬂ-FZijCIk —j 4 (6.18)
j=1
where Cy ; are the binomial coefficients.
Y (h.1,x.0) = kZ V(. x,0), (6.19)
=1

SYA.6,x,00=0 |x|>b
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implies that
Yk (t,x,0) =0 for|x| > b forevery k.

Next define: (Kussner doublet function)

A(t,x) ==0y(t,x,0)/U (6.20)
and for every k:
Ar(t,x,y) = =8y (¢,x,0)/U. (6.21)
Then
03¢ 03¢

“U)A(t, x) =8y (t,x,0) = ETE +U (6.22)

dx

And from the boundary conditions

8¢ _ 23(]51(1, x,0+)

o ot
38¢1 8¢1 (t, X, O+)
=2 .
ox ox

As in the time invariant case we consider next

Flow Decomposition

The next important step is to take advantage of the fact that (6.14) is a linear
nonhomogeneous equation with nonzero boundary conditions and decompose the
potentials as

O = drx + dok.

where ¢ i satisfies the nonhomogeneous equation (6.14),
E(Pok) = &k—1 —00<X,2<00 (6.23)

(where gi— depends of course on ¢, j < k — 1) and there no discontinuities on
z = 0. Although ¢ ; satisfies the homogeneous equation,

E(prLk) =0 (6.24)

except on z = 0 where it satisfies the boundary conditions given above. Note in
particular that ¢; = ¢ ;.
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Furthermore, from the field equation

b1 i Lk B 5 0*PLi

+2U

PPr i
2 1— MZ s
o2 310x [a“( )T T4

o0 822
we deduce that
¢L,k(ts X, _Z) = _¢L,k([7 X, Z) > 07
because we require that
d d
—dLk (t, x,0—) = —dLk (t, X, 0+).
0z dz
Hence
d 0
—¢Li(t,x,0—) = ——¢r (¢, x,0+).
dx dx

Hence from (6.27)

In as much as

i\ 0¢r (.. 0+) 9L x(..0—)
8( 0z ) _8[( 0z + 0z )

' (a¢L,k(.,o+) B 8¢L,k(-s0_))i|
0z 0z ’

we have

2
8 (3¢L'k) = 0 by (6.26).
0z

Hence we define

a
Vk(tvx) = 8_2¢L’k(t’x’ 0)

Next we have the crucial result.

279

(6.25)

(6.26)
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Theorem 6.2.
(U)Ax(t,x,y) =8¢ (t,x,y,0) = 98¢ /0t + UdSpy i /0x
for every k > 1. (6.27)

Proof. From (6.18) we have

k—1
Y, x.y.0) = 08¢ /0t + UdSi/0x + Y Crj8(gk—j - q))-

j=1
And hence we need only to prove that

k—1

> CejS(qi—j-q;) =0. (6.28)
j=1

or
8(qk—j -q;) = 0.
Now the left side

= qk—j (. 0+) - ¢; (.,0+) — qx—; (. 0—) - ¢; (., 0—). (6.29)

Let v denote d¢p /dzyx denote d¢py /0x.
Then (6.29),

= k= (., 0)v; (., 04) — v (-, 0—)v; (., 0—)
+ k= (. 0H)y; (. 04) = yi—; (. 0-)y; (. 0-)).
And
V= (- 04)v; (., 04) — v (-, 0—); (., 0-)
= (k—j (., 04) + vi—; (., 0=)v; (., 04)
— (1 (,0=) +v; (., 04))ve—; (-, 0-)
= 0 by (6.25),
and
(V= (. 0H)y; (. 0+) = yi—; (. 0-) y; (., 0-))

= (" (. 04) = 7 (. 0=))y; (. 0+) + (v (. 0+) — ¥, (. 0=)ya—; (., 0-),

which by (6.26)= 0.
Hence (6.29) holds, proving the theorem. O
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Remarks: The importance of (6.27) is, among others, that the formula for the
nonlinear case is the same as for the linear case. We have seen this already in the
time invariant case in Chap.4 for zero angle of attack. In particular we use it to
calculate the pressure jump:

3p = —pPocb¥r; 8y = Z/\k/k!(aé’q&k/at + U dS¢y 0x).
k=1
Hence the boundary conditions satisfied by ¢ ; are:

k 0¢ri—1(t, x,0%£)

0(t,y) fork > 2, (6.30)
ox

d
3—¢L,k(l,x,0i) =

I
A = =8V /U

=—(1/U)38¢i /0t + 0S¢y /dx

and
o0
A= A/k! (6.31)
k=1
Note in particular that
S (t,x) =0, |x| > b forevery k. (6.32)

To proceed further we need to determine the time domain functions Ak (.,.) in X
which we show satisfy the linear time domain Possio equation.

The Linear Time Domain Possio Equation

Let us recall that we began with the field equation for ¢;:
Pp1/01> +2U 0%y /(31 0x) — [a, (1 — M?)0% 1 /9x> + a2y 9*¢1/02°] = 0

with the flow tangency boundary condition and the Kutta—Joukowsky conditions.

The solution technique was to take the Laplace transform in the time domain and
the Fourier transform in the space domain and obtain the Laplace transform version
of the Possio integral equation. Showing that the solution is the Laplace Transform
of a time domain function can be nontrivial—see [10,41]. Indeed the basic problem
of when a function analytic in a right-half-plane is the Laplace transform of a time
domain function is still largely an open question. For M = 0, for example, we had
to invoke a special result due to Sears.
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Here we obtain the time domain version by formally inverting the Laplace
domain equation. This, it should be noted, would not be possible without the use of
the function a(M, s) introduced in Chap. 5. We begin with the version:

2W(A, ) = (1 — MHPH(I + B(k)A(A. ), (6.33)

where the operator B(k), it will be recalled, is defined by

B(k)A = (—kR(k, D)A)/( /(1 — M?)) — " KR(ks. D)4 a(M. 5)ds.

—w
R o0
AL, x) = / e MA(t,x)dt  Re.A >0, |x|<b,
0
where A(.,.) is in X'. Here

R(k, D)A(A,.) is the function in L ,(R"):

X
/ e 0O 4N, E)dE, —oc0 < x < 00,

~1
whose inverse Laplace transform is

/_vl /Ot S(t—(x—=§&)/U)A(t — 7,&)drdE
N /ot /_1 8(r = (x = §)/ U)A(t — v, §)dEde

= / A(t — 0,x — Uo)do. (6.34)
0

We note the mixing up here between the time and space variables.
Hence R(k, D)A(A,.) is the Laplace transform of

/r SWUo)A(t — o, .)do.
0

Next we need to take the inverse transform of kR (k, D)ff (A,.). By the usual rules
the candidate would be

t
d/dt / S(Uo)A(t — 0, )do  in0 <t, (6.35)
0
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which if A(¢,.) is in the domain of D for # > 0 and DA(z, .) is in X can be defined
as:

t
=A()+U / PS(Ut — Uo)DA(o, )do, 0 <t
0

and would be ok. But in our case, we simply cannot assume that A(z,.) is in
the domain of D. Instead we require that A(z) be absolutely continuous in ¢ with
derivative in X

We can then state the time domain Possio integral (TDP) as an equation in X:

b

2/(J( = MP)wat.x) = /7 / e =p[Ac6)

- 3/3l/0 (At —0,§ = U0))/(J(1 = M?))
+ /al a(M,s)A(t —o0,& — Ucr/s)ds/s)dcr]dé,
|x| < b.

And the TDP in abstract form is:
walt,) = (1 - M2))/2]P’H[A1(t, )
~afar | [BSWa —0)PAi (0. /(1 1)
+ / " BS(U( = 0))/5)PAL (0. Ja(M. 5)ds /s]]do, (6.36)

—ay

where the sense in which the integral is defined to take care of the singularity at
s = 0 needs elaboration:
The integral

/t B S((U(t —0))/s)A (o, )a(M, s)ds /s do
0

—ar

is interpreted in the Cauchy sense:

Lime -0
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/t /6 S((U(t —0))/s)A (o, .)a(M, s)ds/s do
0 J—e

M I opa
+m/0 /E S(Ua/s)Ai(t —0,.)ds/s do

M t —€
+ W/O /_ S(Uo/s)Ai(t — o, .)ds/s do,
so that
/t 1/ /m S(Uo/s)Ai(t — o, .)ds/s do
0 —0
o] t/s
= 1/JT/ ds/ 1/t1(S(Ut) — S(=U1t))A1(t — ts,.)dt
0 0
= /al(HAl(t) —1/7 /ool/t(S(Ut) —S(—Ur)(A1(t) — A (t — ‘CS))dt) ds
0 t/s
= PHA(z,.) —d/d¢ /t PH B(t —0)A(0)do,
0

where

B(t)f = (S(U )/ (J(1 - M?) +/ | S(Ut/s) fa(M. s)ds/s.

—ay

Next let us denote the Possio equation by
PM)A=w

corresponding to the linear Possio equation:

(v(1-m2))/em /_ Z 1/(x = §)[ A &) - o/or /0 (4= 0.6~ Ua)

/(\/(1 v+ [ @M.s) — a(M.0) At — 05,6 — Uo)ds

—a

n / " a(M,—0)A(t — 05,6 — Ua)ds)do]dg

o]

= wu(t,.) 6.37)

with domain in & and range in X, with the Kutta condition in addition (implicit
everywhere, if not specified explicitly otherwise).
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If we assume the time domain version has a solution, then of course we may take
the Laplace transform which will then satisfy the LDP.

Let us explore next how far we can go in terms of solving the time domain Possio
(TDP), inverting the Laplace Transform versions in Chap. 5.

Solving the Linear TDP Equation

We denote the solution of the Linear TDP—when it has a unique solution—by A =
W (M )w, where we have seen that in Sect. 5.5 the Laplace transform of the solution
has the form

A= (I +PBE)P + W) "'2/(J(1 — M) T, (6.38)

Or of the form (5.48)

J(1=M?)

—1
m )PH(]B%(k)—]B%(oo))) %w (6.39)

0<M<1:A=<1+<

We begin with the version (6.38).
Lemma 6.3. For A in L,[-b,b].1 < p < 2: (I + PB(k)P + W(k))A is the

Laplace transform:
o0
= / e ¥ d/dtrP(B(t) + W(r)) Adt,
0

where PW(t)A is the function 1/ /((b — x)/(b + x))

[1/(\/(1 — M?) /Ot A(b —t + o)do

+ /r /al a(M,s)A(b — (t —0)/s) /(0/(2bs + 0))ds/((b — x)s + o)
0 Jo
+a(M.=)A((t —0)/s = b) /((2bs + 0)/0)ds/ (b + X)s + 0)

+ /az a(M,—s)A((t —o)/s — b) /((2bs + 0)/0)ds/((b + x)s + 0)do]

1

+ /a2 A(t/s — (2b + x))a(M, —s)ds, x| <b
0



286 6 Nonlinear Aeroelasticity Theory in 2D Aerodynamics

and
PB(t)PA = — |:1/(\/(1 — Mz))PS(t)PA + /al PS(t/s)PAa(M, s)ds/s} .

Proof. To derive
o0
W(k)A = / e () Adr
0

WeE use
1/( /(1 = M?)h_(K)L_(k)
_ /0 etdr 1 /(1= MA)[1/7 J(b =)/ b+ )
b
<[ Sa=br /0 b+ /- - 9] A,
L+(kS, A)h+(kS,X)
%) b t
_ —kt P
_/0 e /_bA(S)dé/O St—o—sb+ &) /n
x J((b =)/ (b + x)) J(0/(2bs + 0))do/((b + x)s + 0)dt
(o] b
- / e [ A©)E 1/ (b — )/ (b + )
0 —b
x J((t —s(b+8)/(2bs +1—s(b+EN1/((b+x)s +1—5(b+8))
o] b
- / e [ A©)E 1/ (b — )/ (b + )
0 —b
x (= s(b+E)/(t + (b — )AL/t +5(x — E)).

And following the notation in Chap. 5
/az Ly (ks, A)hy(ks,x)a(M,—s)ds
0
o0 b [£%)
= /0 e Fdr /_b A(E)dé/o 1/ /(b —x)/(b+ x))
x St =s(b+8)/(t+5(b—8§))(a(M,—s)ds)/(t + s(x —§))
0 b
= / e *dr 1/7 /(b —x)/(b+ x))/ A(§)dE
0 —b

X /0 2 J((& =50+ 8)/ 450 —E))(a(M, —=s)ds) /(1 + 5(x = §)).
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and

al

/ L_(ks, A)h_(ks, x)a(M, s)ds
0
00 b pai
- /0 e_’”dt[l/n\/((b —x)/(b +x)) /_b/O St = 5b + sE)
[+ sb + sE)(@(M.$)ds)/ (1 = s(x — ) | AE)dé.

Using

h_(ks,x) = /oo e /7 (b —x)/(b + X)) J(t/(2bs + 1))dt /(b — x)s + 1),
0

[ele) b
L_(ks, A):/O e dr /_ba(z—s(b—g))A(g)dg

and
b
j(ks) Ly (ks 4) = / kb0 O+D) 4 (£
—b
b
- /_ = A
e’} b
=/ e—’”dz/ 8(t —s(& — x))A(§)dE,
0 —b
we have

/sz jlks)Ly(ks, A)a(M,—s)ds
0

00 b pay
:/O e kdr /_b/O 8(t —s(§ —x))a(M,—s)ds A(E)dE.

Hence W(t) A is the function

b o
= / / §(t —s(E —x))a(M,—s)ds A(£)dE
—b JO

b
1 (b —x)/ (b + ) /_ A
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/O " @ =5+ 8/ + 5(b— )

x(a(M,—s)ds)/(t +s(x = &) + 1/7 /(b —x)/(b + X))

b 31
/_ b /0 (= b+ 56/t + sb + sE)(@(M.5)ds)/(t — s(x — £)) A(E)d
1/ = M) (b —x)/ (b + X))

b
/_ =B+ )/ + b+ 6N/~ (x = )AGE.

Next for A in L ,[—b, D],
PB(k)PA = / - e X PB(r) PAdt,
0

PB(1)PA = —1/( /(1 — M?)PS(1)PA — / " BS(t/5)PA a(M. 5)ds/s.

Hence d/dt P(B(t) + W(t))A is given by

d/de fot PB(t — o) PA(0, )do
n (d/dt /Ot do f_bb /Oaz §(0 — s(& — x))a(M, —s)dsA(t —o, g)dg)
+d/dt/_bb /Oaza(M, —)A(t — s(E — x), £)dsdE
1/ (b =)/ b+ )/ [ t [_b [T se =6+ o3/ 456 - 6)

x(a(M.—s)ds)/ (0 + s(x — §)A(t —0.§)d§

t b o]
+1/7 /(b —x)/(b + x))d/dt /0 do /—b/o V(0 —sb+5§)/(0 + sb+5§))
x(a(M,s)ds)/(o —s(x —§))A(t —0.§)dE
+1/( (0 = M) 1/ J((b—x)/(b + x))d/dt

t b
x /0 do /_ @b +8/@ +h+ O/~ (= EAC— 0O D
(6.40)
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Hence

(I +PB(k)P + W(k))w(k,.)
= /oo ekt [w(l, ) +d/de /I(PB(r)P + W()w(t —t, .)dti| dr.
0 0

(6.41)

Hence the TDP can be expressed:

A(t, ) +d/dt / r(PB(r)P WA —1,.)dt = ~Twy(i,). (6.42)
0

2
V1I-M
Theorem 6.4. The TDP (6.42) has at most one solution. Any solution of the TDP
(6.42) will satisfy the Kutta condition.

Proof. The Laplace transform of any solution satisfies the LDP which we have
shown has a unique solution for small enough A (Theorem 5.16).

Furthermore we have shown that the Laplace transform satisfies the Kutta
condition. O

Finally, from the form (6.39):
1—M? N
<I + %PH(E(/«) — B(oo))) AA,.) = %fv(k, D,

we have (strong) limit Re A — oo(7 + (,/ (1 — M?))/ MPH(B(k) — B(c0))) = 1.
Hence the time domain transform has a delta function at the origin for nonzero M .
(For M = 0 we also have the delta function derivative. Thus M = 0 is special, not
obtained as the limit for small M .) Hence, if the TDP has a solution for M > 0, it
is of the form

2 t

A(t,.) = ﬁ[wu(t) + / P(M,t —o)w,(o,.)do], (6.43)
0

where the Laplace transform:

/oo e P(M.ywdt = (I + (J/(1 = M?))/MPH(B(k) —B(c0))) ™" — I
0

and P(M, .) does not have a delta function at the origin. This is useful to us below
in isolating the “non-circulatory” terms in the aeroelastic structure equations.
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It is interesting to consider what happens for k = 0, in (6.39). We have:

_ M2 -1
(1 + %PH(—B@O))) -1

(because B(0) = 0)
=M/(y (1 =M*)T - 1.

which checks with the solution in the time invariant case

- & A x—1(t,x,y,0%)
B dax

o, y). (6.44)

Let us start with k = 2.
The potential ¢ (.) is given by specializing (5.18) to the typical section and

«=0: ¢ iw.2)=—1/2A0, i0)e?/(k+iw) z>0,

where
r=— (MK 4 2M%kiw + (1 - M)o?).

Hence the Laplace—Fourier transform of —(d¢y, 1 (¢, x, y,0+))/dx is

1240, iw)io/(k +io)

1/2(1 = k/(k + iw) A1 (A, i)

1/2(0=2/(h + ioU) A1 (A, i o).
Hence
t
—(0¢pr1(t, x,0+))/0x =1/2 (Al(t,x) — d/dt/ Ayt —o,x — Ua)dcr) ,

0

where we have used
o) N i
1/A+iUw) = l/U/ e Ute'“Ydx.
0

Hence .
8¢y /0x = —A(t, x) + d/dt/ Ay(t —o,x — Uo)do. (6.45)
0

For k > 1: we have again:

1 ad
— Ak(t,x) = U&PLJC + g&'bb |x| < b, (6.46)



6.2 The Aeroelastic Equations: Linear Structure Model 291

we omit y being now only a fixed parameter.
Or

i /0t = —UdSdy/dx — UAe(t,x), 0 <t, |x] <b
= —Udsde/dx  |x| > b. (6.47)

Or, solving the equation, we have
t
S = —U/ S(Uo) Ay (t —o)do
0

and
t
08¢ /0x = —Ar(t,x) + d/dt/ A (t —o,x — Uo)do. (6.48)
0

In (6.47), because
A(t,x) =0 for|x|> b,

we have that the integral is zero for Ut > (b + x) and hence for t > (2b)/U

(b+x)/U
A8 /0x = —Ay (1, x) + d/dt / At — 0, x — Uo)do. (6.49)
0

We omit the subscript L from now on. We start with

b iw, ) = /r DA, iw,04) 70, (6.50)
where
r=—JM**+2M°cio + (1 — M*)w?),
k=A/U
and - _
oA iw,z) = —e/r Dr(A,iw,0-) 7<0, (6.51)
where A
/92 (A, x.2) = Dr(A. x. 2).
Hence with A
0/0xdr (A, x,2) = Pr(A.x,2),
we have
io, 04) = iw/rir(, io, 0+), (6.52)
T iw,0-) = —iw/rig(h,iw,0—), (6.53)

which generalize (6.61) and (6.62).
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Again:

—A(t,x) = 1/U038¢p 1/t + 08pL i /0x |x| <b
=0 |x| > b.

The transform version of which using (6.52) and (6.53) yields:
—Ar(hiw) = (K +iw) (&k(x,iw,o+) - q%k(x,iw,o—))
— (K +iw)/r (5k(k,iw,0+) + i, ()L,ia),O—)).

Or
1 -

2Kk +

T A iw) =1/2 (5k(x, i0,04) + (. iw, 0—)) . (6.54)
1X0)

For k > 1, we have to respect the possible discontinuity in v (z, x,z) at z = 0.
Equation (6.54) is then the version of the linear Possio equation valid for k > 2,
recalling that (1 — r)/(2k + i w) is the multiplier corresponding to the time domain
operator ®(M ) on y into y.

Hence we have the time domain equation in

(M) Ak = gk
gr(t,x) = 1/2(vr(t, x,04) + vi (2, x,0-)) |x| < b.
The right side by the boundary condition (6.31)
= 1/2(=k)0 @) (yx—1(t. x,04) + yi—1(Z, x,0+))  for [x| <b.
The presence of the factor 6(¢) which depends on ¢ makes use of the Laplace
transform difficult unlike the time invariant case in Chap.4 where 6 is a constant.

Hence we need to work in the time domain from now on. But first we have the
frequency domain relations.

By (6.52) and (6.53)
rliop—1 (A, iw,0+) = tr_1(X,iw, 0+). (6.55)
Similarly
(—r)/ioP—1(A,iw,0—) = D1 (X, iw,0-). (6.56)

Hence, adding, we have:

r/io (fk(x,iw,(wr) - ;Ek(x,fw,O—)) - (Bk(x,fw,o+) + 5k(x,fw,0—)) ,
(6.57)
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where we note that

Syr(t, x) = (ya (2, x,04) — yi (2, x,0-))
=0 for|x|>b.

And by (6.54)

9 L iw). (6.58)
w

Hence

Or in the time domain:
t
Syr(t,x) = —Ar(t,x) + d/dt/ Ar(t —o,x — Uo)do, x| < b
0
=0 |x|>bd,

which is simply the solution of the partial differential equation (6.31).
We now define the time domain operator I' on the subdomain of y which is
absolutely continuous in #, with derivative in y, into y by

Tf=g  g(t.x)= f(tx) —d/dt/ot f(t —o,x —Uo)o,  |x| <b.

Then we have
Syr = —TAy. (6.59)

Note that
I'f =0 implies f = 0.

Hence we can define the inverse I'"! by

I = g gltx) = fltx) — 2 / F(t.5)ds. (6.60)

on the same domain as that of I" and in particular:
AL = By +1/U [ ajaesmeosnds. 1x] <.
—b

where the necessary differentiability in ¢ of §y (¢, s) is assumed.
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Also we need now to define the linear operator # with domain and range in
xO0f =h;h(t,x) =0(t)f(t,x),]|x| < b where 0(¢) is the given torsion angle that
does not depend on the chord variable x.

We only need to consider the case where the torsion angle is bounded (actually
< 1) that 0 is actually linear bounded.

Then we have

20(M)Ar = —kOPYy,_,, (6.61)

where we use
Vi(t,x) = 1/2(yk(t, x,0+) + vk (2, x,0-))

and similarly we use the notation:
Vi (t, x) = (v (2, x,04) + v (t, x,0-)).
Again, subtracting (6.42), from (6.41) we have:
(Frm1(hi@.04) + Fims (i, 0-))
—io/r (5k_1(x, iw,04) — (A, i@, o—)) . (6.62)

The boundary conditions yield

Svp—1(t,x) = —(k = DO()8yr—(1. x), x| < b,

Tem1(t.x) = —(k — DO, (1. x). x| <b.

Now iw/ — r is a Mikhlin multiplier for each A. In fact we have the follow-
ing; see [55].
Lemma 6.5.
0 . ~
iw/(—r) = / e " L(k, x)dx, —00 < @ < 00,
—0o0

where

A —kM kM
L(k,x) = n(l—M2)3/2K1(1—M2x) x>0
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and the inverse Laplace transform

-M d M x\’
HO = [f/ v (fz‘ (" 0) )]

x>0,

Let L(t) denote the bounded linear operator on L ,(R;) into itself defined by

Lit)f =g glx) = / L(t,x —s)f(s)ds, |x] < oo.

—00

And let £(M) be the corresponding operator on y into y defined by

t
LIM)A = g; g(t,.) = / PL(t —o0)A(o, M)do. (6.63)
0
Then we have:
Vier = —LOM)(k = 1)O8 ;. (6.64)
Next by (6.58) and (6.59),
P ey =2 (ﬁk(x,fw,(wr) + 5 i,0-))
K+iw r
Or
r < X . X .
' Ao = (vk()k,la),O—}—) + vk(x,lw,()—)).
K+i1iw
Hence 2&(M)A, = Py = —kO®OPy,_, which by (6.64) = kOL(M)(k —

1)®8y,—,. Hence using (6.61)
=k(k —1)OL(M)OT Ay—>.
Hence we obtain
20(M)Ar = k(k —1)OL(M)OT Ar—,.
Or under the assumption of unique solution to the Possio equation:
Ay =k(k —1)1/20(M)BL(M)OT Ay—, (6.65)

which is our recursive relation.
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This generalizes the time invariant case in Chap. 4, where 1/2W(M)®L(M)

OT corresponds to multiplication by

—TPH(6(y)*)/(1 — M?) = —(0(»)*)/(1 — M?).

An immediate inference from (6.65) is that

'y =0
and hence
Ay = 0.
Let |
J = EQ-’(M)@ﬁ(M)@F.
Then (6.51) yields:
Aop1/@2n + D= J" Ay
and finally

o0 o0
A=Akt =Y "JkA,.
k=0 k=0

Assuming that
[|J]] < 1.

Or
Sup |6(z, y)
y

is sufficiently small we have

A=(-J)4,.

(6.66)

(6.67)

(6.68)

(6.69)

(6.70)

Of course 6(¢, y) is determined as a solution of the aeroelastic equation, but in

practice it is indeed much less than one radian, so the convergence holds.

We can express (6.70) as the nonlinear version of the time domain Possio

equation.

6.3 The Nonlinear Possio Integral Equation

This is an equation in L,[—b,b],1 < p < 2, t > 0 for determining the pressure
doublet function A(z, x, y), given the structure state variables, h(z, y), 0(¢, y). In
other words it replaces the aerodynamics insofar as the structure dynamics is
concerned in isentropic flow. It is the nonlinear input—output relation for the system,

the structure dynamics in air flow.
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We begin with (6.70),
A—JA = A,
Hence
P(M)A — DP(M)JA = w,,
where
d(M)J =OLM)OT.
Hence
O(M)A—1/20L(M)BTA = w,. (6.71)

Then the nonlinear time domain Possio equation is given by

1—M?) b 5
s )/_bxis/‘(”é) P [/ ((A“‘“E Vo) /(1 = M)

+ B (a(M,s) —a(M,0))A(t —os,& —Uo)ds

—a

+ /az a(M,0)A(t —os, & — Ua)ds) da:| dé

1

t pb
—1/26(t, y)/0 /_b L(t —o,x —s)0(0, y)D(o,s)dsdo

+d/de(h(, y) + (x —ab)(t, y)) + UB(, y) = 0, (6.72)
where
D(t,x) = A(t x)—E/tA(t—ox—UU)da (6.73)
’ AT A ’ ‘
and
L) =(-M) [ (1 = MPP) & \/7: [ (@ = (M2
M x
/((1 — MY2U?), fort > Gy M4=0
0<t Mx 0
<rI < U(l — M2) X >

L(t,—x) =—L(t,x).
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Note that complicated as it is, this completely bypasses—the aerodynamic flow
equation—the nonlinear Euler equation. We are not concerned with the air flow
any more. Note also that the nonlinearity in 6(., .) is “physically realizable.”

Remarks: We have existence and uniqueness for the solution of (6.72) assuming the
regular Possio equation has a unique solution and the torsion angle is small enough.
The solution is given by (6.53).

We use the qualifier “nonlinear” to indicate that the solution is no longer linear
in the structure state variables, h(z, y), (¢, y).

6.4 Nonlinear Aeroelastic Dynamics

Having determined the pressure jump, we can now go on to full nonlinear aeroelastic
dynamics: specialized to the typical section, zero angle of attack, 0 < M < 1, and
linear structure dynamics. We show first that the nonlinear aeroelastic dynamics
formulates as a nonlinear convolution/evolution equation in a Hilbert space, in fact
in the energy space we have already discussed in the previous chapters.

We begin with the series (6.68):

A=W(M)w, + Y TU(M)w,. (6.74)
k=1

We have already studied the first term leading to the linear convolution evolution
equation in Chap.5 for nonzero M. Now we have an additional component. We
verify first that there are no additional non-circulatory terms.

Lemma 6.6. There are no non-circulatory terms in

o0
> TEU(M)w,. (6.75)
k=1
Proof. We have only to note in
J =1/20(M)OLM)OT, (6.76)

the Laplace transform of the kernel in £(M') given by
ﬁ(k,.) —0 asRe.k - o0

and therefore there are no delta functions in L(¢,.) and hence J V(M )w, has no
non-circulatory components and neither does the sum in (6.76). O
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Lift and Moment Calculation

We next calculate the lift and moment corresponding to A(.,.) given by (6.75).
Here we need to bring back the dependence on the structure span variable y.
Thus we have:

wa(t,x.y) = fitx)ai(t,y) + fr(x)as(t. y). (6.77)
Similarly we need to consider the functions of the form: W (M )w, as a function of
x and y.
Hence we need to introduce the space C of functions of the form:
Sfx,y) |x|<b; O0<y</{
with range in the scalar field such that foreachy, 0 < y < ¢,
f(.,y) isin L,(=b,b).

And

4
/0 ULF L)y < oo,

where ||.||, denotes the norm in L ,(—b, b). This is a Banach space with norm:

{
\/ [0 ULF o2y

Let £; = L[(0, 00); Hg] denote the space of functions such that f(z,.) is in Hg
foreacht > 0 and

Lo 1@ )gdt < oo; foreach T,0 < T < oo
and Laplace transformable

2. fS e f(t, )]|pdt < oo foro >0, > 0.
We note that the function w,(, ., y) defined in (6.4) is in £;. Define now on
LP(_b7b):

b
£0(f) = Upoe /_ | Fa

b
Lar(f) = Upso /_ (x—ab) f(x)d
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Then for f(.) in C, the functions

Lr(f(t,oyNLu(f(t,..y)) 0<t;0<y</{

arein L.
Recall now the structure state vector

Y@ﬁ=@§®,0<ww

as an element of the energy space Hg for each ¢ > 0, and also in £;. Then
wa(t,x,y) = ibY(t.y) + f2b3Y (1. ), (6.78)
where by, b, are column vectors:
by =1[0,U,1,—ab]; by =10,0,0,—1].

And hence
Y(M)w, = W(M)[(fib] + £2)Y (., y)],

which yields a linear bounded operator denoted L, on £; into y:
Y(M)w, = LY(.,.). (6.79)

Let
g, x,y), x| <b, 0<y <t

denote the function LY. Then ' W (M )w, is the function

t
ht,x,y)=g(t,x,y) — d/dt/ gt —o,x —Uo, y)do,
0

where

t
d/dt/ gt —o,x—Uo, y)do
0
b+x

U
= / gt —o,x—Uo, y)do, t >
0

b+ x
U

! b+ x
= o(t,x — U(t — 1), y)dr, >
[ #ex v =00 !
and can be neglected for large 7, compared to the first term. And in as much as our

interest is primarily in the asymptotic response we omit it, and thus in what follows
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weset TW(M) = W(M), so that
Jg = JUM)OLINOLLY(),
where now
0(t) =0(t,y) =b*Y(t,y), b = col[0,1,0,0]

and
= %\D(M)(@ﬁ(M)@leY(.)) (6.80)

from now on. With this qualification let us evaluate Jg. We have: @ L(M )BOg is the
function

h(t,.,y) = O(t, y)/o L(t —0)O(0,y)g(0..,y)do inL,(=b,b)

for each y which we can express as

_ /0 By(Y(t.y). Y(0. )Lt — 0)g (... y)do,

where B, (Y, Y3) is the bilinear functional
b*Y1Y)b.

Next we need to consider V(M )h for i in C
We have already used this for 4 = w,. Recall (6.67) W (M )h is the function:

2 t
—h+ /0 P(M,t — o)h(o, .)do,

where the first term is of importance in the first term in (6.75).
Hence we find it convenient now to express it as

/t o(M,t —o)h(o,.y)do
0

allowing for a delta function in ¢(M, t). Thus J g is the function

%/0 o(M,t — 0)/0 B, (Y(0,y),Y(t,y))L(oc —1)g(z,., y)drdo (6.81)
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valid for large 7, because we are taking I' as the identity, and is recognized as a
second-degree polynomial in Y'(., .) the structure state.
Also

1 t o
UM = 5 /O o(M.1 — o) /O By(Y(0.7). Y(x. ) L(o — 1)

X / o(M,t —s)wy(s, ., y)dtdo. (6.82)
0

And the corresponding lift

1 t o
Lr(JQLL (5/0 w(M,t—o)Bz(Y(o,y),Y(f,y))/O L(G—f)g(f,-,y)dfda)

can be expressed as

1 t o
25// Li(p(M,t —0)By(Y(0,),Y(z,y))L(0 — 1)g(z, ., y))drdo.
o 6.83)
(6.

And
Lp(JY(M)w,(.,.,y))

Ly (%W(M)@ﬁ(M)@F\II(M)wa(., " y)) ,

where V(M )w,(., ., y) is the function (fixing M,0 < M < 1, in what follows in
this chapter)

ot = [ o= 5)(ib + b)Y (s (6.84)
so that (6.83) becomes
t o T 1
| [ 36t —ommemn e
Lo —1)o(M,t —s)(fib; + f2b3))Y (s, y)dsdrdo.

More generally:

Lr(J*g0), k=1, (6.85)
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%/ /6 Li(p(t —0)B2(Y(0, ), Y(t,y))L(0 — T)gk-1(z, ., y))drdo  (6.86)
0 JO

with go(., ., .) given by (6.84).
Hence we can express:

ger(t,y) = LL(T W (M)wa (..., y))

as
1 t o] 02k
= / / ) / L1 ot —01)b* Y (01, )b* Y (02, ) L (01 — 02)-
0 0 0

@(02 —03)b*Y (03, y)b*Y (04, y) L(03 — 04)

@(02k—2 — O2k—1)b* Y (0211, Y)D* Y (021, y) L(02%—1 — 021)

@02k — ook 41) (f1b] + f2b3)Y (02 41)]doy ... dogys
........................ (6.87)

Similarly we can calculate the moment

gim(t,y) = Ly (JEU(M)w, (., ., y))
1 t 4] 02k
= o /0 /0 } /0 L(p(t — o) Ba(Y(01. ). Y(02. y) L0y — 02).

@(02 —03)B2(Y (03, ), Y (04, y)) L(03 — 04)

@(02k—2 — 02k—1) Bo(Y(02k—1, ¥), Y02k, ¥)) L(02%—1 — O2k)
(o — o2+1) (1] + f2b3)Y (02 +1))doy ... doge+1.  (6.88)

This completes the calculation of the lift and moment. So we can proceed to the
following.

The Nonlinear Convolution/Evolution Equation

We can now state the nonlinear convolution/evolution equation, generalizing the
linear case in Chap. 5, using the same notation therein.
We state this in the form of a theorem.
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Theorem 6.7. The dynamics of the structure under aerodynamic loading can be
expressed as )
Y () = AY () + N(¢,Y()) t >0, (6.89)

where Y (t) is the structure state at time t, N (¢, Y (.)) defines a physically realizable
nonlinear convolution, and for Y (.) such that for each T,0 < T < o0,

0@, y)| = [b%, y(, y)|
is
<m(T)<oo, 0<t<T, O0<y<? (6.90)

is defined by the Volterra expansion: valid for 0 <t < T

N(@.Y()) = /O t L(t — 0)Y(0)do (6.91)

S t poi 02k
+Z/ / / Lo (t — 01,01 — 02,02k — O2k+1;
=JoJo Jo

Y(01), .Y(02+1)doy ... dooj41,

where

Lok (t1, to, o1, Y1, 2, - Yort1), Y; in R*

0
= _ R (6.92)
(M VP (t1, 2, tokg15 Y1, Yo, o Y2k+1))

where

For(tita, -+ togg1; Y1, Yo, Yorgr)

[ L1(o(t1)Ba(Y1, Y2) L(1).0(13) Bo(Y3. Ya) L(1) |
@(tak—1) Ba(Yok—1, Yor ) L (t2k)

1 t bt + f2,b3)Y
_ 1 @(tar+1)(f1.0F + f2.57) Yor41 ) (6.93)

251 Lo (1) Bo(Y1, Vo) L(12) - (t3) Bo (Y3, Ya) L(1s)

@(tak—1) Bo(Yok—1, Yor ) L (t2k)
@(to+1)(f1. b} + f2.53)Yor 41

Proof. In what follows we fix T and so abbreviate m(7') to simply m. We start with
the linear part of (6.90) given in Sect. 5.6:
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YU%zAYU)+/ﬁ£U—oﬂK®wL (6.94)
0

where
=)
=)
A:C&4m+m —M:J'

A, IC, and D are as defined in Sect. 5.6.

_ 0 -
LO)Y = (M_IF(I)B*Y) for Yin R".

The nonlinear part is determined by the lift and moment calculated for the pressure
doublet A(.,.) determined as a solution of the nonlinear Possio equation (6.73).
Under condition (6.90) we can use the expansion (6.75) for the pressure doublet
and our calculation of the corresponding lift and moment above.
This yields the kth term for k > 1 in the Volterra expansion (6.90):

N@Y()) =) &t Y()), (6.95)

k=1

t ol o)
gk(f,Y(-))Z/ / / Low(t — 01,01 — 02, ...00 — O y1;  (6.96)
o Jo 0

Y(01),...(02%+1))doy ... dogy+1, (6.97)
where
Lo (ti, ta, .. tops1: Y1, Yo, oo Yorgn), Y; in R*
-| : }
M T Er(t o Y1 Yo Yag)
and

Fouti,tr, .. o 1: Y1, Yo, - Yo g1)
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[ Li(pt)b*Y1b*Y2L(12) - (13)b* Y3b* Y4) L(t4) |
@(tag—1)(b* Yok—10* Yor ) L(tar)
1 @(tak+1)(f1b7 + f2b3) Yok 41
251 Ly (p(t)b*Y1b* YaL(t) - 9(13)b* Y3b* Yo L(ts)
@(tor—1)b* Yo —1b* Yor L(t2)
o(tar+1)(f1, b} + f2.53)Yor 41

and
0
t,y) = , 6.98
gr(t,y) (M_lek(t,y)) (6.98)
where
F ’
Fault.y) = (FZkL(Z y)D
2um(t,y

1 t o] 02k
Fau(t.y) = ¢ /0 /0 ) /0 Lo(g(t = o)™ Y (01, 9)b* Y (02 ¥)L (01 — 02).

@(02 — 03)b™Y (03, y)b™ Y (04, y) L(03 — 04)

@(02%—2 — O2%—1)
By(Y(02k—1,¥), Y (021, ¥)) L(02%—1 — O21)

@(o2k — o211 (fib] + f2b3)Y (02k41))doy. . .. dogk 41,

1 t o] 02k
Pant) =0 [ [ [ tutot—op ¥ b Yo L@~ o).

@(02 — 03)b™Y (03, y)b* Y (04, y) L(03 — 04)

©(02k—2 — O2k—1)

b*Y(02k—1, y)b*Y (02k, y) L(02k—1 — O2k)

@(02% — o1 (f1b] + f2b7)Y (02k+1))doy ... ... dogk 1.
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To prove convergence of the series in (6.91), we need to get bounds for the terms.
Let us look at the case k = 1. We have

1 t
Bt y) = ELI:E/ @(t —o1) b*Y (01, y)vi(o1, -,Y)d01:| ,
0
where

ntte) = [ CL( = DY (s, 3)vols, . 1),
w(te) = [ = ACIBE + HIBDY G, y)ds
and
el <m U= S)as(s,.. y)ds,

1
[Bor 6,91 = Slecllm*@() s 10) il )0, (6.99)
where * denotes convolution, and
y@ =lle@ll =0,

1(#) = [|L@)]| t>0,

aolt.y) = /0 y(t — DAY + ALY )lpds. 10,

And more generally

1
| P3| = SEllEelim™ () 1) % an( ()

with a similar estimate for the moment.
Hence

o]

> 1
Y| Fant )| = Y2 Sellealim® @) 10y @) % aot.y). (6.100)
k=1 k=

where super xk denotes the k-fold convolution.
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We want to show that the right side is finite. Note that

N
1
Sn(0) =Y ellbelim® (@) = 1()™ (1)
k=1
is a nonnegative monotone increasing sequence in N. O
Lemma 6.8. The series
o 1
> Z—kak(y(.) % 1)) (1) (6.101)
k=1

converges a.e. int > 0, uniformlyin y, 0 < y < £.

Proof. Let

a(r) = (y() *1()@),
o0
a(o) = / e 7'v(t)dt o>0.
0
The transform goes to zero as ¢ — oo, thus we see that for o sufficiently large
I,
0< Em a(o) < 1.

Now

N

! —ot oo —ot 1 S
/0 e ISy (1)dr < /0 e 'Sy (t)dr :ZZ—kmzk(a(o))k,

k=1

which converges as N — oo and as N — oo — the finite limit

= 2%z k1 oo 1
= ];2—](}’)’[ (O{()/)) = Em (X(O’)% < oQ.
We can then apply Fatou’s lemma to the sequence
Al
e Y e @) £ ()™ (1)
k=1

to see that it converges to a finite limit a.e. in 7, 0 < ¢ < T, because the integrals
converge. O
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Hence Zgo:l | Forp(t, y)| converges for every ¢, rather than a.e, because of the
convolution. With similar results for the moment, we see that we have convergence
of the series (6.16):

Y&t Y() =N Y()

k=1

in the energy space.
However, in this generality there is no implication that the function is bounded
in [0, oo]. Indeed one has only to take %mzv(t) = 1 which yields the limit: e’.

Series Solution

Next we develop a constructive solution of the initial value problem for the aeroe-
lastic equation (6.89) under some restrictive conditions that imply, in particular, the
torsion angle is small enough.

We can use the state space theory developed in Chap. 5 which would lead to the
theory of nonlinear semigroups (see [45]) but to minimize abstraction we take a
more direct and constructive route, especially because our main interest is in the
steady-state response.

Let S(¢) t > 0 denote the semigroup generated by .A. Let Y (0) denote the initial
structure state. Then the “method of variation of parameters” yields:

Y(t) = St)Y(0) + /t S(t —0)N(0,Y(.))do, t >0, (6.102)
0
Y(t) — / t St —0)N(0,Y())do = SE)Y(©0) ¢ >0. (6.103)
0

The solution then can be expressed as a Volterra series [8], which will then be our
constructive solution.

Here, however, we can take advantage of the fact that we have already con-
structed the solution to the linear equation (6.15). Thus

Y(t) =AY (t) + /t L(t —0o)Y(o)do + u(t), (6.104)
0
where

u(t) = N(t,Y() — /0 t L(t —0)Y(0)do
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and we denote the right side by:

O et ooy 02k
N (8, Y () = Z/ / / Lo (t — 01,01 — 02,., 02k — O2k+1;
o Jo Jo
k=1

Y(Gl), .Y(sz_H))dGl.. dCTzk_H, (6.105)

where the subscript nl/ stands for nonlinear.
The initial value problem for the linear equation

t
Y(t) = AY(t) + / L(t —0)Y(0)do
0
has the solution
Y(1) = W()Y(0),
where W (.) is given by (5.15) and the solution of (6.102) can be expressed:

Y(t) = W(1)Y(0) + /0 t W(t — )Ny (s, Y(.))ds. (6.106)

This is again a Volterra equation.
However, to get a constructive solution we need to constrain the initial condition.
We first consider the case where the linear system is (strongly) stable.

Theorem 6.9. The Volterra equation (6.105) has the constructive Volterra series
solution for each T,0 <t < T, given by

Y(t.y) =Yo(t.y) + > Yi(t.y) (6.107)
k=1

uniformly in y.

where
Yo(t) = W(t)Y(0) t >0,
t
N = [ W0 =N o),
Yi(t) = / W(t — )N (s, Y1 (.))ds k>1 (6.108)
0
for
mo = max|Y (0, y)|, 0<y</t (6.109)

small enough.
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Proof. We use the standard technique for solving Volterra equations [8] which

yields the series in (6.106) and the problem is to prove convergence.

For this we need to relate the properties of Yj(.) to those of Y;_;(.). Hence we

start with the properties of Y (.) in terms of the function

YO(ts y)

Yo(z,.) = W()Y(0,.),

Noi(t, Yo () =) gt Yo(.)).
k=1

We go back and work with (6.98).

(t.0) = [ ol =9)(fib + LT 305 12 0.0<y <
Wit y) = / ot — $)b*Yo(s. y) / L(s — 0)b* Yo(z. y)vo(z. y)dr,
0 0

vt y) = /0 o(t — $)b*Yo(s. ») /0 " L(s — b ¥o(t. )i (z. ).

Note that in this breakdown
1
Fyp(t.y) = Z—kﬁL(Vk(f»J’)) k>1,
1
Fum(t,y) = ?EM(Vk(taY)) k>1.

And of course because we are fixing Y(.) to be Yy(.), we may define

()
S = M e, y) )

From Yy(¢) = W(#)Y, using the Green’s function form of solution:

Yolt. y) = /0 Wi, y.5)¥o(s)ds.

we have that

m(Yo(.), T) = Max|Yo(z, y)| < Wrmy, 0<y<t0<t<T,

(6.110)

k> 1.
6.111)
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where

Wr = Max||W(t, v, s)|| 0<T,0<y,s<U{,
m(Yo(.), T) = Max|Yy(t, y)|. 0<y<d.

Denote m(Yy(.), T) by m.
Then

IWUJNSHFAIWU—@WBAWM@—tmw,

I / ot —0)(fibT + S Yoo, y)doll,  0<i<T
0
<2y () % 10) % (e Yo() (1),

with * denoting convolution as before and

y (@) = |le@®ll,
I(t) = ||L()]l,

(1. Yo(). y) = /0 (Lot — ) fil] 165 Yo(s. )|

+ lle( — ) 211 163 Yo(s. y) Dds.

Thenfork > 1,and¢ < T,

Vi (2, 9)] = m* [y () LOT % e, Yo (), ) ().

Hence

N N
Swen| = 3wty
k=1 k=1

N
< ((Zmz"[y(.) * 1(.)]*") * )c(.,Yo(.),y)‘)(t) (<T, (6.112)
k=1
where

e Yo00] = [ 0= NAND ot +ate = oIl B3 ¥o(s, 1) s

<f /0 Yt =) Yos. y)lds,

f =max(|| fill, || f2|]) (which depends on U). (6.113)
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Let
N
Qy = Zm2k[y(-) « 1()].
k=1

Then the Laplace transform

o0 N ~
/ e MQy(1)dr = ZmZk PFEQOHE.
0 k=1

Assume now that m is small enough so that
m*(0)(0) = r < 1.

Then Q2 (¢) converges monotonic increasing to a function we denote by €2(¢), ¢ >
0, whose Laplace transform is

U
M which is bounded by ’
1 —m2p (M) (1)

1—r
and €2(#) is nonnegative and goes to zero as  — 0o, and
© r
/ Q()dr < ——. (6.114)
0 1—r

Hence

‘iw(w)‘ Sf/t(Q*V)(f—T)‘Yo(T,y)‘dr (6.115)
k=1 0

roo.
<m——-7y(0) 0<t<T.
1—r
Hence it follows that
Nai(t, Yo (), v)| < const. fle(O)m 0<t<T (6.116)
—r

and

N, Yo < Zconst.fﬁ;?(O)m. (6.117)
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Next .
Yi(t) = / W(t — )Ny (s, Yo(.))ds 0<t, (6.118)
0

which is recognized as the response of the linear system to the input
Naui(t. Yo()) 0<t.

To determine Y (¢) as a function of y we use the Green’s function formula

{ t
N = [ [ Wa=0..9Nm(0. 100,910 (6.119)
o Jo
where
[IW(t, y,s)|| <w<oo forO<t<T, and 0<y,s <.
Hence
¢ pr
el <w [ [ 1N 1.0 ldods (6.120)
o Jo
¢ oT
< w/ / [N (o, Yo(.), s) |dods 0<t<T.
o Jo
Or
m(Y1(0), T) <w € T const. fle(O) m(Yo(.), T).
—-r
Then it follows that

m(Y(0),T) < (w ¢ T const. ferr)?(O))k m (Yo(), T),

where the constant does not depend on Yy (.)
Next we constrain r so that

w e Tconst.fle(O) —e<1, (6.121)
—r

so that
|[Yi(t,y)| <em fort < oo.

And iteratively:

|Yi(t,y)| <€*m foreveryk fort < T.
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And hence

o0
Z Yi(t,y) convergesfort <T
k=1

as required. O

6.5 Stability

Our main interest is the stability of the solution (6.106) and its dependence on the
far field speed. Assuming zero angle of attack, as we do, the far field flow velocity
1S oo = 17Uoo and stability thus depends on Uy, which in this section we simply
denote U, the “speed” parameter.

This presents an excellent illustration of Hopf bifurcation theory (see [4,7,37]),
although our presentation is independent, not invoking that theory. In fact a direct
application is not possible, in the sense that we have a single mathematical theorem
we can quote from which the result follows.

We start with the steady-state solution of (6.97) given in Chap.4: Y(¢) = 0 valid
for all speeds, noting that A/(z, Y(.)) = 0 for Y(.) = 0.

Linearizing the equation about the zero structure state we get the linear equation:

Y(t) = AY (1) + / t L(t —0)Y(0)do. (6.122)
0

The stability theory for this equation has been treated in detail in Chap.5 and is
determined in terms of the aeroelastic modes.

Stability of the Linearized System: 0 < U < Uy

The linear system (6.1) is “modally stable” for all speeds U such that 0 < U < Ug
where Uy is the flutter velocity. Each mode—except for the zero frequency—decays
to zero in time.

There are stronger notions of stability. A linear system is “strongly” stable if
every initial state decays to zero; the elastic energy goes to zero.

Lemma 6.10. For U < Ug the linear system (6.120) is strongly stable.

Proof. Actually we prove that the response can be characterized in terms of
semigroup theory.

Semigroup on Riesz Space:
Recall the time domain solution of the linearized equation (6.1) for M > 0 given by

W)Y =) M PY + Q(1)Y. (6.123)
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where Q(¢)Y is superstable and can be omitted from consideration. Because it
depends on the speed U, let R(U) denote the subspace generated by the Riesz
vectors { Y} }; we call it the Riesz subspace, which is then also the span of the vectors
{Z}}. Then W(t) maps R(U) into itself. Call the restriction of W(¢) to R by Wx (¢).

O

SubLemma 6.10. Wx(¢) t > 0, defines a Cy semigroup over R. It is a contraction
with a compact resolvent. For U < Uy it is strongly stable. Furthermore, it has the
representation

WR(Y = ™ P Y= Wr(0)'Y =) e PY.
The generator denoted Ar has the representation
ARY =) M PY

and the resolvent R(A, Ar) has the representation

PY
A — Ak

R AR)Y =) for A # Ay.
k

Proof of Sublemma. We only show the semigroup property of Wx(¢). And this is
immediate.

Wr(OWr()Y = M P, ( Y ke, Y)

=Y M Pt PY
_ Z elk(s+t)PkY
= Wgr(s +1)Y.

And the representations are immediate. Furthermore,

WrOY. Wr®Y] = 3" [ PY. Y e 0¥ |

=) [ Y, kY]
<Y IAY. QY] =[1.Y]

forevery ¢ > 0.
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Given € > 0, we can find N¢ such that the tail:

D[ PY. QY] k> Neis < €.
And if all o3 < 0, we can find f¢ such that

[ PY. QY] k< Neis <e,

which is enough to prove strong stability for the case U < Uk. O

Stability of Nonlinear System

Let us see what we can say about stability in the nonlinear case for (6.104).
We say that the nonlinear system is strongly stable if every initial condition
bounded in the norm by some nonzero constant decays to zero.

Theorem 6.11. For U < Uy, the nonlinear system is strongly stable for a small
enough initial condition, by which we mean that |Y (¢, y)| — 0 for all max, [Yo(y)|
small enough.

Proof. For U < Uk the linear system is strongly stable. In particular
[IW()Yy|| — Oast — 0.
This is a new condition that we exploit in extending Theorem 6.7. Thus choose
m = max|Yy(y)|, 0<y<t <.

Then
max|Yo(¢,y)[,0<y <{,<m <1 forallt>0.

Next choose m so that

) o0 o0
m (/0 ||g0(t)||dt/0 ||L(t)||dt) <r <l

Note that |Yo(z, y)] < m for all ¢, and in fact - 0 as ¢ — oo even if not
exponentially.

Hence we can replace T by infinity in Theorem 6.7, and say more.

Thus in the same notation as there we have

N (2, Yol), v)| < const.flLﬁ(O)m foralls, 0<t<oo (6.124)
—r
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and further goes to zero as t — oo. Next we choose
ro .
const. fl—y(O) =e<l1.
—-r

And the iteration:
[Ye(r, p)] < € [Yo(t. y)].

Hence
o0
Y(tsy) = Z Yk(tsy)v
k=0

where

1
|Y(t,y)| < :|Y(t,y)| — O uniformly in y, ast — oo.

Next let us consider U = Ukg.

6.6 Limit Cycle Oscillation

At U = Ur at least one mode will have zero real part.
d(M,Al,U):O; Re/h:O.

However, there can be more than one despite popular belief to the contrary.
Remember that when we say the kth mode flutters, the frequency ImA (Ug) is quite
different from ImA (0). So ImAj (Ug) can be the same for different values of k. But
then for how many values? How many modes can flutter at the same flutter speed?

Indeed it may be nonfinite as, for example, for zero speed, if S is zero. Note that
these are questions that no computer program can answer.

Theorem 6.12. The number of modes that flutter at a given speed U > 0 is finite.
Proof. Suppose now that the number of modes that flutter is infinite. Then denoting
them {iwy}, wr > 0, we must have that

wp — 00, k — o0; Ak = iwy,

in as much as they cannot have a finite accumulation point. Thus we have that

Ur a
o1 (Ug) = 0 = 0, (0) +/ a%‘dU —0.
0
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Because

0x(0) =0, we have that

Ur 9
/ B;ZdU =0 foreveryn, andn — oo, (6.125)
0

where we can use the formula:

ad ow;
4 i
o, = dw; oU
T v (6.126)

2i=1 s O

Now as w, — 00, so does k,. And taking limits in (6.124), and using our previous
estimates for M = 0 and M nonzero, we can see that the limit is a constant.
But it is negative at U = 0, as we have shown in Sect. 5.6, and hence we reach
a contradiction showing that the number of fluttering modes for any speed cannot
be infinite. O

Remarks: Note the implication of this result: as the mode number increases they
eventually stop fluttering!

Let us first consider the case where exactly one mode has zero real part and all others
have strictly negative real parts. Hence let i @ = i wg, where w is the fluttering mode

. do .
dM,iw,Ug) =0, 3T A=iw >0,

Yi»(y) the mode shape. Let P; denote the corresponding projection.
At U = Up, let us denote W(.) by Wr(.). Then

Y(1) = Yo(t) + Y Yi(0). (6.127)
k=1

YO(ts y) = eiwt ia)(y)v

Yi(t) = /0 We(t — $)Nu (s, Yo(.))ds,
Yi(t,y) = /0 We(t — $)Nui (s, Yi—1(.))ds,

Nar@. Y () =) gt y),

k=1

0
a0 = (im0 )
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Ry - L cL(vk(r,y»)

2 (i, )

where

t
wolt, ) = /0 ot —$)(Fib + HbDYo(ss s £20,0<y <L,

t N
v, y) = / o(t —s)b* Yy (s, y)/ L(s — 0)b*Yo(z, y)vo(z, y)dr.
0 0
Hence v; (¢, y) asymptotically, in steady state,
=" P(iw) Li0)@(i@)(/i()b} + ()b Yie()(B*Yie(1).
And more generally:

vie(t,y) = e F NG w) L(iw)* . Giw)

X (Fi()BT + £ ()D3)Yiu(3) (0" Vi (1)) (6.128)
where
N k
(@) L) B*Yiu )™ |
N k ~
= (Gl [ILGo)] B*YiuF) = GOFO)"
Let

m=max0<y <l |b*Yi,(y)

and we assume R
r=m*p(0)[(0) is < 1. (6.129)

Hence the series

V(t,y) = ka(tvy)
k=1

— e3’w[¢3(lw)i,(la))(l _ elet(b*Ylw(y))z(ﬁ(lw)i(lw))_l

X @) (L ()bT + f()b))Yiu(y).

Note that this is made up of harmonics of the form (3 + 2n)w.
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Approximation

For m small enough we may approximate the sum just by the first term, just the third
harmonic. Denote the approximation by v, (.):

va(t,y) = " G(iw) L(iw)giw)(fi ()b}

+ £ Y () (B*Yiu(1))? (6.130)

and hence within this approximation

Nui (2, Yo() = e’ g1(y), (6.131)

where

. 0
210) = (M—le(y))

(0000, y)
A =3 (eM(va(o,y»)

va(0,y) = ¢i@) L @) @) (f/i()b} + fo()b3)Yie (1) (b*Yiu (). (6.132)

Note that

|g1(¥)| =< const. @) (fi()bY + f2()b3)Yiw ()]

1—r

r
< const.

T— r)?(O)fIY,-w(y)l, (6.133)

where f is given by (6.112). We use (6.130) in what follows. Then
t
B0 = [ W= 9N s Yol)ds
0
and the steady-state response
Yi(t) = eV / Wr(s)e™ " ds g1(.)
0

= W Biw)gi(.)

=eiY(0),  Y1(0) = WeBiw)gi (), (6.134)
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which is the same form as Yy(¢, .), and

r

‘Yl (o, y)‘ < const. - ﬁ(O)f‘YO(O, y)‘. (6.135)
—r
And similarly by iteration we have
Yi(t,y) =¥, (0, y), (6.136)
where
r k&
‘Yk(o, y)‘ < (const. 5(0) f) ‘Zyk(o, y)‘. (6.137)
1—r pt
Hence
o0 o0
Y(t,y) =Y Yi(0, ) + €Y Yi(0, y), (6.138)
k=1 k=1

where the series converges if r is small enough so that

r

‘const. 1 )?(O)f) =§<1,
—r
and
‘ng(O,y)‘ < 1%)%@)‘. (6.139)

We have thus a first approximation to the response at the flutter given by (6.13)
which is thus the LCO.

It is periodic with the same period as that of the flutter mode frequency predicted
by the linear model, with a predominant third harmonic. It is thus an illustration of
the Hopf bifurcation theory.

Higher-order approximation would involve the (3 4+ 27) harmonics. If we have
more than one mode fluttering, we would then have to consider (3 + 2n) harmonics
of each mode and intermodulation, a messy calculation at best!

But the main point is again that we have a response which is periodic in the steady
state with harmonics of the fundamental frequency given by the linear model.

The LCO Amplitude

We define the amplitude of the LCO as the (RMS value):

T
Lim T — oo\/(l/T)/O 1Y (£, y)||2dt,
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Fig. 6.1 Flutter LCO

which within the approximation (6.12) is given by the Parseval formula for the
Fourier series:

2
2 o0
LCO RMS amplitude = )Y,-w(y)‘ + (Z Y. (0, y)) (6.140)
k=1

8 2
Y,-w(y)) 1+ (m) . (6.141)

In particular we see that for initial amplitudes small enough, the LCO amplitude is
proportional to the initial amplitude. Further investigation is required to determine
whether this continues to be true for larger initial amplitudes.

Figure 6.1 shows the incidence of flutter LCO encountered in a specially
designed Flight Test; see [108] for more details.

Finally we come to the solution to the potential field equation, the air flow.

IA

6.7 The Air Flow Decomposition Theory

As we have noted, our primary concern is the stability of the structure. The air

flow per se is of secondary importance. However, as we have seen, we are able to

characterize the flow as well. We consider only 2D flow with zero angle of attack.
From Sect. 6.2, we have the decomposition of the kth-order potential

Ok = dr i + Pox
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and
o0
¢ = d/k!
k=0
recalling (6.134). We define
¢ = ¢ri/k!
k=1

do = Z o/ k!
k=0

The sense in which the series converge is specified below.
The solution of

E(dor) = k1
following ([45, p. 692]) is given by

Goi (1, x.7) = /0 /_ /_ F(t = 0.x — £.2— £)gui (0. £ p)dodEd,

[ > 0;—00 < X,z < 00, (6.142)
where the kernel
F(,x,2) =1/ 2y (1—M?) 1/ (\/((z — Ux/c)’
1/ (1= M) (/3 + 2/33) ) ).
ot =al (1-M?),

2

2
¢ = dg.

And defining

oo
g =) g/k!
k=1

where the convergence is in L,(R?), we have

dolt.x.2) = [0 /_ [ F(t — 0% — £, 2~ 0)g(0. £ mdodédz,

t>0;—00 < Xx,z < 00. (6.143)
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For ¢ we extend Theorem 5.3 to nonzero M. Thus specializing (5.18) to
the typical section case and zero angle of attack, we need to take the inverse
Laplace/Fourier transform of

1/ (k + iw)e sVFMRIMIATTMI J G ), 2> 0,
Now the inverse Laplace/Fourier transform of
1/(k +iw)Ar(A,iw)

is
t
Bi(t,x) = / Akt —o,x —Uo)do, —oo<x < o0.
0

The inverse Fourier transform of

o~V M A 2AUM 0+ (1=M?)
is
S T e

where
rt = (1= M*(x*/c} +7%/cd).

Hence we have

t b+Ut
oLi(t,x,2) = /0 /_b L(t —o,x —&,2)Br(0,&)dodE. (6.144)

And hence by (6.143)

t b+Ut
or(t,x,z) = /0 /b L(t —o0,x —&,2)B(0, §)dodé, (6.145)
where
B(t,x) = /t A(t —o,x — Uo)do
0

L(t.x,2) = 1/Qr J(1 = MP)1/(J((t — Ux/clz)2 —r?)), (6.146)
t>0,—00 < x < o0. (6.147)

Thus finally we have for the time domain potential flow decomposition

o(t,x,2) = ¢ (t,x,2) + ¢olt, x,2), (6.148)
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where ¢ (¢, x, z) provides the lift, has no discontinuities in the velocity, and can be
linearized, and the linearized equation determines the LCO speed and period. We
are not interested in ¢y (Z, x, z) because it does not affect the structure stability. It
cannot be linearized as observed in [86], and may have discontinuities in the flow
velocity. But whether there are “shocks” (see, e.g., [14] for definition of shocks in
the flow) is not settled by this theory. Shocks imply a change in entropy [14] and
our key assumption is that the flow is isentropic. Also, even if there are shocks, it is
not clear [86] that they affect the structural stability, not withstanding the generally
held beliefs by aeroelasticians.

Notes and Comments

This chapter illustrates the need for analytical theory. For example, a precise
definition of the crucial concept of flutter speed is not possible by numerical
computation, which is probably why there is no formal definition in all of the
aeroelastic literature.

The continuum formulation and solution of the aeroelastic equations in isentropic
flow appears here for the first time. The structure dynamics is assumed to be linear
and although the extension to the nonlinear case would be of interest, the extra
complications it would bring in even in the “domain” specifications would be too
much without proportional gain.

And of course our main interest is in the nonlinear aerodynamics anyhow. We
have also limited the treatment to the case of zero angle of attack because the
extension to the nonzero case would involve too much effort without justifying the
returns. Our main objective here is in showing the Hopf bifurcation and the LCO.
We have provided the means, however complex, for calculating the LCO amplitude.
This is of course also a tedious process in CFD requiring “time marching.”

The existence of shocks in isentropic flow continues to be controversial. It is
indeed established in 1D flow (the Riemann problem, see, e.g., [4]). However, there
is no mathematical proof (yet) in 2D or higher dimensions [private communication:
A. Chorin, 2010]. And furthermore, ours can be termed a singular case because of
the finite boundary.



Chapter 7
Viscous Air flow Theory

7.1 Introduction

In this chapter we extend the theory allowing for nonzero viscosity. The field
equations then are the Navier—Stokes equations, a subject in fluid dynamics of
intense research activity, but still replete with many open problems. Our interest
here is again on the effect of viscosity on the wing-structure response rather than
the flow itself. The extant aeroelastic literature on this aspect is all computational
[82,83,93].

7.2 The Field Equation/Conservation Laws

We begin as in Chap.3, with the governing conservation laws for fluid flow in
their differential form, but now including viscosity. We follow the notation there
for pressure, density, and other thermodynamic variables, with g(¢, x, y, z) in
particular denoting the fluid velocity.

1. Conservation of mass

)
a—f + V- (pq) = 0. 7.1
2. Conservation of momentum (Navier—Stokes equation)
aq 21
po; TPE-V)g=pAg=Vp+(i+—|V(V-q) (7.2)

where

W is the coefficient of viscosity. (1.78x107% (for air)).

¢ is the second coefficient of viscosity; more on this later.
Agq is the 3 x 1 vector with components.

V-Vg; i =1,2,3,andgq; are the components of g.
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Similarly (g.V)gq is the 3 x 1 vector with components
q.Vgqii =1,2,3,
9 =iq1+ e+ kg,

7, f, E being the unit orthonormal vectors.
And finally the law that is of crucial importance in our theory:
3. Energy-Flux Equation
As noted by Meyer [14], this is no more than the first law of thermodynamics in
a Eulerian version.
The energy per unit volume

P
Et)y= T = ——
(y=Dp
and the flux of energy per unit mass
303
DE
Por =~ pV-q+ ;];Uikeik + kAT, (7.3)

2
Oik = bik (C - TM) V.q + 2peir,

_ 1 (0qx  9g;
Cik = 2 (axi + 3xk)

with the notation x| = x, x, = y, x3 = z, 8;% is the Kronecker delta and

3 3

¢ = Z Z OikCik

i=1k=1

is called the dissipation function and we have the thermodynamic relation [14]

,oTE = @ 4 kAT, (7.4)
dt
where S is the entropy. k (assumed constant) is the coefficient of thermal
diffusivity ~ 1,000 p,y = c¢,/c, ~~ 1.4. The flow is incompressible if the
flow divergence
V.g=0.

These are the field equations. But what distinguishes the aeroelastic problem are
the boundary conditions. We consider again the finite plane structure model as in
Chap. 3. The big difference from the nonviscous flow is:



7.2 The Field Equation/Conservation Laws 329

1. Zero Slip at the boundary:

-Dz(t, x,
q(t, x, y, 04) = k%, x| <b, 0<y<€ (15
where z(. , ., . ) is the structure displacement along the z-axis, as in Chap. 3. In

other words, there is no slip between the air and the wing motion, the latter being
normal to the wing plane in our beam model. This is of course more restrictive
than just flow tangency, as in the nonviscous model.

2. The Kutta—Joukowsky conditions remain the same as described in Chap. 3.
However, whether the Kutta condition is needed is examined later. The far field is
iU where we omit the subscript infinity. Our main interest again is the structure
stability as a function of U > 0.

The basic relevant references for viscous flow for our needs are: Meyer [14];
Landau—Lifschitz [12], Schlicting—Kersten [15], 2003 edition of the 1965 classic;
Chorin—Marsden [4], R. Temam [19]; and Oleinik—Samokhin [13].

The main difficulty here starts with the basic question of existence and unique-
ness whatever the function space and sense (weak) of convergence chosen for the
flow solution.

Of the huge readily available literature on Navier—Stokes equations, it is fortunate
that we are only concerned with aspects of the theory that affect the boundary-
structure stability.

It should be noted that if we set & = 0; ¢ = 0 in the Navier-Stokes equation
(7.2), it does formally reduce to the Euler equation (3.2) we start with. But the
further condition of isentropy is required to reach the full-potential equation, and
the fluid-structure boundary conditions imposed are of course quite different.

Incompressible Flow
Furthermore, we make the “simplifying” assumption that the flow is incompressible
in the sense that the flow divergence can be neglected

V.qg=0.

This in particular allows us to sidestep the question of including the second
coefficient of viscosity. As a result, the Navier—Stokes equation (7.2) simplifies to:

3
pa—f +p(q.V)g—pAg+Vp =0 (7.6)

and the energy-flux equation to:

DE 3 3
pD—t = zuggeikz + KAT, (77)
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1 (dqx = 0q;
== — 4+ —- 7.8
Cik 2 (Bx,- + axk) (7.8)

and we do not need to worry about .
Before we can consider the stability of the structure we need to consider the
following.

The Static/Steady-State Equation

The static Navier—Stokes equation simplifies to
p(q.-V)g + pnAg =0 (7.9)

and the energy-flux equation to

3 3
2 ) ey + kAT = 0. (7.10)
i=1k=1

But this condition by (7.4) is equivalent to saying that the entropy is constant in time.
Hence in the time-invariant case this equation is automatically satisfied because
entropy is taken to be time invariant. Also the continuity equation (7.1) using the
incompressibility condition yields

q.Vp =0,

so that we may take p to be constant. Thus (7.9) holds with p a constant. The surprise
here is that the static solution for the nonviscous case, where the structure is at rest
and the flow vector is a constant, does not hold here because of the no-slip boundary
condition that the structure and the air move together so that the air velocity has
to be zero over the structure. Hence the flow cannot be a constant if the far field
velocity is nonzero.

Typical Section/Zero Angle of Attack

To reduce complexity further we now consider a flexible wing so that we may
specialize to the typical section/zero angle of attack, as in the previous chapters.
Thus we have the field equation

p(q.V)g — nAg =0,
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where p is a constant.
The 2D NS in the xz-plane can now be written out as
ad d 10 02 02
91 0 P _ ( @iy 09) L, 0)=0,  (7.11)

v = (Gh )

1 ax 0z pax_v

943 dg3 1dp %qs g3
I L A (L ER R 7.12
ql+3x ta 3z+paz "\ o2 072 (7.12)
g ox
Vg=20 1 4% —o,
1 ox tas 0z
m
v ==
0

Next we come to the all-important flow-structure boundary conditions.

Boundary Conditions

q3(x, 0) = 0= qi(x, 0) |x] < b.

Far Field
g3(x,00) = 0 = g3(%00, 2),
qi(x, 00) =U = qi(£00, 2).
The entropy S is given by ([14], p. 144)
pe~ /%) = constant p”.

So the first task is to determine the static solution. At the present time the only way
is to invoke the following celebrated theory.

Prandtl Boundary Layer Theory

Proposed by Prandtl in 1904 [15] for fluids of small viscosity (“vanishingly small”
and air qualifies with (& ~ 10)™®); but more important, of large Reynold’s number;
see [4]. The concept of the boundary layer is to subdivide the flow region into
two parts: a thin-boundary layer at the wing boundary where the viscosity must
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be taken into account where the no-slip boundary condition holds, and the “outer”
layer which is the bulk of the region where we may neglect viscosity and assume
isentropic flow. For the ‘matching’ problems here see [3,4].

A word of caution! It should be noted right away that Oleinik writing in 1999
includes this problem in [13] in the section on “Some Open Problems:” “Is it
possible to give a strict mathematical justification of this procedure and find the
limits of applicability of the Prandtl equations?”

In other words, there is no mathematical justification for this procedure, yet.

The Prandtl Limit Equations and the Blasius Solution

Here we follow Landau—Lifschitz [12]. The Kutta condition is not invoked. In the
usual formulation, as in [12], the boundary is allowed to be infinite. But here we do
not have that luxury; the boundary is finite. There is another additional complication.

In reference to (7.2) we need to make additional simplifications in the inner layer:

I _
0z

_ o

0=
ox

or the pressure is a constant, along with the density. We set

SEAS!

Next we assume:

0z2 9x2

Hence the Navier—Stokes equation (7.2) becomes

Pqs 0 9 qs

g1 g1 q

—_— —_— =y, 7.13
Nox T8, V%2 713
943 g3
i £ 2 —,
an 0x tas 0z
which using
g, g3
L A
dx + 0z
becomes
993 g1
— =q;—. 7.14
Do =By (7.14)

Here we can state the next theorem.
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Theorem 7.1 (Oleinik [13]). The field equation:

Gi— +q@3— =V (7.15)

ox 0z 02

dq1  09q3
— 4+ —=0 7.16
ox + 0z ( )

g1 g1 %q
2’

inthe strip 2 = {z>0; —b < x < b }, with the boundary conditions

(]1()C, O+) = O? q3(-xa O+) =0,

qi(x, 00) = u, —b<x<b
has a unique solution such that

a1 Pa
0z 072

are continuous and bounded in S2.

991 993
ox 0z

are continuous and bounded in any finite part of S2. a

We do not have a constructive solution technique. We do have the following
however.

Theorem 7.2 (Blasius [cf. 12,14, 15]). If the chord is infinite, that is, we have in
our notation —b < x < 00, the solution is unique and the limit value as z goes to
infinity
vU
q3(x, 00) =0.43

—b < x < o0. (7.17)

Proof. See [14]. O

We use this as the boundary condition to calculate the steady-state potential flow in
the outer layer.

Thus we have the steady-state problem as in Chap.4, (4.1), now specialized
to typical section and zero angle of attack. The field equation for the potential

P(x,7) is:
0=a |14 22D UZ_(3_¢)2_(3_¢)2 (A¢)
o 2a2, ox 0z
1 [8_¢

_ 19 a
2| dx ox

IVo|* + %—¢§|V¢IZ] (7.18)
Z 0%
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¢ ¢
Ap= 22790
¢ ax2 - 92’

ap\>  [9p)\°
Vol = | == -
wor = (¢) + (%)
with the boundary condition:

ap(x, 0) _

w(x), |x| < b,
0z

where w(-) is given by (7.9), and the far field condition that
Goo = 1U
and the Kutta—Joukowsky conditions.

This problem has already been treated in Chap. 4. The solution for the potential
as calculated there is given by

¢(x. ) =xU+ ) %fﬁk(x, 2), (7.19)
k=1 "
where
o =M /” A(E)dE
ax 2 201 =M?) + (x - §)?
5 | = oU , (7.20)
o1 V1—M?2 @ B(§) .
0z S /_oo 2(1—M?) + (x — £)?2 §

086 |b—x (b | 1 1
A(x) = 1_M2 b T /_b ESTX dé, |x| < b, (721)

_ L A®
B(X) = ; /_b mdé, |)C| < Q. (722)

For k > 2:

bi(x. ) = /_ /_ LGx—£ 2—1)gi (€ n)dédn,

x, zin R? (4.82),
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2 k-1

Y —1 j09j—m Opm
= A
Ek—1 = 5 ;;C i Z dx;  0x;
k=2 2 Py
¢k 1 1 a¢l —m a¢m
+ ZZ 0x; 0x; Cm 0x; ax]
I=1i=1j=1
X=X Xp=2. (7.23)

Linearization

Next we linearize the full-potential equation (typical-section theory) about this
steady-state solution given by (7.11). Denoting it by ¢o(x, z) and ¢(A, ¢, x, 2)
the solution corresponding to A6(¢), Ah(t) with

@0, ¢, x, 2) = ¢o(x, 2).

Then we have the expansion:
$(A. 1. x, 2) = olx, z)+Z ¢k(t X, 2),

where

¥, x, 2)
¢)k(tv X, Z):—akk .
We are only (!) interested in ¢, (¢, ., .).

Hence differentiating

82¢(M 2 y—1 2 20
P Vel = e (1+ L (V2= Ve P - o) ) As)
=Vo(A)- VW (7.24)

with respect to A and setting it equal to zero, we obtain:

32451

7 25 v¢1 Voo =a> (1+ 1= (U2 |Vo|*)) A

OO

0
—(y—-0 (2V¢1 Vo + Ed)l) Ago

2
Ve - V|V<Z50|

—V¢o-V(Voi - V).  (7.25)
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The flow-tangency boundary condition is now

d¢p1(x. 0)

91 (1, x,0) _ (fz(t, Y) + (x —ab)d(t, y) + T@(t, y)) (7.26)

0z

and we have used the fact that
dr(x, 0) =0 k>2.

Plus: the Kutta—Joukowsky conditions as in Chap. 3.

To proceed further we have to construct the whole linear theory in Chap.5 for
(7.25), where now we face the new difficulty that the coefficients depend on the
space variables. So we stop here in this version of the book, leaving it as part of
suggested future work.



Chapter 8
Optimal Control Theory: Flutter Suppression

8.1 Introduction

We have examined the problem of feedback control of structures for stability
enhancement in Chap. 2. In this chapter we return to this problem for aeroelasticity
where the structure is subject to aerodynamic loading. An important point to be
noted here is the dependence of stability properties on the speed parameter. Hence
the control action will need to depend on the speed as well.

Our continuum model is as described in Chap. 3. As we have shown in Chap. 6,
stability is determined completely by the linearized model linearized about the
steady-state solution. Hence it follows that the controller need be based only on
this linear model, an important conclusion of the theory.

Hence we consider only the linear model in Chap.S5. In particular we limit
ourselves to isentropic flow.

As is now well established, to begin with for control design we need a state-
space model. The complexity here is that the state is no longer finite-dimensional.
For finite-dimensional approximations see [17, Chap. 12].

Fortunately we have developed a state-space model in Chap.5 which we now
invoke. Thus we have:

Z(1) =AZ(),
Y(t) =PZ(@1).
We need to add to this the control actuator model. Whatever it is, however, it has to

be on the structure. This involves a sensor that inputs to the actuator, a compensator.
Thus for M = 0, we have the control model:

Y (t) = AY(t) + Cx(t) + Bu(t),
X(t) = Acx(t) + LY (1). (8.1)
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Or, going back to the convolution/evolution form:

Y()=AsY(t) + TY () + / t L(t —0)Y (0)do + Bu(r), (8.2)
0
where
0
Bu(r) = ( Bu (t)) (8.3)

and thus the control may be force or moment, and
u(-) € Lo[H,, [0, T]] 0<T < o0,

where H, is a separable Hilbert space, and B is a linear bounded operator into H,
following the notation in Chap. 2.
For M # 0, we have the modification of the convolution term (cf. 5.4.)

Y(t) = AY (1) + / t L(t —0)Y(0)do.
0

But this can also be subsumed in the state equation in terms of the full
state Z(.):

Z0) = AZ(1) + ( BL?(t)) . (8:4)

The first question is whether this class of controls, and in particular the canonical
feedback control of Chap.2: —B*PZ(t) can yield controllability in the Z-state
space.

Here we can use the explicit semigroup solution

3

SZ(I)Z _ Sc(t)x +/0 Sc(t —O’)LY(U)dO—
Y()
Y(t) =W@)Y +/ W(t —0)(CS.(0)x — L(o)Y)do,
0
X
2= (5)

for the solution to the control equation for zero initial conditions:

! 0
Z(t) = /0 S.(t—1) (Bu(r)) dr
_ (/0’ dr /Of*f Se(t—1— O')L% [W(U)Bu(r) — /06 W(o — x)E(x)Bu(r)dsi| ) .

fo W(t — 0)Bu(o)do — [, [ W(x —0)L(0)doBu(t — t)dr
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Controllability—Stabilizability

As we have seen in Chap. 2, controllability requires that

= UuUt>0 SZ(I) ([3]4)

must be dense in the state-space, where

t d o
S.(0) ( 0 ) _ /0 Se(t _O)LE [W(U)Bu—/o W(o — r)ﬁ(t)Budri| do

Bu
W(t)Bu— [y W(t — 0)L(0)Budo

For M # 0,
0 fy Se(t — o) L®(0)do
5.(0) ( BM) - ,
(1)
d(t) = W(t)Bu(r).
Let

X:
o =7
()

denote the eigenvector of the generator A corresponding to the eigenvalue A;. These
are the aeroelastic modes, as we have seen, with Y; the structure mode shape.

As we show in Chap.5 they are confined to a bounded real part strip in the
complex plane with a finite number with positive real part for each speed.

Let us recall from Chap. 2 our key result in control theory, Theorem 2.1, and our
canonical candidate for a robust stability enhancing controller.

Here, however, the state space is no longer a Hilbert space. So it does not apply
directly.

Theorem 8.1. Suppose for some i,

Yia

B*Yi, =0 whereY; = (
Yi2

), and Rel; >0.

Then the state space is not controllable and the canonical robust feedback
control

u(t)y = —B*PZ(1)

cannot stabilize the system.
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Proof. This control yields the state equation:

Z(0) = (A' - (%) B*P) 20

and
P (A— ((l)i') B*P) ®; =\, Y; — BB'Y;.
But
B*Y; = B*Y;, = 0.
Hence
(A - (%) B*P) O = Ad; = 1, P;.
Or this unstable mode is not stabilized. O

Remark: This result is not surprising because a mode cannot be affected if the
corresponding mode shape leaves no trace on the control input. In fact we have:

M3(t) + Dx(t) + Kx(t) + Ax(t) = /t F(o)x(t —o)do.
0

Then the question is: Is it possible to find a controller that has a trace of every mode?
For which, in other words,

B*P®; # 0
or
B*Y;, #0. (8.5)

Or is there a “u;” in the control space such that [Y; 2, Bu;] # 0 for every i ?
This requires that we calculate the mode shapes, and take note of the dependence
on the far field speed. Suppose then we can find B and u such that

B*P®; #0 foranyi.
Theorem 8.2. Suppose
B*P®; #0 foreveryi.

Then the feedback control u(t) = —B*PZ(t) will enhance the stability of the
structure response, if we can assume that the eigenfunctions are little changed in
closed loop.

Proof. At the simplest level, the argument would be this. In practice, the control
effort is not large enough to change the mode shapes. Hence the eigenfunctions ®;
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will remain the same as without control. Hence the eigenvalues of the generator are

given by
. 0
A-— PO =y
(4= () 7)o =r

nlipee = |7 (4= )5P) onpo

= [PA®;, Po,] - ||B*P; |
1B, 1
LA

and hence

Reyi = Re/\,- —

which is strictly less than Re A;. Hence the damping of every mode is increased. In
particular the structure response is more stable.
Note, however, that (cf. Chap. 2)

||B*Y; |2 .
—~ 5~ goestozeroasi — oo.
11|
And in any event we may not be able to make every mode stable: we cannot
necessarily make Re y; negative unless Re A; is zero.
Now let us consider the more general proof.
Let W; denote the eigenvectors of the controlled system stability operator so that

. 0
AW = (BB*P\I/,-) = ri%i.

Then
PA\P, — BB*P\P, = )/,'P\IJ,‘.
Suppose
BB*PW; = 0.
Then
AV, =y,

so that U; is an eigenvector of A, which would contradict our hypothesis. But then
PA‘I‘, — BB*P\I", = )/iP‘I’,'
and the assumption about eigenfunctions needed is that

[PAV; PV, = A;. O
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In any event it would appear that
u(ty = -B*PZ(t) (8.6)

is a good candidate feedback control law for augmenting stability, in particular for
increasing flutter speed.

Flutter Suppression

Note that flutter instability cannot be totally avoided; the system will never be stable.
The terminology “flutter suppression” is usually used in this sense of increasing the
flutter speed.

In particular this means that there is no “optimal” control! Also here is an area
where the control based on “discretized” system models may be misleading because
here the number of modes is finite and this would make the controller like the one
above be able to stabilize all the modes, whereas the continuum model shows it is
not possible.

Then the question is: Is it possible to find a controller that has a trace of every
mode. For which

B*Pd; #0
or
B*Y:, # 0.

Or is there a “u;” in the control space such that
[Yi2, Bu;] #0

for every i.

This requires that we calculate the mode shapes and take note of the dependence
on the far field speed that the control may have to be dependent on the speed, which
is an open problem at present.

Self-straining Actuators: Incompressible Flow

Because of the remarkable stabilizability properties of the self-straining
actuators, described in Chap. 2, it is natural to consider them for flutter suppression
even if the control effort may be limited. Here following [8] we examine how
effective they can be in incompressible flow where we have an explicit solution of
the Possio equation. For an account of experimental verification see [25].
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We only consider the torsion controller because of its “super stability” capability.
As in Sect. 2.5 we have to change the definition of the state to include the end points.
Thus following [60], we have:

t
Y(#)=AsY(@) +TY(t) + / L(t —s5)Y (s)ds, (8.7)
0
where Y(.) is in the energy space
He =D (VA) x 1,
H=H,xH,,
Hy, = Lo[0.4] x E',

M, = L,[0,4] x E,
1= )
D(Ah)Z( h in Hb
n' (€)
4 ( h )_ (Elh””(.))
"\ wy) T \E@ )

0" L>(0,0): 6(0) = o) ,

B e L(0,0); h(0) = 0 = I/ (0) = h”’(l)) ,

4 oto) = (o)
o) \Grow)

Hg =D («/A 5) x ‘H with energy inner productAg with domain and range in Hp,

hi
DAs) =Y = (xl) w =" Olepas) o= (’”),
21 01 0>
0,(£)
and
hy
L0
7 /
6, GD( A‘)’
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h (¢ —-GJO/(L
hy' (£) = _Ell_(); 0,(¢) = —1()
&h 8o
hz 1
—Elhl ()
&h
0,
Asy - /
0, (¢
_ar (€)
ge” ®
EIn""
e 1
ey
If g, = 0, then 2] (£) = 0.1f gg = 0, then 6,"(£) = 0.
Re[A,Y. Y] = —gulhi(0)]*> — go|01(£)|* so that A, generates a contraction

semigroup.

Next 7 and L(.) are as defined in Sect. 5.4.

To determine the aeroelastic modes we can continue to use the development in
Sect. 5.4. We can continue to use (5.7) except that we must change the matrix P to

A
02810 0 0
El

0 0 00 0 O

Ago
0 0 00—=—1
GJ

Torsion Control

We only consider the pitch or torsion control because of their exceptional stabilizing
properties, as shown in Chap. 2. Thus we set g;, = 0.

Our main interest is in the root locus and the stability curve as in Sect.5.7 and
how the stability is enhanced by the self-straining controls. Let Py denote the matrix

0010 0 O
0000 O O
Ago

0000 —1
GJ

and let
d(0, gg, A, U) = det Pye’ D0 (8.8)

and following [18], using the notation

{a;; } for AWML,
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we have:

ass a34 Asze

PgeA(l)l 0= aq3 Q44 d46
A

g6 Ago g
aegsz + aa% ey + 5054 age + aass

and hence it follows that we can express

2
d(0, g6, 2, U) = d(0,0,1,U) + %d(o,oo,k, v), (8.9)

d(0,00,1,U) = det P3e™MQ

ass ds4 dse
=det | as ass ass |, (8.10)

as3 ds4 dse
where

001000
P3y=1000100
000010

If U = 0, the modes are given by (Sect. 2.3):

v GJI g coshAvl + gy sinhAvl = 0,

2k + 1 [GJ
Akz—a—i-iwk,wk:u 7 for gg < g. = GJ 1y,
)

20
1 /GJ
o= — | og |81 8| 8.11)
20\ Iy g~ 8¢
Hence
0r(0) = —o.

Now from Sect. 2.5

Iy
GJ

d(0,g9,1,0) = \/GJIg coshAvl + gy sinhAv?, v
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and hence we have, comparing with (8.9),

d(0,0,4,0) = \/GJIy coshAvl,

GJ
d(0,00,A,0) = - sinhAv /.

Hence

ad(oa g@,kk,o)

0 - Kv(\/GJIG sinhAg vl + go coshuexk) (8.12)

and it is important to note that the right side is not zero. If go = 0, this is immediate
because coshA; v/ is then zero. If gy is not zero, then coshA; v cannot be zero and
because

JGJI
Tanh A, vl = — 9,

8o

it follows that (8.12) cannot be zero.
To calculate

ad(oa g6, A-kv O)
U

we note first that by the perturbation formula in Sect. 2.3, we have that

1
d0,0,A,U0) = 5(1 + (cos y£ cosh y£)cosh ul + wows A(y, )
as in Sect. 5.4. And:
1
d(0,00,A,U) = Ewl(l — cos y{ cosh yﬁ))Cosh ul

omitting cross-product terms involving w;.
Hence

9d(0,g9,A0) 1 0
U 330 (1 + cos y£ cosh y) cosh ut

A
+%w1(1 — cosy¥ cosh y{£)cosh ;1,6) .

Although we can continue calculating, we see that

A A
k80 _ M8e _ " Ty
GJ GJ
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is small enough to be neglected, so that the slope of the stability curve is essentially
the same as for zero-control gain and is of course negative. Unfortunately we don’t
have even an approximate formula for the flutter speed; and although the value of
the damping is now large and negative and the slope is the same as before, we cannot
still claim that the flutter speed is going to be less.



Chapter 9
Aeroelastic Gust Response

9.1 Introduction

A safety issue as well as a material fatigue issue is the effect of wind gust on
the aircraft. This is usually examined as part of the rigid-body response to wind
turbulence; see [9, 33]. A sinusoidal-gust model is considered in most aeroelastic
work starting with [6]. See [17, 84].

Here we follow [64] and use, instead, a random-gust model, the random-field
model of wind turbulence due to Kolmogorov; see [26,35]. We use a linear-structure
model because the theory for a nonlinear structure model would involve nonlinear
equations. It is not clear to us that the nonlinearity is any more important here than
in the rigid-body case, where the gust is allowed to be random, but the rigid-body
model is linear. In any event, we only consider the linear Goland beam model and
typical-section aerodynamics, as appropriate for a flexible wing of high-aspect ratio.

9.2 The Turbulence Field

We begin with a description of the Kolmogorov model of wind turbulence. Let
v(x, y,z) denote the wind field in 3D. Let k denote the unit normal to the wing
plane so that the induced normal-wing velocity is

we(x,y,2) = v(x,y,2).k. 9.1

According to the Kolmogorov theory, the wind field v(-) is isotropic Gaussian with
the 3D spectral density:

2

n
11/6°
(K2 + f2+ 12+ fD)

P3(ﬁ’f27f3): _Oo<ﬁ < 00, (92)

A 'V Balakrishnan, Aeroelasticity: The Continuum Theory, 349
DOI 10.1007/978-1-4614-3609-6_9, © Springer Science+Business Media, LLC 2012
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where « is the scale parameter [35] and cﬁ is the turbulence strength whose value
may be considered arbitrary for our purposes here.
The 2D field given by (9.1) has the spectral density:

constant

(K2+f12+f22)4/3’

P2(flv f2) =

—00 < f; < o0. (9.3)

Temporal Wind Gust Model

For an aircraft in motion the wind-gust velocity at any given point on the wing is
a function of time, obtained by invoking the Taylor “frozen field” hypothesis. Thus
we assume that at the given altitude z, say zo, and the wing velocity—the far-field
velocity in our aeroelastic model—is along the x-axis equal to U. We also take the
angle of attack to be zero. We assume that the wing displacement normal to the wing
is small compared to zo and neglect the change in the altitude due to wing motion.
Then at any point along the chord (x, s, z9), where s denotes the span variable, the
vertical wind-gust component, as a function of time is given by:

W (t, x,5) = wg(x — Ut, 5, 20), x| <b, 0<s <{. 9.4)

We have thus a 2D space-time random field which is Gaussian and stationary in
both space and time. The main thing to note is the dependence on the speed in the
temporal variable. The space—time covariance function of the process:

E[W,(t1. x1,51) We (2, X2, 52)],
E[-] denoting expected value, is then given by

/°° /°° 21 (v (x—Ut)+v25) !
e2ri(vi(x— t)+vas dvldV2, (95)
oo (k2 + 42 (v} +12)) "

where

t=0H—1; X = X — X1, S = 8y — 1.

In particular, we see that if we fix the point x( on the chord, the spectral density of
the process W (2, xo, 5) is given by

1

U <k2 + 472 (5_12 n fzz))4/3,

P(xo, f1, f2) = —00 < f1, fa <oo. (9.6)

Figure 9.1 plot the spectral density in db for various values (FPS units) of speed and
scale factor. There is significant low-frequency content for small speeds and small
i, but the curves flatten out resembling white noise for higher values.
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Fig. 9.1 Temporal guest spectral density

Our objective in this chapter is to consider this as the random disturbance input
to the aeroelastic system and calculate the structure response for the Goland model.

9.3 The Gust Forced Aeroelastic Equations

We assume that the structure model is the Goland model with two degrees of
freedom treated in Chap. 2. The aerodynamics equations are as in the typical-section
zero angle of attack linear case treated in Chap. 5. The field equations are as given
in (6.11):

20 ¢ P
P9 2?2 a-mn2l 200
o T2 i0x [“w( Vg2 T doo aZZ]
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with the now stochastic boundary condition

ap(t, x,0)

3 = wu(t,x,5) + Wel(t, x.5), 9.7)
Z

where
we(t, x,s) = — (%(h(t,s) + (x —ab)o(t,s)) + U@(t,s)) .

We need to calculate first the lift and the moment corresponding to the input
“downwash” W, (.). For this we need to calculate first the pressure doublet, using
the Possio equation. Here we consider only M = 0 and M = 1, where we have
explicit solutions.

Thus

t b
Ag(t, x,s) = / /b W(t —o,x,E)We(0, & 5)dE
0 J—
with the steady-state version:
oo pb
Ag(t,x,s) = / / V(o x,E)W,(t —0,§,5)dE,
o J-b

where the “system function” W(.) is given in Sect. 5.4.
The lift

b [ele) b
Le(t,s) = ,oU/_b dx/0 /_b V(o x,E)W,(t —0,&,5)dE,

where it is convenient to define

b
I(t,€) = /prxp(z,x,g)dx, 9.8)

so that the lift due to gust

oo pb
L,(t.5) =/O /_bl(a, EYW,(t — 0, €. 5)dE 9.9)

and the moment

b oo pb
M,(t,s) = pU/_b(x —ab)dx/0 /_b V(o x,E)W,(t —0,&,5)dE,
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and defining

b
m(t, &) = /b pU(x —ab)¥(t, x, §)dx, (9.10)

we have
oo pb
M) = [ [ meow o6 ©.11)
These are then the random lift and moment, stationary Gaussian random processes
in time variable ¢ and space variable s. The corresponding covariance functions are

given by

Ri(t,s) = E(Lg(t1,51)Lg(t2,52)), t=t—t; §=s5—s5

= /Ooo /Ooo dodg /Ooo /_};I(Ul,Sl)E[Wg(Zl —o01,61,51)

X We(ty — 02,8, 52)] . (02, §)dordé,,

where
E[W,(ty — 01,61, s1) W (t2 — 02,62, 52)]
o0 o0
_ / / 2 (01 €261 ~U1—(02-01))) +v25)
—00 J—00
! dvid
X vidvy
(k2 + 472 (vlz + v%))4/3
and hence:

Rp(t,s) = /000 /Ooodffldél /000 /_21(01,51)

/oo /oo e2mi(vi(§2=§1=U(1—(02—01)))+v2s)
« dvidwl(02, £)dordé,
—00 J —00 (k2 + 472 (Vlz + V%))M3

00 [e'e) oo pb
=/ / eZm’let-l—Zm'vzs / / e—2ﬂiv152—2m’v1Uaz
—o00 J—00 0 —b
2
1
2 2(1)2 2))\4/3
(k2 + 472 (v} + v3))

x (02, SZ)dUZdSZ dvidv,
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[ele) [e%e) [ele) b
_ / / e 2mifit+2nifss / / o2 (i /U)er—2rifion
—00 J—00 0 —b

2

1
S 1(0-27 gZ)do-Zvng : N 4/3 dflde
U (k2 + 42 ((%) + f;))
Y R ifit+2mif; M ?
e ()
1
X 5 4/3 dflde
U (k2 + 472 ((%) + f;))
[els) b ) )
Hi(fi, /) = / / e 2N (¢ £)dedE (9.12)
0o J-b
and the spectral density
A ? 1
= PL(fi, o) = ‘HL (fh U) (9.13)

Similarly
00 00 i )
RM (t, S) _ / / evalUl‘-l—vagslHM(le’ V1)|2
—o0 J—o0
1
X 7 43
(k> + 472 (v} + v3))
[} e’} . . fl 2
— / / emelt-l—mezs HM (fh _)
—o00 J —00 U
1
X 4/3 dﬁdes
-\ 2
U (k2 + 42 ((ﬁ) + f;))
where

b o)
Hy(f1, f2) = / / e NS (1 £)drdE (9.14)
—b JO
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and the spectral density
? 1

U (k2 +4m2 ((%)2 + f;))m

To evaluate H , Hy; we need to specify M. We begin with M = 0.

Pulfi, fo) = )HM (72)

The Case M =0

Lemma 9.1. See [6, 64].

H, (vl, %) —pU [ZJrT (ZJri%b) (Jo (Zer%)

—iJ, (mb%)) +2mid, (mb%)]. (9.15)

This is called the Kussner Function in [6]. T () is the Theodorsen function; see
Sect. 5.4.

Proof. Our derivation is a variant on both [6] and [64] and follows our version of the
solution to the Possio equation for M = 0 given in Sect. 5.4. It is mostly a tedious
exercise in Fourier transforms and evaluating various integrals, as in [64].

Vi R —2mi(v1£/U)
Hy(vig) = [ e ™ar [ i ge ¢/ Vg
U 0 —b

b b
=pU / / U(Q2rivy, x, £)e 2 1V ggdx
—b J—b
and from Sect. 5.4:
b
/ U(Q2mivy, x, £)e 27/ UEge
—b

is the solution to the Possio equation for W, (., §) = e 27 ("/U)§

Hence using (5.46) let

4() = (I + kL£(0)) [u gL U+ kLOu) }

bekb (Ko(kb) + K, (kb))
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where
u = 2tW, (),

b
k—2m—

A e—2m<v1/v>s
u(x) = \/ b+x \/ 3 dE.

Hence we have

H, (vl, %) - /_ 2(1 4 k(b — x))u(x)dx

b
+/ (1+ k(@ —X))h(x)dx( L(k,(I +kL(O)u)) )
—b

bekb (Ko(kb) + K, (kb))

1 [b—x [ [2b+ o 1
h - —ko do.
(x) b b—i—x/o ¢ o x—-b—-o o

where

Hence

b
/ (1 + k(b —x))h(x)dx
—xl—k(x—b) /°° ko |2+ 0
dx e do
b+x x—b—0o 0 o
:b/l (1 —kbo)dx /1—x/°°e_kb6 /2+crd(I
gax—1—=0)V1+xJ o
Ykb [1— o0 2
— xdx e kbo ﬂdcr
" I+ x 0 o
00 2 o) )
- b/ (1 — kbo) (1 _ ﬂ) e—“’”do—kb/ Ly
0 o 0 o2
= —kbo * 240 i
=b (1—kbo)e do — —e do
0 0 o
+kb / o,/ﬁe—“’"do] — kb / e—“"’,/ﬂdo
0 o 0 o
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2 d [ /2
= —b/ V— to e kb 4y k—/ ,/ﬁe_kb”da—kb2
dk 0 o
x/ _kb”‘/2+ada
0 o

—bek? (K) — k(be"* (K) + e (K)') — kb%e? (K)

K,
= —be*?(K) — kb (K) + kbel? (K1 +o Ko) — kbekb(K)

= —be*?(K) + " K\ — kb(K)e?,

/2b + o — bk K.
Next:

b —2migE
/_u(x)dx—/ dx_\/b—i—x \/b+§e§‘—x dé
o " b+ E i
m2f, o

=2wbJ

b b b
J=J (27[711) —iJ (27[711) /_b(b — X)u(x)dx
1
/ 1—x 1—s+s—x / /1+Se_2”i(b”/U)sds
TV 1+x s —X 4 V1—s

1
= / 2b(1+ (1 —s))/1+s/1— se 2mi(bv/U)s g ¢
-1

where

Ji (22U

=2nbJ +

Hence

b
/ 1+ k(b —x))u(x)dx =2xbJ + k2xbJ + 27iJ; (271%)) .
—b
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And
b x
Lk, (I + kLO)u)) = / e k= (u(x) +k / u(s)ds) dx
—b —b
b
:/ u(x)dx = 2xbJ.
—b
Hence
L(k,(I +kLOWw)  2m(Jo(kb) —iJi(kb)) _ 2mJ
bekb(Ko(kb) + K (kb))  (Ko(kb) + K,(kb))ekb — ek K’
And finally

b
/ (1 + k(b — x))h(x)dx ( L(k,(I + kL(O)u)) )
—b

bekb(Ko(kb) + K, (kb))

2nJ
kb K

= (—bekb(K) + e K| —kb(K)e kb / (1 + k(b — x))u(x)dx

bv
=2nbJ + k2xbJ + 2mwiJ, (ZnU) + (=b + T(kb) — kb)2mJ

=27 (T(kb)./ +iJ (27tl;]—v)) )

which yields (9.15) upon multiplication by pU. O
Lemma 9.2.
vy 1+2(1+kb)*> (1 +kb) 4
HM (VI,E)— U|: kb2 — % € Kl(kb)
U .
— 7((1 + kb)J, +ikbJ,)
1+kb (34 2kb)
2,2 _
+(2kb—|—5k b+ T T T) 2nJ}
Vi . Vi . Vi
— abpU [2nT (J0 (Z”bﬁ) —iJ, (ZHbE)) + i, (27117)] ,
where

T =T@kb)y: I =d(2mbg) +id: (2205
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K = Ko(kb) + Ki(kb); k = )

I=J (znb%); h=1J (an%),

which is clearly more complicated than H| and there is no name attached to it yet.

Proof.

(fh ) / / e 2mifit— 2ﬂl(f1/U)§m(t £)drds

b [ele) b
= / / e 2rifit=2mi(fi/ V) / pU(x —ab)W(t, x, §)dxdrde,
—b JO —b

b b
= / e_z”i(-f‘/U)E/ pU(x —ab)¥(2rif |, x, &)dxdé
—b —b

= pU /_b e—z’f’(fl/U)f/_ pU(x —ab)¥Q2rif . x,&)dxds —abH (fl, f‘) .

So we need only to calculate the first term. Now

b b b
/ o2 (fi/U)E / xWQ2rify,x,§)dxd§ = / xg(x)dx,
—b —b

q() = (I +kL(0)) [u+h ’:ZH

Now

b

b b
/ x(1 + k(b —x))u(x)dx = / (1 4+ kb)xu(x)dx — k/ x2u(x)dx
—bh —b

b+ g e—Zm(v/U)é'
dx = | x%dx= d
/_bx u(x)dx = / X \/b +x \/ &
b b
— / x2 dx% b — X / b + Ee_z”i(”/U)Edg
pE—x m\b+xJ), \b-¢§
_ _bZ/I < 1—x —zm(ub/U)ng
-1 1+x
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— o2 /_11 (% Y- S) / 11 i‘ge—zm(ub/wgdg

=b2J—ibTUJ2 (2:%).

Hence
b
/ x(1 + k(b — x))u(x)dx
—b
vy U 2 kbU v
= —(1+kb)J, (2n5) — kb i1, (2n5) .
Next
b
/ x2h(x)dx
—b

1 2 (e ]
1 1 1— 2
:bZ/ —(x+1+cr—(+a) ),/ xdx‘/ e_kb",/ +0d0,
S x—1—0 14+ x 0 o
> 1 o 240
=[| P (z+1+0—(1+0) — 1) |e " d
/o (2+ e (+0)( 240 ))e o
=/ bz(—+l+a)e_k””,/£do
0 2 o
o 2
—/ b1+ o) (1 - ‘/——Hy)e_kb"do
0 o
= —b2/ (14 0)’e*do + b2/ (E +2+30+ 02) e kbo | ida
0 0 o

24 2bk +b%2 1
= —MT:F + Webk ((4 + 2kb) K, (kb) + (2kb + 5k*b*) (Ko + K1)).

Hence

b b
/ (1+ kb)xh(x)dx —k / x2h(x)dx
—b —b

(1 +kb)
-4 (

2 + 2bk + b2k?
bk?

1 kb

— %ebk(@ + 2kb) K (kb) + (2kb + 5k*b*)K).
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Hence

b vy U , . kbU v
/bq(x)dx—(1+kb)J1 (2n5)7—kb i Jz(zng)

(1 + kb) (1+kb) 1
* [T (‘”Tew)

1
= 55 (44 2kD)T + (2Kb + 5k2b2):|27rJ,

which, collecting like terms

1420+ kb2 (1+kb U
_1+20+kb)”  (+ )ekal——((l-f-kb)Jl-i-ikaz)
v

kb2 k
1+kb (34 2kb)
2k k*b? - T)27J.
+( b+5 b+keka 3 ) J
Hence
2
Hy fl,ﬁ =pU 1+2( +kb) —(1+kb)eka1—g((l+kb)J1+ika2)
U kb2 k v

14+kb (3+2kb)
kekb K k

+ (Zkb + 5k2b% + T(kb)) 2nJi|

~abpU [22T (kD) J + 27iJ (an%)] :

which is clearly more complicated than H; and there is no name attached to
it yet. O

The dependence on the speed does appear to be complicated. However, as U — oo,
we can see that both spectral densities go to zero rapidly. Turbulence is not
significant at transonic speeds, and so M = 0 is a good assumption.

Finally if we define:
L, (,5)
Mo = (e 09
¢ M, (t,s)

the corresponding spectral density (matrix) is defined as

P PLM)

P = (0 T

where

fl) conj-HM(fl,%)

v U (k2 + 42 ((3)2 + ]‘22))4/3

Pru(fi, o) = Hy (fl,
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conj- Hy, (fl,%)

) U (k2 + 4n? ((%)2 N ff))m

Pur(f1, /) = Hu (fl,g

and P;, Py as already defined.

9.4 Structure Response to Turbulence

The structure being the Goland beam, the dynamics are now given by the stochastic
differential equation forced by the stochastic lift and moment:

4 t
mh(t,s) + SO(t,s) + EI% —/ 1(0,&)wa (t — 0, €, 5)dodE = Lg(t,s)
0
(9.16)
2 t
160(t.5) + Sht,s) — GJ% —/ m(o, £)wa(t — 0, €, s)dod
0
= M,(t,s) 0<t;0<s <¥. (9.17)

With CF or FF end conditions.

At this point we may use the state representation in Chap.5 for an abstract
formulation; but here it suffices to work the Laplace Transforms to find the transfer
function of the system represented by the left-hand side of the equation. Thus we
have

AZM)?()L) + ADx(A) + KX(A) + Ax(A) — .7:'(/1))?()&) =0, (9.18)
where

m + npb? S — wpb3a
S —pblar Iy + mpb* (a® + %) )’

0 7pb?*Uso
—pb*Uso 0 ’
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and x (A, .) is the Laplace transform of

= (1)
Thus the transfer function is the operator
MM+ AD+ K+ A4—F))™
defined for A in a right half-plane. To determine this we solve:
WCM+AD+K+A—FA)iA,) =g.

Or, following Sect. 5.4:

- A A 1
h(A,8)" —wih(A,s) —=w20(A,s) = £7816):

- - A 1
O(X,s)" —wih(X,s) —wsb(A,s) = agz(s),

=)

with CF end conditions, to be specific. Then with y (A, s) defined as in Sect. 5.4, we
have:

Yy, s) = AA)y(A,s) + Bg(s) 0<s<d,

where

[eleleoNeRe

|H

This is a two-point boundary-value problem and continuing as in Sect. 5.4, we have

i
fc()t,s):/o G(A,s,0)g(o)do

excepting the aeroelastic modes, where G(A, ., .) is the Green’s function (see [64]):
G(A,s,0) = CeAN=B _ CeAMs D) PeAMNEIR 0 <0 <5

—Ce'™ QD) Pt g s<o<d,
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1 0 0 0 0 O

00 0 0 1 0
With W(t, s, o) denoting the inverse Laplace transform of G(A,s,0), we have the
steady-state structure response to gust

where C is the matrix

oo ol
x(t,s) = / / W(t,s,0)Ng(t —7,0)dodr
o Jo

at any point s along the span, where the gust load is

No(t,s) = (]‘ng((’t?)) 0<s <.

Lemma 9.3. The spectral density of the response at any points along the span is
given by

o

Py(s, f) =/ GQrif,s,2nf2) Po(f. )G Q2rif, s, 2nf2)*d f 5,

where

l
GQrif,s.2nf) = / e PGS, s, €)dE.
0

Proof. Straightforward calculation. O

We note that the wing displacement at any point (x, s) is given by:
z(t,s) = h(t,s) + (x —ab)l(t,s), x| <b,0<s <.

Hence the corresponding gust response spectral density is given by:

Po(fox.s) = LP(s. f)L",

where
L = Row[l (x —ab)].

9.5 Illustrative Example

By way of an illustrative numerical example we consider (see [12]): a model used by
Lin [25] in his road-runner ground vehicle experiments. This is typical of a forward-
swept wing [6], where the divergence speed is less than the flutter speed. This is a
torsion-mode flutter at 1.4 H flutter speed 10.7 fps and divergence Speed 9.59 fps.
The parameters are:
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FPS Units

m =0.009937

Iy = 0.0004403

GJ =3.8383

EI =1.7542

[ =10.19

a=0; b=0.364593
S = —0.0003623
IT23H

The normalized frequency is larger than for the Goland model. The plots are given
in Figs.9.2. and 9.3. As expected, the spectral density peaks at zero corresponding
to the divergence speed and also of course at the flutter mode. Most of the turbulence
energy is in the low frequencies, and of course low speeds.



Chapter 10
Addendum: Axial Air flow Theory—Continuum
Models

10.1 Introduction

In contrast to the previous chapters the present chapter has nothing to do with
aircraft! It is presented more as an addendum devoted to the currently emerging non-
aircraft areas of application of aeroelastic flutter such as for a biomedical application
“palatal flutter” [102, 105] where the air flow is axial in contrast to normal. And
piezoelectric power harvesting from wind as alternate energy source [106, 109]
where the orientation of the structure with respect to the flow whether normal or
axial is left open as part of system optimization. Both involve the dynamics of a
structure modeled as a plate or beam in an air stream and the main interest is again
in the aeroelastic flutter phenomenon. But this time our objective is not to suppress
it but rather to maintain it, as in the power harvesting application.

The corresponding continuum aeroelastic theory for axial flow turns out to be
much more complicated than that for normal flow though the starting point is of
course the same, and the basic ideas are the same, which is the reason for presenting
it here as a natural continuation of the previous theory enabling us to call attention
in particular to the differences from normal flow even as an addendum and limited
largely to problem formulation. It serves also as a harbinger of a succeeding volume
devoted to a detailed treatment including full-scale experimental results that can be
run on low speed wind tunnels and do not require hangars or expensive flight tests.

10.2 The Aeroelastic Equations

There is no longer of course the notion of the rigid-body aircraft axis. Instead we
go with the structure beam axis which can be oriented as desired with respect to the
air flow.
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Here we consider only axial flow. Thus with f as before denoting the unit vector
along the structure axis, the far field flow is specified by

Goo = J Uso. 10.1)

Or, more generally, oo = Uso (f cosa + ksin «) so that « is the angle of attack.
Here, however, we consider only @ = 0. The right-hand screw convention would
make ;xf the “plunge” unit vector. Hence the unit z direction is given by —k.
The structure model generally depends on the application; for example, for the
application to palatal flutter [51] it is a thin plate and torsion per se is not considered.
But here we continue with the linear Goland beam model with two degrees
of freedom—bending and torsion—as in Chap.2 underscoring in particular the
profound difference from normal flow. With no association to an aircaft wing we
change the span variable to —¢ < y < £ so that the structure dimensions are:

[ =[-b,b] x [L, €.

The structure equations continue to be

b
mh(t, y)+ SO0, y)+ EIR"(t, y) =/ Sp(t, x, y)dx, —L<y<{,
—b
(10.2)

b
IO, y) + Sh(t, y) —GJO"(t, y) = / (x —ab)sp(t, x, y)dx,
—b
—l<y<t, (10.3)

where the pressure jump p(.) is to be calculated from the aerodynamics.
We consider only CF end conditions

.0 =0 aty=—L,
R0 =0 aty =L

The flow is assumed to be inviscid and isentropic and hence described again as in
Chap. 3 by a potential function ¢ (¢, x, y, z).

The axial flow makes the theory considerably more complicated. Fortunately for
the applications indicated above we have “low speed” flow so that we may take
M = 0, incompressible flow.

This simplifies the field equation for the potential ¢ (¢, x, y, z), and its Laplace
transform

o0
¢, x, ¥, 2) :/ e Mp(t, x, y, 2)dt, Red >0, >0
0
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to the 3D Laplace equation

Pp@,.) @, ¢(t,.)

2 52 022 =0, —00 < X, y, 7 <00,
Phh,)  PP(h,) PN, .
q;iz ) + q;ﬁ,z ) + (Z;(Zz ) =0, —00 <X, Y, <00, (10.4)

omitting of course the structure boundary.
We recall the definitions of the pressure p(.) and §p; and acceleration
potential ¥ (.) and §v, where by the isentropy condition

op(t, x, y) = —péyr(t, x,y) x, yinI = 0 otherwise,
where the acceleration potential

_0¢ 1
W—§+§V¢-V¢.

And the Kushner doublet function:

S_w__(iash 18(V¢-Ve)

At x ) =-7 Udr "2 U

), x, yin T,

so that
Sp(t,x,y) = p UA(t, x, y).

Plus the Kutta condition A(¢, x, £—) = 0.
And

Ip(t. x, y. 2)

v(t, x, y, 2) = 3z

As before we use

q(.) for V.

Fluid-Structure Boundary Conditions

Continuing with the same notation as in Chap. 3, we have for the far field:

doo = JUso. (10.5)
The flow tangency condition is again

ad)(ts-xs yso:i:) _ a¢00 + DZ(Z)
0z 0z Dt
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where
72(t,x,y,04) = =1(h(t, y) + (x —a)0(t, y))

and
Dz(t) m
D(1) ot

We have again (3.20) and (3.21), where now d¢oo/dz = 0.
Thus

v(t, x,y,0%) = (—1) [;i(z,y) + (x—a)f(t,y) + (q(t.x,y,0 £ ) - D), )
N
+ (q(l,x, y,01) ~j) (@(h(t, y) + (x —ab)o(t, y)))i| , x,yel.

We begin with the steady state solution.

10.3 Steady-State Solution

We begin with the steady-state solution about which we need to linearize the system
equations. Following Chap. 4, this is given by

h(y) =0=16(y) [y] <Lo(x,y,2) = yU .

where we may note that the steady-state potential is different from that for normal
flow.

10.4 Power Series Expansion

Asin Chap. 5, (5.1), and in the same notation, we invoke the power series expansion
for the potential in terms of the scalar multiplicative parameter A (to be distinguished
from the Laplace transform variable).

o 4k
d(A,t,x,y,2) = yUoo + g k—!¢k(f,x, ¥, 2), (10.6)
k=1

where

FoA,t,x,y,2)

oAk r=0

¢k(t,x,y,z) =
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where for each k > 1 we have the field equation

Pr(t,.) N Pi(t,.) N Poelt,.)

2 52 02 =0, —oco<ux,y,z<o00.
And correspondingly
I X
V¢(Astvx7yyz):UOOj+Zk_!qk(t5xsysz)s
k=1

where g (¢, x,y,z) = V¢ (¢, x, y, z) with the boundary conditions

p(A 1, x,y,0+ 2 Ak 9
#( 3 y.0%8) _ 7 Pkt x,y, 0%)
Z i~ k! 0z

= (=1) [u}(z, V) + (x —a)Ab(z, y)

[e.] Ak a
+ (Z——¢k_1(l, X, y, Oi)) 0, y)

= (k—1)!dx
Xk )
A’ o0 T A~y a ) s Vs :l:
+( U +};(k—1)!8y¢k(t x, 7.0 ))

X (%(h(l, y) + (x —ab)b(t, y))) :| , x,yel.
Hence
(63 3,08) = (D) (e3) + (= 0, )
+ Uso (%(h(l,y)+(x—a)9(t,y))):|, x,yel

and hence in particular §v; (¢, x, y) = 0.
For k > 2 we have:

0 0
vi(t,x,y,0+) = (aqﬁk_l(t,x, y,01)0(t,y) + 5¢k_1(t,x, y,04)

« (%(h(r,y) + —aw(z,y)))) . (10.7)
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Note the difference from the corresponding formula for normal flow in

Chap. 6, where the second term is absent. Next for the acceleration potential,
we have: cf. (5.7):

8¢()L ) 1

2 Ak 9
v(A,) = + V¢(/\ )-Vo(A,.) Zk—a— i(t,x.y,2)

lk
+3 (Uoo] + Z VX, z)) (Uoo] + Z k—!V¢k(t Xy, Z))

k=1

2

U? o Af
A.,t, sV, = — T ta s Vi)
Yot x.y.2) == +;Mk< X,3.2)

_0y(0,7,x,,2)
wl(ﬂX,y,Z) - T
0
=ﬂ+U ¢1(tx ¥,2)-
dt
And following (6.18) we have:
i 3¢k
t,
Viltxy2) = GE+USE
k—1
+ Y Crjqi(t.x.y.2) qi—j(t.x.y.0). k=1 (10.8)
j=1
And hence for the Kushner doublet:
Sy (A, t,x, >
o0
Ak
Zk_ k(. x,y).

Hence
1

L | %gi 080

U| ot dy
k—1

+ ) Ciyd(q(t,x, 3.9 - qe—j (6, x,3,2) |, x,yeT.
j=1

(10.9)
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Now for each & we have from (10.2)

Pou(t,.) | Pu(t,) | Pilt..)
0x2 + 0y2 + 072

=0, —00 < X, y,7Z < 00.

As before we rewrite this as

P, (32¢k(t,-) n 32¢k(t,-)) x. yinR2.

072 dx2 0y2

Again as we did in the case of normal flow, we take L, — L, Fourier transforms in
the spatial domain, in addition to Laplace transforms in the time domain.

X o poo . o
Buhonoy = [ [ eororg o yaray
—00 J —00
and then (10.2) becomes

2

=7 = (@2 + ). (10.10)

which to satisfy the far field vanishing conditions leads to the unique solution

A w1, w2.2) = eV OTDE A w1 0y,04) 2> 0
= eV @It b (X w,wy,0-)  7<0,

which we can express also in the time domain as

i (t, w1, 0y,7) = eV (”‘zﬂ’%)q;k(t,wl,wz, 0+) 72>0

= VD Gyt o0, 0- 1), 2<0

with the tilde denoting the Fourier transform.
Hence

0t 01, 2,04)
vV (@012 + wr?)
U (2, w1, w2,0-)

(@1 + @2?)

= g (t, w1, w2,0+),

= Gr(t, w1, @2,0-). (10.11)
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The flow tangency boundary condition is

V(A 1, x,y,04) = (—1)|:Aﬁ(t,y) + (x —a)Ab(1. y)
+ (iqﬁ(k, t,x, y,O:b)) AO0(t,y) + (iqb(k,t,x, v, O:I:))
ox dy

X (%A(h(t, y) + (x —a)o(t, y))) :| x,yerl.

Hence

o0

Z —vk(t x,y,0%)

_ <—1>[m(t, V) + (x — A, y)

1!

o0 k
+ (Zk%ad”‘ L x,y, Oi)) 0, y)

o0 Ak ad
R (L)

k=1

Fork =1,

b1t x, 9, 0%) = (=1) [fz(r, )+ (x —ab). y)

LU (%(h(z, )+ (x—ab)o, y)))}

—vi(t,x,y,04+) = v (t,x,y,0-).

Hence by (10.11),
Vi (1, 1, w2, 0)
- (012 + ?)

Vi(t, w1, w2,0)

V(@ + n?)

= $1(t, w1, 02,0+),
= ¢1(t, w1, w2,0-)

and hence

¢1(t7 w1, W2, 0_) = _¢1 (ta w1, W2, O+)a

81(1. 1. an) =2ﬁ1(t,w1,w2,0)/< (w%+w§)). (10.12)
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For k > 2:

ve(t, x,y,0%) = k(=1) [%(z,x,yﬂi)e(i, y)

0i—1
dy

+ 0 o (%(h(t,y) b —ab)e(t,y)))] .

(10.13)

For k = 2:
91
va(t, x,y,04) = (=2) W(t,x,y,0+)9(t,y)

+%(tvxv yvoj:) (i(h(tv J’) + (-x _abe(t’ Y)))):| B
ady ady

d
balt. x..0—) = (=2) [%(t,x,y,o—)e(r,y)

4 1,5.5.07) (000, ) + (5= ab0(e. ) )|
= —n(t,x,y,0+)
— by (10.11)
$2(1,x,y,0—) = —(r,x, y, 0+).
More generally then:
ok (t,x,y,0—) = ¢i(t, x, y,0+) for k even,
G (t, w1, 02,0—) =~ (¢, w1, s, 0+) for k odd,

U (t, w1, w2, 0+4) = Vi (t, w1, wa, 0—) for k odd,

Vi (t, w1, wp,04) = =V (¢, w1, w2, 0) for k even, (10.14)
1
Ak(t’x’y) = _ESWk(tax’y)

1| 98¢ T R —"
:_ﬁ |:T+UW+ZC]C’J qj(t,x,y,O—l-)‘qk_j(t,x,y,O-l-)

J=1

—qj(t,x,y,O—).qk_j(t,x,y,O—)):|, x,yel. (10.15)
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For normal flow we showed in Chap. 6 that

k—1

ch,j (Vo;(t,x,y,04) - Vep—; (. x, y,0+)
j=1

—V¢;(t,x,y,0—) - Vey—;(t,x,y,0-)) = 0.

However, as we show below, this won’t hold in the present case because obviously
if it did, the whole problem would reduce to linear because the field equation is now
linear. As before we start with the linear theory.

10.5 Linear Theory

We study first the linear case: k = 1.
Define the Laplace transforms

o0
Ai(A,x,y) = / e MA(t, x, y)de ReA >0, >0,
0
N o0
box) = [T paaar Reda,z0
0

o0
T x, ) =/ MYt x. )t Red> 0, >0
0

and others similarly below.
Then we have:

; i _ oo 38 A
Ai(A,x,y) =——— =ké , = —
1A, x,y) U ¢+ 3y T U
and with the tilde again denoting the Fourier transform, we have:
A0 or.) = 2— 12 500 01 w0).
/0)12 + w22
Or
X 1 24 2 =
o, 0) = 22 A 0, 00). (10.16)

2 K+ia)2

This is similar to what we had for the finite plane case in normal flow (cf. (5.18))
with M = 0 and o = 0 where now of course the x- and y-axes are switched. But
there we specialized to the typical section case. Here we need to work with
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A x) = DU (FC) + (6= abif )
+ A, y) + Ax — ab)f(A, y):|, x,yinT.

As we have noted, what is different from (5.5) is the appearance of derivatives with
respect to y; in (5.5) there are no derivatives with respect to x.
The analogue of the Possio equation is:

War1(h, x,y) = L 77 gortiven
a1(A,x,y) = = e
—00 J —00

1 S 2y «
EEIC:I_’_—;)Z);)AI(A,m,wg)dede, for x, yin I.
(10.17)

However we cannot quite follow the Possio procedure as in Chap.5 because
V(@1 + @2)/(k + iw,) is not a Mikhlin multiplier on L, (R?); it is not even
bounded in w;. Moreover the Fourier transform is not defined. At this point for
normal flow we simplified the problem by specializing to the typical section case.
We need to determine whether there is a parallel here. We take advantage of the
decomposition

Wai(A,x,y) =xf (A, y)+ fo(A,y)  x,yinT,

where
fiGh) = D] VB0, + AUBG )|,
7 = 0|0 (WG9 + Caby )
+ Ah(A.y) + A(—ab)B(A, y)i|.
Hence for x, y in T
1)+ i) = o [ [ e

I V(w12 + w0?) =
Y 2 A(A, w1, w)dwdw,, 10.18
> kT im) 1(A, w1, wp)dwdws ( )

where, in our usual tilde notation for the Fourier transform:

- bl
A(A, w1, ) = / / e_i""“"‘_iy“"zA(/\,xl,yl)dxldyl
—b J—t
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and we require:

Al(A,x,y) >0 asy —>{—.

This is then the version of the Possio equation valid for axial flow. We can obtain
the solution as follows.
We determine A1;(A, .) from

1 o) 00 ) i
Xfl(k,y) — m/ / 5/(wl)elw1xe+lyw2
—00 J —00

1 2 7~
—MAH(A, wy)dwdw.

2 (k+iw)
Or,
1 [ o1 o] =
Ay)=-— tyer— 2 x A (A, wy)dws, L,
xfi(A,y) el Sk tion) 14, w2)dw; lyl <
L (% e, o] X
Ay)=-— e = (i A (A, dwy, L,
Ao = s | et B s (fAnGen ) dor Iyl <
(10.19)
and similarly /f 12(4,.) from
[ B ; o | V(@17 + @n?) %

Ay =— S(wy)e'retver Y~ "= 1 A (A, wr)dw dw,.
LA y) = /_oo/_oo (1) 3 kT ion) 12(4, w2)dwidw,
Or

L R S (|
Ay)=-— e A (A, wr)dws, ¢. (10.20
F (A y) el ATETS 12(A, 2)dw; vl <t ( )
And
Ai(M,x,y) =ixAy(X,y) + Ap(A,y)  x,yinT. (10.21)

We are fortunate that we can use the results from Chap.5 to solve (10.19) and
(10.20).
Thus we have, noting that the functions fi(.), f2(.) are in C;[—£, £]:

(ifin(x, .)) = (I + kL£(0))

L (/c, (I + «L(0)D1(A, .))
le(Ko(lk) + Ki(Lr))etc |7

x | DA, + h(x..) (10.22)
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where
Di(A,) =2T f1()

L(K, (I + kL(0)D2(A, .))
e (Ko(lk) + K, (€x))els

Ap(d, ) =+ «L(0) | D2, ) + h(x,.)

(10.23)

where

Da(A,) = 2T f2(), (10.24)

where 7T is the linear bounded operator on C;[—¢, {] into L ,[—{, £] defined by (as
before except for change of axis)

_ €+§f(§)
Tf=¢g gly) = \/EJFy/ \/z i y ly| < 4.

LOf =g gl) = /_ fds. Iy <t

{
L. f) = [ e foyds

1 [—y [® _, [2l+0 1
h(K,y) = ; m/o € pu y—e—gda’ |y| < /.

10.6 Stability: Aeroelastic Modes

Our primary concern is of course the stability of the structure under aerodynamic
loading. We begin as before with the aeroelastic dynamic equation—linearized about
the steady-state solution—in terms of the Laplace transforms with all structure
initial conditions set to zero.

We have:

mA2h(L, y) + A2S6(h, y) + EIR" (A, y)

b
= ,oU/ A(A, x, y)dx, (10.25)
—b
1A0(A, y) + SA2h(A, y) — GJO" (A, y)

b
= plU / (x — ab)/f(k,x, y)dx. (10.26)
—b
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And we have the “two-point boundary value” conditions:

hh',0 =0 aty = —¢,
W6 =0 aty=¢ (10.27)

that the solution must satisfy.
An important feature of axial flow is that if we set

a=0 S=0, (10.28)

which certainly holds in the applications of interest, the aeroelastic equations above
become uncoupled. In fact we have:

b
mA2h(A,y) + EIR"" (A, y) = ,oU/ AL, x, y)dx, (10.29)
b

b
IoA20(A, y) — GJO" (A, y) = pU/ xA(L, x, y)dx, (10.30)
—b

where the main point is that the right side of (10.26) does not contain the pitching
mode and the right side of (10.28) does not contain the bending mode. This does not
happen for normal flow.

From now on we assume (10.26). As in Chap. 5, we first look at the A = 0.

Divergence Speed

We have defined divergence speed for normal flow in Chap. 5. We follow the same
definition here for axial flow. Thus we consider the case where the state variables
do not depend on time; all time derivatives are set to zero. And look for values of U
for which these time invariant equations have a nonzero solution as in an eigenvalue
problem.

Equivalently, we set A = 0 in (10.25) and (10.26).

Then we have:

fily) = (DU (y),
f() = (=DUH (p).
And the Possio equation: for x, y in T" (cf. (10.21))

1 © poo )

0 R0) =gy [ [ e
41? J oo Jooo

| F o)

X_—

Ay (w1, w2)dwdws,
) (ian) (w1, wy)dwdw,
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where
~ b Z . .
Al(wl,a)z):/ / e MTING2 A(xy, yy)dxdy,
—b J—t
Ai(x,y) >0asy — {—
The solution is obtained by specializing (10.22) and (10.23) to A = 0,
yielding

Ai(x,.) = x2T fi + 2T fo.
And the aeroelastic equations are:

b

EJWW()zfuﬁ/bAmx“yu==—4muﬂ7w

with the CF boundary conditions. Note that
h/ — I'& h////
where

Lf=g g@)=[;f[%ﬂo@ww

Thus we have the eigenvalue problemin L ,[—¢,{], 1 < p < 2:

4bpU?
= I s = — .
f=uTlif. Z7
Similarly
4pbU?
0" = 0.
3GJ T

Or we have the eigenvalue problemin L ,[—¢,£], 1 < p < 2:

4pbU?
3GJ

f=uThf p=

)

{
Lf=g ﬂﬂ=—/f®w
y

and we note that the operators 7 /3 and 7 /; are compact.

We have thus at most a sequence of values of the speed and if any sequence of
speeds is nonempty, the smallest speed defines the divergence speed, if any. Note
that in contrast to the normal flow case we have set the eigenvalue problem in the
L, space, 1 < p < 2rather than p = 2.
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Flutter Speed/Stability Curve

Let us now go on to consider the general case. The first question concerns the space
of functions 6(.) and /4(.) in which to seek solutions of (10.28) and (10.29). This
depends on the space in which we can locate the right-hand side functions. Here we
consider only the bending modes. Note that they are indeed pure bending modes in
contrast to the case of normal wind Thus for (10.28) we have:

b
mAh(A,y) + EIR" (A, y) = pU/ AL, x, y)dx
b

=2bpU A1x(7, y), ly| <,

where
/112()&, )= 4+ «kL(0)) [ﬁz(k, D)+ Ak, ) (L (K, I+ KE(O))VZ(A, )))

/ (eK(KO(ﬁx) + K, (KK))CZK):| . (10.31)

Note that
(A, =27 fo(A, ),

LA, y) = (—U[Uﬁ'(k ) + AR, y)}

and the range of 7 is only in L ,[—{, {] for 1 < p < 2, even for f>(.) in C;[—¢, {].

Hence we can no longer use a Hilbert space formulation as we did for the case of
normal flow. In addition we have a more profound difference from the normal flow
case. Thus, if we go to the formulation as in Chap. 5, but now consider x(.) as an
element in the space L ,[—¢, £]*: x(.) = col [x;(.), ... xs(.)].

Then we can write

Dx(.) = AL, U)x(.), (10.32)

where

0 71700
0 070
0 001)°
Wy W, 00

Dx()=z(): zs)=x'(s), Is| <¢

AL U) =

defining a closed linear operator on a dense domain in L ,[—¢, £]*, I is the identity
operator on L ,[—{, £] into itself, and wy, w, are no longer scalar multipliers (as in
the case of normal flow) but are linear bounded operators on L ,[—£, £] into itself.
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Wih = —% [ =mA2h + 26pU(L + KL£(O) | 2ATh + hik.)
(L, (I + kL£(0))2ATh)) / (L (Ko(EK) + K, (KK))ezK)]] ’
1
Wah = —E[prU (+ K»C(O))[ZUTh + hik,.)
X (L(k. (I +€£O)20Th) [ (be(Kote) + Ki(exe™) ||

We go on to formulate the two-point boundary value problem for (10.30).
We can integrate (10.30) as

x(s) =x(=0) +g(@s),  Is|<¢,
g = LARX, U)x(),

where /4 is the integral operator

Lix =z z(s)zf x(0)do, |s| <t
—t

L24X = |:X3i| .
X4

x (=€) = col|0, 0, x3, x4].

For x = col[x1, x2, x3, x4], let

We choose

Then we can write

L24x(€):D(A,U)|: :|a

X3
X4
where D(A, U) is 2 by 2 and the two-point boundary value problem can be stated:

DL, U) (ij) =0.

Or, we have as before, the aeroelastic modes are the zeros:
d(A,U)=detD(A,U) = 0.

We note that the region of analyticity of d(A, U) just as in the normal flow case in
Chap. 5 is determined by the Bessel K functions appearing in the denominator in
(10.23). In other words the aeroelastic modes are in the same region as before.

We note also one technique for solving (10.31). Define the function

xo(y) =x(=0). |y| <t
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Then we can express (10.31) as an equation in L ,[—£, 6]4: x —LLAX, U)x = x
and for small enough U (as in the applications we are considering) we may use a
Neumann expansion

oo

x =Y (LAQX.U))"x.

n=0

We stop here because this is only intended to be an addendum limited to problem
formulation as already noted.
Next we go on to the linear time domain formulation.

10.7 Linear Time Domain Theory: The Convolution/
Evolution Equation

As before, to obtain the time domain equations we take inverse Laplace transforms
in (10.22) and (10.23). Again we only consider the case where a = 0 and S = 0.
This yields

b
mh(t,y) + EIN"(t,y) = ,oU/ A(t, x, y)dx,
—b
. b
IO, y)—GJO"(t,y) = pU/ (x —ab)A(t, x, y)dx.
—b

With A;(z, y) denoting the inverse Laplace transform of i/fll()k, y) and A,(¢,y)
denoting the inverse Laplace transform of A(A, y),
we have

At x,y) = xA1(t,y) + Aa(t, ).

Next the inverse Laplace transform of v1(A, .) is given by
vi(t,.) = T[ —4UbN (t,.) — 4bh(t, .)]
And similarly that of ,(A,.)

43 4b>
U g,y A
3 3

w(t,.) = T[ o(t, .)} .
And we face the same problem of the choice of spaces as we saw for the Laplace
domain. Note that there is no analogue for this in the case of normal flow. There is
no longer the distinction of noncircular and circular terms either.
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Proceeding further we invert
pU + KC(O))[f},- A, ) +hk,.) (L (/c, (I + «L(0))D; (A, )))

/ (ZK(KO(ZK) + K, (elc))e“) i=1,2

to the time domain. Following Sect. 5.5, this yields

1 1
pU[yi(t,y)—i—U/ )'/i(t,s)ds] ly|<?€,i=1,2,
—t

where
t y
yi(t,y) = vi(t,y)—/ q(t —o, y)/ vi (0, s) dsdo,
0 —t
Ut
q(t,y) = U/ r(t —o,y)c(Ut — o) do,
0

(t )_1 L—y 1 120 4+t
Y=g L+yl—y+t t
1

/ e Me(r)dr =
0

ooy [26341 4,
Joo ety S

Thus we have for the time domain equations

. 1 [
mh(t,y) + EIN"(t,y) = pU [yl(t,y) + 5/ Jh(t,S)dS] Iyl <<,
L

" L[,
10,) = GI0".3) = pU | e+ 5 [ aeeonss | vl <
L

We can again formulate this as a convolution/evolution equation similar to (5.1)
for the incompressible normal flow case, except that it will be an equation in a
Banach space.

Finally we go on to formulate the stability problem for the nonlinear system
continuing with the power series expansion (10.4) following the development
in Chap. 6.
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10.8 Nonlinear Stability Theory: Hopf Bifurcation/Flutter
LCO

It should be noted that we did not consider the incompressible case M = 0 for
normal flow in Chap. 6 on nonlinear stability. Here we do it for axial flow while still
following pretty much the material therein in principle.

Without apology, we specialize to the case: a = 0 and S = 0. As we have seen,
this uncouples the structure equations for the linear case.

For k > 1, we have the field equation

Por(t..) N Fi(t,.) N Poe(t,.)

ox2 52 P 0, —oco<ux,y,z<00”
with the boundary condition:
g (x,y,0 ad ad ad
020y [ gt 0) () + (r—ab) 60, y)
0z ay ay dy

+ (i¢k—1(l,xa v, 0)) o(t, y)} x, yinT.
ax

The aeroelastic equation is

b

mh(t,y)+ EIN"(t,y) = ,oU/ A(t,x, y)dx, —L<y<{,
b

b
I0(t,y) — GJO"(t,y) = pU/ xA(t,x,y)dx —L<y<d,
—b

o

A(Z,X,y) — Z An(tsxsy)’

n!
n=1
where A, is given by (10.15) and again is the solution of a Possio equation for each
n, and the expansion leads to a Volterra series.
We end the addendum here, deferring more details to Volume. 2.
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